J. Algebra Comb. Discrete Appl. Received: 11 July 2021
9(1) e 5770 Accepted: 8 October 2021

Journal of Algebra Combinatorics Discrete Structures and Applications

1-generator two-dimensional quasi-cyclic codes over

Zy[ul/(w? = 1)

Research Article

Arazgol Ghajari, Kazem Khashyarmanesh, Zohreh Rajabi
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1. Introduction

There are many generalizations of cyclic codes. One of them is two-dimensional cyclic codes. A lot of
works on two-dimensional cyclic codes has done. Ikai et al. first introduced the concept of common zeros
for characterizing two-dimensional codes [6], and showed the existence of two-dimensional codes that can
be characterized by the common zeros. After that the researchers have studied with different concepts
in these codes. The reader can find some of such studies in the papers [11-13]. Moreover, Lalason et al.
[7] construct a basis of an s-dimensional cyclic code over a finite field. On the other hand, quasi-cyclic
codes are another natural generalizations of cyclic codes. The study of quasi-cyclic codes over finite rings
has provided useful information in coding theory. We shall use the phrase ‘QC code’ as an abbreviation
for ‘quasi-cyclic code’ and ‘GQC code’ for ‘generalized quasi-cyclic codes’. QC codes form an important
class of linear codes which also include cyclic codes (when we consider the case ¢ = 1). Ling and Solé
studied the algebraic structure of QC codes over finite fields and provided a new algebraic approach
to QC codes (see also [8]). There have been a lot of investigations of QC codes and GQC codes over
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the rings, for example [1-3, 5, 9, 14]. In [10], the authors studied the constacyclic codes over the finite
non-chain ring Z4 +uZ4 with u?> = 1 and obtained some new Z4-linear codes. Finally, Gao et al. [4] have
generalized QC codes and GQC codes over the finite non-chain ring R = Zg[u]/(u? — 1) with u? = 1.
They have determined the structure of the generators and the minimal generating sets of 1-generator QC
codes and GQC codes. They also have given a lower bound on minimum distance of free 1-generator
QC codes and GQC codes over R. Furthermore, in [4], some new Zj-linear codes were constructed by
1-generated QC codes and GQC codes over R. Hence, there are many examples of cyclic codes and QC
codes over R. There exist many researches of two-dimensional cyclic codes over finite fields. However,
the research of two-dimensional cyclic codes over R has not been considered by any coding scientist.
Moreover, quasi-cyclic codes perform very well on the codes have great lengths. Therefore, these codes
are the important and most intensively studies classes of linear codes. The ring R = Zy[u]/(u? — 1) with
u? = 1 is a Frobenius non-chain ring with 16 elements. There are some examples of cyclic codes over R
whose Z4 Gray images have better parameters than previous best-known Z4-linear codes were presented
(see for example [4] and [10]). The main purpose of this paper is to obtain sets of generator polynomials
of two-dimensional cyclic codes over R. We also determine the structure of the generators and the
minimal generating sets of 1-generator two-dimensional QC codes and two-dimensional GQC codes. This
method probably helps to decode two-dimensional cyclic codes and two-dimensional QC codes as it has
done for cyclic codes and QC codes. This paper is organized as follows: at first, we find the generator
polynomials corresponding to two-dimensional cyclic codes over R. Then, by using these polynomials, we
obtain generator polynomials for two-dimensional QC codes over R. Moreover, we study the structure
of generators two-dimensional QC codes. The last part of the paper is devoted to obtain 1-generator
polynomial two-dimensional GQC codes and determine a lower bound for the minimum distance of free
1-generator GQC codes.

2. Generator polynomials

As was mentioned in the Introduction, the purpose of this section is to obtain a generating set of
polynomials for two-dimensional QC codes over the ring R = Z4[u]/ < u? — 1 > with u? = 1. Assume
that S 1= Zy[z]/ < 2™ —1 >, R := Rlz,y]/ < 2™ — 1,y — 1 >, where y> = 1, 2™ = 1 and m is an
odd positive integer. Suppose that n = 3mf and R := R'‘. As before, F, denotes a finite field with ¢
elements. Recall that a linear code C” of length ms over a finite field F' is a two-dimensional cyclic code,
if it is closed under row shift and column shift of codewords, whose codewords are viewed as ms arrays.
This means that for every codeword c of the form

€0,0 Co,1 s €o,5—1
C1,0 C1,1 T Cl,s—1
CcC =
Cm—-1,0 Cm—-1,1 " Cm—1,5-1
in C’, the codewords
Cm—1,0 Cm-1,1 *°° Cm—1,5—1
C€0,0 Co,1 cee €o,s5—1
Cm—-20 Cm-21 "' Cm-2s-1
and
Co,s—1 €00 ce Co,5—2
C1s—1 €10 T Cl,5—2

Cm—1,5—1 Cm—-1,01 " Cm—1,5-2
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also belong to C’.

It is well known that these codes are the ideals of the quotient ring Flz,y]/ < 2™ — 1,y° — 1 >.
Similarly, we consider the above definition for a two-dimensional cyclic code C’ of length ms over the
ring R. So we define a two-dimensional QC codes over R as follows.

Definition 2.1. Let C be a linear code of length n. If there exists a least positive integer £ such that C' is
closed the (th composition under the row shift and the column shift, then we call C is a two-dimensional

QC code over R.

Clearly, ¢ is a divisor of n. If £ =1, then C' is a two-dimensional cyclic code over R. An r-generator
two-dimensional QC code is an ideal of C' with r generators. In the rest of this section, we shall focus on
1-generator two-dimensional QC code over R. According to Gao et al.[3], 1-generator two-dimensional
QC code C over R can be generated by element (b1(z,y),...,bs(z,y)) € R, and so

C= {f(z7y)(bl(‘ray)v .. 7b€(I7y))|f(I7y) € R[IJA}
={(f(@,y)br(z,y), ... f(@,y)be(x,y))|f(x,y) € Rlz,yl}.

Ozen et al.[10] have studied cyclic codes over R. In fact, they determined a generators of the cyclic codes
over R. In [10], it was proved that if m is odd, then S is a principal ideal ring. Now, by using a method
similar that used for two-dimensional cyclic codes over a field in [13], we obtain a generator polynomials for
two-dimensional cyclic codes over R. Our generating set has an important role in determining generator
polynomials two-dimensional QC codes over R.

Note that R is isomorphic to Z4 + uZ,. We begin with the following lemma.

Lemma 2.2. Suppose that C' is a two-dimensional cyclic code of length 3m over R. Then {p;(z,y) | i =
1,...,6 } is a generating set of C', where

p1(x,y) =ao1(x) + (v + 1)oqi(x) + (Bor(x) + (u+ 1)B11(2))y
+ (vor () + (u + Dy (2))y?,

p2(e,y) =(u+ Dara(2) + (Boa(x) + (u+ 1)B12(2)y + (yoa(x) + (u + D)miz(2))y?,
p3(2,y) =(Bos(x) + (u + 1)B13(2))y + (Yos(z) + (u + Dynz(x))y?,

pa(z,y) =(u+ 1)B1a(x)y + (yoa(®) + (u + V)ma(2))y®,

ps(,y) =(Y05(2) + (u + Dy (2))y?,

pe(@,y) =(u+ Dme(z)y?

and api(x), aq;(x), Boi(x), Pri(x),yo0i(x) and y1:(x) are generator polynomials of cyclic codes over Zy for
eachi=1,...,6.

Proof. Suppose that I is an ideal of R’ and that f(z,y) is an arbitrary element of I. So it can be
written uniquely as the following form

f(@,y) = fo(@) + (u+ 1) fr(x) + (folz) + (uw+ 1) fi(2)y + (ff (=) + (u+ 1) 1 (z))y?,

where fo(z), fi(z), f§(z), f1(x), fi(z) and f{'(z) are polynomials in S. The main strategy employed in
our proof is to introduce six auxiliary ideals in S. To achieve this, we break our proof into six steps as
follows:

Step 1: Set Iy := {go(x) € S : there exists g(x,y) € I such that

9(x,y) =go(z) + (u+ 1)g1(x) + (g0(x) + (u+ 1)gi(2))y + (g5 (x) + (u+ 1)g (z))y*,
where g1(x), 95(), 91 (), g5 (x), g1 (x) € S}.
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It is not hard to see that the set I is an ideal of S. Since m is odd, S is a principal ideal ring. Thus,
there exists a polynomial api(x) in S such that Iy = {ag1(x)). Since g is an element of Iy, according
to the definition of Iy, there exists p1(z,y) € I with

p1(z,y) = aoi(®) + (u + Daai(z) + (Bor(z) + (u+1)B11(x))y

+ (vo1(z) + (u+ Dy (2)y?,

where ag1(x), a11(x), Bo1(x), Bi11(x), yo1(z), y11(z) € S. Tt is clear that fo(z) € Iy. Hence there exists
to(x) € Zy[z] such that

fo(z) = ao1(z)to(2).
Set
hi(x,y) ==f(z,y) — p1(z,y)to(z)
=(u+ 1)ho1(x) + (hiy () + (uw+ 10 (2)y + (kg (2) + (u+ 1A (2))y7,

where ho1(x), hiy(2), bl (), hgi(z), b (z) € S. Since f(z,y) and p1(z,y) are in I and [ is an ideal of
R, hi(z,y) is again in I.

Step 2: Put I} := {g1(z) € S : there exists g(x,y) € I such that
g(@,y) =(u+1)g1(x) + (go() + (u + 1)gi(2))y + (g (x) + (u + 1)g7 (2))y*,
where g{(z), g1 (z), g (), g{ (z) € S}.

Clearly, I, is an ideal of S. Thus, there exists a polynomial aga2(z) € S such that I = (a12(x)). There
exists pa(x,y) € I such that

p2(2,y) = (u+ Darz(2) + (Boz(x) + (u+ 1)B12(x))y + (Yo2(z) + (u+ Dyia(x))y?,

where So2(x), B12(x), Yo2(2), y12(x) € S. According to the definition of Ij), ho1(z) € I}, and so ho1(x) =
aq2(x)t1(x) for some t1(x) € Zg[x]. Set

hao(z,y) :=hi(x,y) — p2(x, y)t1(x)
=(hiy(x) + (u+ DRy (x)y + (hoy(x) + (u+ 1A (2))y?,

where h{,(z), hs(z), hie(x), h5(x) € S. Since hy(x,y) and pa(z,y) are polynomials in I we have that
ho(z,y) € 1.

Step 3: Set I := {g{(z) € S : there exists g(z,y) € I such that

9(z,y) =(g0(z) + (u+1)g} (x))y + (9 (x) + (u+ 1)g{ (z))y?, where
91(x), g5 (x), 9 (x) € S}.

Obviously, I is an ideal of S, and so there exists a polynomial Sp3(z) in S such that I; = (So3(x)). There
exists a polynomial ps(z,y) € I such that

p3(z,y) = (Bos(x) + (u+ 1)Bis(x))y + (o3(x) + (u+ 1)y1s(x))y?,

where S13(x), Yo3(x), 113(x) € S. According to the definition of Iy, h{y(x) in I;. Hence h{,y(z) =
Bos(x)t2(x) for some () € Za[x]. Put

hg(l‘, y) ::hQ(I’ y) - p3($7 y)tz(l’)
=(u+ 1)hi3(x)y + (hoz(z) + (u+ 1)h5(2))y>,

where hf5(x), his(z), h{5(z) € S. Similar to the previous discussion hs(z,y) € I.
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Step 4: Set I} := {gi(x) € S : there exists g(z,y) € I such that
g(@,y) = (u+Dgi(@)y + (g6 (2) + (u + 1)g{ (x))y*, where gg(x), g/ (x) € S}.

It is clear that I is an ideal of S. Thus, there exists a polynomial 813(x) € S such that I{ = (8;13). Since
B13(x) in I1, according to definition ], we have a polynomial ps(z,y) € I, where

pa(z,y) = (u+1Bis(@)y + (os(x) + (u+ 1)yis(2))y?,

and vo3(x), y13(x) € S. Obviously, hi5(z) € I]. So, we get hs(x) = Bi3(x)ts(x) for some t3(x) € Zg[x].
Put

ha(z,y) = hs(2,y) — pa(z, y)ts(2) = (hoa(x) + (u+ 1)hia(2))y?,
where hos(x), h1a(z) € S. Tt is clear that hy(z,y) € I.
Step 5: Set

I, :={gy(z) € S : there exists g(z,y) € I such that
9(x,y) = (96 (@) + (u + 1)g{ ())y*, where g/ () € S}.
Clearly, I is an ideal of S. Therefore, there exists yg5(x) € S such that
I = (y05()).

Besides, vop5(z) in Iz, and so we have a polynomial ps(z,y) € I, where

ps(@,y) = (yos(2) + (u + Dyis(2))y?,
where y15(z) € S. Obviously, hos(z) € I2, and so we obtain that hoa(x) = vo5(x)t4(x) for some t4(z) €
Za[z]. Put hs(z,y) := ha(z,y) — ps(@, y)ta(x) = (u+ 1)hos(x)y?, where hos(z) € S. Similarly, hs(z,y) in
1.

Step 6: Put
I == {g}(x) € S : there exists g(z,y) € I such that g(z,y) = (u+ 1)g{ (x)y?}.

It is clear that I} is an ideal of S. Thus there exists v15(z) € S such that I} =< y5(x) >. Also there
exists a polynomial pg(z,y) € I such that ps(z,y) = (u + 1)y15(2)y?. Now, since hgs € I}, there exists
ts(x) € S such that hos(r) = v15(2)ts(x). Therefore, hs(z,y) = (u + V)yis(2)ts(2)y? = pe(z, y)ts(x).
Now, we get

These equality imply that

f(@,y) = p1(z, y)to(z) + p2(z, y)t1(x) + p3(,y)t2(x) + pa(w, y)ts(x)

Thus

I'= (p1(z,y),p2(x,y),p3(,y), pa(2,y), p5(,Y), P (2, Y)).
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Now, we state an important lemma.

Lemma 2.3. Let C be a 1-generator two-dimensional QC code of length n = 3m{ which is generated
by G(z,y) = (G1(z,y), Ga(z,y),...,Ge(z,y)) € R, where G;(x,y) € R’ for all i with 1 < i < {. Then
Gi(z,y) € C;, where C; is a two-dimensional cyclic code of length m over R. Furthermore, if m is odd,
then Gi(z,y) can be selected as the form

Gi(z,y) = eoi(®) + (u+ Dpri(z) + (oi(x) + (u+ D)p1i(2)y + (Boi(x) + (u+ 1)015(2))y?,
where poi(x), p1:(x), Yoi(x), ¥1i(x), Ooi(x) and 01,(x) are polynomials in R[z] for all i with 1 < i < ¥

and moreover, o;(x), Yo;(x) and 0p;(z) are monic polynomials for alli=1,--- L.

Proof. Consider the projection map 9; : R — R’ given by

Vi(k1(z,y), ... ke(z,y)) = ki(z,y),

where k;(x,y) € R for all i = 1,--- . It is clear that the set 1;(C) is a two-dimensional cyclic code
over R for all i with 1 < i < ¢. Now, in view of Lemma 2.2, for all 1 <14 < ¢, one can obtain a generator

for ¢;(C) as follows
1/)1(0) = <p1i(x7y)ain(x7y)ap3i(x7y)ap4i(x7y)ap5i(x7y)’p6i(x7y)>v

where, for each j =1,...,6, p;i(x,y) are polynomials as described in Lemma 2.2 . Since G;(z,y) € ¥;(C)
for all 1 < i < ¢, there exists a polynomial f;(x,y) € R[x,y| such that

Gi(z,y) = filz,y)(ag (@) + (u+ Daiy (2) + (B () + (u+1)81 (2))y
+ (901 (2) + (u+ )i (2))y?)
= 0i(#) + (v + 1)1i (@) + (Yoi(@) + (u+ 1))y
+ (00i(x) + (u+1)015(x))y?,
where o, (z), ot (z), B8 (x), Bii(z), vé;(z) and i, (z) are generator polynomials of cyclic codes over Z,

and, for all 1 < ¢ < ¢, vo;(x), v1:(2), Yoi(x), Y1:(x), 6oi(x) and 1;(z) are polynomials in R[z]. Moreover,
©oi(x), ¥oi(x) and y;(x) are monic polynomials for all ¢ = 1,--- ¢

In the light of the above two lemmas, we will obtain the minimal generating sets for 1-generator
two-dimensional QC codes.

Theorem 2.4. Let C be a I-generator two-dimensional QC code of length n = 3m{ over R which is
generated by G = (G1(x,y), Ga(x,y), ..., Ge(x,y)), with m is odd and
Gi(z,y) = poi(z) + (u+ L)1 () + (oi(z) + (u+ D(z))y
+ (Boi(2) + (u + 1)b1,(2))y?,
where poi(), 1:(x), Yoi(x), ¥1i(x), Ooi(x) and 01,(x) are polynomials in R[z] for all i with 1 < i < ¢
and moreover, o;(x), Yo;(x) and 0p;(z) are monic polynomials for all 1 < i < L.

Assume that

deg(oi(x)) >deg(pi(@)),
deg(toi(2)) >deg(thyi(z)) and
deg(o;i(z)) >deg(61i(z)), for all 1 < <Y,
)

and that the polynomials wo;(z) + (u+ 1)¢1i(x), (Yoi(x) + (u+ 1)Y1:(2))y and (Opi(x) + (u+ 1)01;(x))y>
are not zero diwvisor in R'. Assume that

9o(x) = ged{wo1(2), po2(), - - -, poe()}, qo(z) = ged{p11(), p12(2), - .., re(2) },

g1(w) = ged{vo1 (), Yo2(x), - - ., Yoe() }, q1(z) = ged{¥11(x), ¥12(x), ..., Yue(z)},

92(z) = ged{bo1(2), Oo2(z), .- -7904( )} g2(x) = ged{b11(x), b12(2), ..., O1e(2)}
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and, for k=0,1,2, gp(x)|lz™ — 1 and qi(x)|z™ — 1. Let

7"071

= U {27 (po1(z) + (u+ D11 (2), ..., poe(x) + (u+ 1)p1e(z))},

= Tgl{wj ((Wor(2) + (u+ D)tua(2))y, - -, Woe(2) + (u+1)dre(x))y)},
S3 = rg{x]’((%l(w) + (u+ D @)y, - (Bor(x) + (u+ De(2))y*) }
Sy = tg{xj((u + Dhow11(@), ..., (u+ 1hopre(z))},

= tg{xj((u +Dhiu(@)y, - (u+ Dhadue(z)y)},
Se = tU{xﬂ‘((u + 1)hab11(2)y?, ..., (u+ 1)hab1e(2)y?)},

J=0

where, for all k = 0,1,2, we set ry, := deg(% k( ) LY and ty, = deg( 1). Then S1U Sy US3U S, USsU S
is a minimal generating set for C. Moreover, | C' |= 16”’*’"1+T24“’“1“2 forall1 <i< ¢,

Proof.  For k=0,1,2, put hi(z) := £ (I) L and 6 (z) == o (I) and let ¢(z,y) = f(x,y)G be a codeword
in C, where f(x,y) = fo(x) + fi(z)y + fa(2)y?, with fi(z) € R[z] for all 1 < i < 3. For simplicity of
presentation, in our proof, we will use the notion f instead of f(x). By the division algorithm, we get
the unique polynomials Qo(z), Q1(x), Q2(x), Ro(z), Ri(x), R2(z) in R[z] such that
fo=hoQo + Ry, where Ry = 0 or deg(Ry) < 70,
f1 =h1Q1+ Ry, where R; =0 or deg(R;) < 71,
fa = haQ2 + Ry, where Ry = 0 or deg(Rs) < 7a.
There exist polynomials a;, a}, a € Z4[x] such that hopo; = hogoa; = 0,
h1to; = h1gral, = 0, haby; = hagoal =0 for all 1 < i < £. We have
c(z,y) = f(z,y)G = (hoQo + Ro)(o1 + (u+ 1)p11,.. ., p10 + (u+ 1)¢1e)
+ (h1@Q1 + R1)((Yo1 + (w+ 1)v11)y, - .., (Yor + (u+ 1)h1e)y)
+ (haQ2 + Ra)((Bo1 + (u+ 1)011)v%, ..., (Boe + (u+ 1)010)y%)
= Qoho((u+ 1)@11,..., (u+1)p1e)
+ Ro(eo1 + (u+1)e11, . poe + (u+ 1)p1r)
+ Qrhi((u+ D)y, ..., (u+ 1)hiey)
+ Ri((vo1 + (u+ )11y, - -, (Yoe + (u + 1)¢h1e)y)
+ Qaho((u+ 1)011y2, ..., (u+ 1)019°)
+ Ra((Bo1 + (u+1)011)y%, ..., (Bor + (u+ 1)010)y%).

They are not difficult to verify that

Ro(por + (u+1)@11,. .., 000 + (w4 1)¢p1s) €Span(Sy),
Ri((Yo1 + (u+ 1)11)y, - - -, (Yor + (u+ 1)10)y) €Span(Sy), and
RQ((901 + (u + 1)911)y2, RN (90@ + (u + 1)91@)y2) ESpan(Sg).
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Again, using the division algorithm, we get the unique polynomials Q((z), Q) (),
Qb(x), Ry(), R, (x), Rh(x) € Rla] such that

Qo = 60Qy + Rf,, where R = 0 or deg(Ry) < to,
Q1 =5 Q] + R}, where R =0 or deg(R}) < t1, and
Q2 = 52Q% + R}, where R}, = 0 or deg(R)) < ta.

There exist polynomials b;, b}, b! € Z4[z] such that

(2] 77 1

60Q0 (u + 1)howp1; = (u + 1)Q(q000b; = 0,
61Q (u+1)h1tp1; = (u + 1)Q1q151b/ =0, and
52@2( ) 201 = (U + 1)QQQQ52b” =0

in R for all 1 <7 < /. It is not hard to see that
Qo((u + 1)h0(p11, ceey (u + 1)h0(p1g) = R(/)((U + l)hotpn, R (U + 1)h0(p14) S Span(S4),

Q1((u+ Dy, ..., (u+ Dhivrey) = By ((u+ Dby, - .., (u + 1)habiey) € Span(Ss), and
Q2((u+ 1)hob1y?, . .., (u+ 1hab1ey®) = Ro((u+ 1)hab11y?, . .., (u+ 1)h2010y*) € Span(Se).
Thus S1US3US3US,US5USg is a Spanning set for C. Also, it is clear S1NS2NS35N.S4NS5NSs = {0}.

With the aid of the above theorem, we obtain the following corollary.

Corollary 2.5. If ¢ is a positive integer and p1;(x) = 2™ — 1, ¢1;(x) = 2™ — 1 and 01;(z) = 2™ — 1 are
polynomials over R, for all i with 1 < i < ¢, then C is a free two-dimensional QC code of rank ro+11+72
over R and its minimal generating set is S1 U So U S3 such that

’I‘[)—].

Sl = U {:L'j((p(n(m), .. '59005(55))}5
=0

ri—1

Sy = U {Ij (¢01($)y, oo 7w05(m>y>}7
§=0

7‘271

U (27 (001 (2)y°, .., boe(2)y®) },

=0

S3

where, for all k =0,1,2, we set rj, := deg(f”i(_)l) Furthermore, | C' |= 167071172,
Proof. By Theorem 2.4, if pq;(z) = 2™ — 1, ¢¥1;(z) = 2™ — 1 and 6y,(x) = 2™ — 1 are polynomials
over R, for all ¢ with 1 <4 </, then

:ng{@ll(x)a ) <P1€($)a33m - 1} =z" - 1,
=gcd{911(x),...,1e(x), 2™ =1} =2™ — 1, and
=gcd{011(x),...,01(x), 2™ — 1} =a™ — 1.

Hence 6p = 1, 61 = 1 and § = 1. Clearly, S; N S2 N S3 = {0}. Therefore, its minimal generating

set is S7 U Sy U S3. This means that C is a free two-dimensional QC code of rank ro + r1 + 7. Thus
| C ‘: 16Totritr2

In the next theorem, we provide a lower bound on minimum distance of the free 1-generator two-
dimensional QC codes over R.
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Theorem 2.6. Let C be a free 1-generator two-dimensional QC code of length n = 3mf over R as in
Corollary 2.5. Suppose that

hoi =(x™ —1)/oi(x), hui = (2™ = 1) /Y0i(2),
hai =(2™ — 1) /00i(2), ho = lem{hg1, ..., hoe},
h1 zlcm{hu, ey hlg} and hg = lcm{h21, ey hge}

for all i with 1 < i < {. Then we have the following statements.

(i) dinin(C) = 3¢ a doi + 2 ¢ p dij+ 3 g p doe for all1 <i,j,t <L, where A, B,C C {1,2,...,(} are
sets from mazimum size for which

lcm{hOi,i S A} 7é ho, lcm{h1j7j S B} # h1 and
lCm{th,t € D} 7& hg.

(ZZ) Ifh(n :hOQZ...:hog, h11 :h12 = ...:hlg and h21 :h22:...:h2g, then

4 4
dyi+ Y da;.
1 i=1

)
dmin(C) > Z do; +
=1 7

Proof. (i) Consider the projection map ¢; : R — R’ given by

Vi(k1(z,y), ... ke(z,y)) = ki(z,y),

where k;(x,y) € R’ for all ¢ with 1 <4 < £. It is easy to show that ;(C) is a two-dimensional code
over R. Let ¢(z,y) = f(z,y)G be a nonzero codeword in C, where f(x,y) € R[z,y]. Since C is a free
1-generator two-dimensional QC code, we have that p1;(x) = 2™ — 1, ¢y;(x) = 2™ — 1, O1;(z) = 2™ — 1
for all 1 < i < {. So, the i-th component is zero if and only if (z™ — 1) | f(z,y)G. This means that
(™ =1) | fo(x)poi(x), (™ =1) | f1(x)Yoi(z) and (z™ —1) | fa(x)0p;(z), that is, if and only if he; | fo(z),
hii | fi(z), ho; | fa(z) for all 1 < 4 < £. Thus c(x,y) = 0 if and only if hy | fo(z), k1 | fi(z) and
ha | fa(z). Therefore, c(x,y) # 0 if and only if hg 1 fo(x) or hy 1 fi(xz) or ha t fa(x). Thus, c(z,y) # 0
have the most number of zero blocks whenever

ho 75 lcm{hOi,i < A}, where lcm{hoi,i € A} ‘ fo(x),
hy # lem{hy;,j € B}, where lem{h,;,j € B} | fi(z),
ho # lem{hgt, t € D}, where lem{ho, ¢ € D} | fa(z),

where A, B and D are a maximal subset of {1,2,...,¢} having this property. Thus

Qi (C) = doi + Y _dii+ Y da;.

i¢A i¢B i¢D
(ii) Now, we know that A = @ if and only if hg;y = hgs = ... = hge and also, B = @ if and
only if hiy = his = ... = hyy. Moreover, D = @ if and only if hoy = hogy = ... = hgy. Thus,

din (C) 2 Ty doi + o5y i+ iy dai
Corollary 2.7. Let C be a 1-generator two-dimensional QC code of length n = 3mf over R which is
generated by
G = (po1(z) + (u+ 11 (z) + (Yo1(z) + (u + Dtoni(2))y+
(Bo1(x) + (u+ 111 (2))y%, .., poe(x) + (u+ Dgpre(a)+
(Woe(@) + (u+ Dvore)y + (Boe(w) + (u+ 1)01e())y?),

65
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where m is odd. Assume that p1;(x) = 2™ —1, Y1;(x) = 2™ =1 and 01;(z) = ™ —1 for eachi =1,2,... L.
Let ho; = (2™ — 1) /poi(x), h1; = (2™ — 1) /toi(x) and he; = (2™ — 1)/00:(x), for all i with 1 < i < ¢,
and that

ho = lem{ho1, hoz, . .., hoe},

hl = lcm{hll, hlg, ey hlg}, and

hQ = lcm{hgl, hgg, ey hgg}.

Then

(i) C is a free two-dimensional QC code from deg(hg)+ deg(hi)+ deg(he). Moreover, | C |=
16deg(ho)+deg(h1)+deg(h2) .

(i) dmin(C) > Z%A doi + ZziB dy; + Zng dai, where A, B, D C {1,2,...,¢} are set from mazimum
size for which
lcm{hm,i S A} 7é ho, lcm{hlj,j S B} 75 hy and
10m{h2t,t S D} 7& ho.

(ZZZ) [fh(n = hog =...= hog, h11 = hlg =...= hw and h21 = h22 =...= hQ[, then

mzn > Zd01+zdlz+zd2z

Proof. Let c(x,y) = f(z,y)G be a codeword in C such that f(z,y) = fo(x) + fi(z)y + fo(x)y?,
where f;(z) € R[z] for i = 0,1,2. By the division algorithm, we can find unique polynomials

Q1(z), Q2(2), Qs(z), R1(x), R2(x), R3(x) € R[z] such that
fo(z) = hoQ1(x) + Ri(x), where Ri(x) =0, or degR(x) < deg(ho),
fi(x) = h1Qa(x) + Ra(x), where Ra(x) =0, or degRa(x) < deg(hy),
fa(z) = haQ2(x) + R3(x), where Rs(z) =0, or degRs(x) < deg(hz).

Now, we have

= (hoQ1(x) + R1(2))(01(), - - -, poe(z))
z) + Ra(2)) (Y01 ()Y, - - -, Yoe(w)y)

)
) + R3(x))(Bo1(x)y>, . ... Ooe(2)y?).
(

i(x) = 2™ — 1. Therefore, we obtain

Ri(z)(po1(x), ..., poe(x)) € Span(Sy),
Ry(x) (o1 (x)y, ..., Yoe(x)y) € Span(Sz) and
Rs(x)(001(2)y?, - -, Ooe(x)y* € Span(Ss).

Thus typ = 0, t; = 0 and t; = 0 which implies that Sy = S5 = Sg = . Using the definition of free

module, we obtain C' is a free two-dimensional QC code of rank deg(ho) + deg(hi) + deg(h2). Therefore,
| C ‘: 16deg(ho)+deg(ha)+deg(ha)

The statements (i¢) and (i4¢) follow from Theorem 2.6.
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3. 1-generator two-dimensional GQC codes

In this section, we study two-dimensional GQC codes over R. At first, we recall the definition of
1-generator two-dimensional GQC codes over R.

Definition 3.1. Let my, ma,...,my be positive integers and
R; = Rlz,y]/{(x™ —1,4> = 1)

for all i with 1 < i < /(. Any ideal of R = Ry X Ry X ... X Ry is called a two-dimensional GQC code of
length (m1, ma, ..., my) with index £ over R.

If C is a two-dimensional GQC code of length (mq,ma, ..., my) with m = my = ... = my, then C' is
a two-dimensional QC code with length n = 3m/.

Lemma 3.2. Let C be a 1-generator two-dimensional GQC code of length (mq,...,my) and G'(x,y) =
(Gi(z,y),Ghy(z,y),...,Gy(z,y)) € R be a generator of C, where Gj(x,y) € R; for all i with 1 < i < £.
Then Gl(z,y) € C;, where C; is a two-dimensional cyclic code of length m; over R fori=1,--- (.

Also, if m; is odd, then G(x,y) can be selected to be of the form Gi(x,y) = (oi(x) + (u+1)p1;(z) +
(Yos(2) + (1 + Dori(2))y + (Bor () + (u+ 1)01i(2)5?) where goi(x), Pri(e), Goi @), G1i(z), Gos() and
01:(z) are polynomials in R[x] for alli with 1 < i < (. Furthermore, po;(z), Yoi(z) and Op;(z) are monic
polynomials for all 1 <7 < /L.

By using a method similar to that we used in the proof of Theorem 2.4, one can obtain the next
theorem which gives the minimal generating set of 1-generator two-dimensional GQC codes over R.

Theorem 3.3. Let C' be a 1-generator two-dimensional GQC code of length (mq, ma, ..., my) over R
which is generated by G'(z,y) = (G (z,y), G5(x,y), ..., Gy(x,y)), where m; is odd for alli with1 <1 < {.
Then Gi(z,y) = poi(2) + (u+1)p1i(2) + (Yoi(z) + (w+ Do)y + (Boi (2) + (u+1)01:(2)y?), where poi(z),
01i(2), Yoi(x), Y1i(x), oi(x) and O1;,(x) are polynomials in R[x] for all i with 1 < i < {. Furthermore,
woi(x), Yoi(x) and 61;(x) are monic polynomials for all 1 <1i < £.

Assume that deg(poi(z)) > deg(pri(z)), deg(thoi(x)) > deg(yhri(x)) and that deg(fp;(x)) >

deg(0ri(x)). Suppose that polynomials woi(x) + (u + Deri(z), (Yoi(z) + (v + Dth1i)y, (0oi(z) + (v +
1)61(z))y? are not zero-divisor of R;. Let

hoi = (2™ — 1) /ged(poi(x), 2™ — 1),

ho = lem(ho1, ..., hot), deg(hg) = ro,
do,; = (z™* —1)/ged(hopri(z), 2™ — 1),

do = lcm(501, ceey (50@) and deg(éo) =ty.

Let

hi; = (2™ — 1) /ged(¢o;(x), 2™ — 1),

hy = lcm(hu,hlg,...,hw), deg(hl) =7,
o1 = (™ = 1)/ged(h1tpri(z), ™ — 1),

01 = lcm(éu, 012, .- ,(514) and deg(§1) =t;.

Suppose that

ha; = (™ —1)/ged(fos(x), 2™ — 1),

hs =lem(hay, . . ., hay), deg(ha) = 12,
da; = (2™ — 1) /ged(habyi(x), 2™ — 1),

02 = lem(d21, do9, . . ., d2¢) and deg(da) = to.
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Then the minimal generating set of C' is S1 U Sy U S35 U Sy U S5 U Sg, where

7‘071

S1=J {27 (por (@) + (u+ Dpua(@), ., poe(2) + (u+ Dpre(a)},
j=0

So= | {9 (or () + (- Dons@))y .. (o) + (1 + tbae(2)))},
j=0
7‘271

Sy = |J {27 ((Go1(2) + (u+ 1)011(2))y?, - .., (Boe(@) + (u+ 1)fre(x))y?)},
7=0

S, = U {27 ((u+ Dhopr1(z), ..., (u+ Dhopre(x))},
j=0

Ss = U {27 ((u+ D11 (2)y, . . ., (u+ Dhatpre(x)y)},
j=0
to—1

S = | J {27 ((u+ Dhabir (2)y?, ..., (u + 1)habro(z)y?)}.
j=0

Thus | C ‘: 16rotritragtottitta

According to Theorem 3.3, we have the following corollary.

Corollary 3.4. If{ is a positive integer and v1;(x) = 2™ — 1, 11;(z) = ™ —1 and 01,(x) = 2™ —1 are
polynomials over R for all i with 1 < i < £, then C is a free two-dimensional GQC code of rank ro+1r1+72
over R and its minimal generating set is S; U So U S3. Furthermore, C has 16™1"1772 codewords.

In the following theorem, we give a lower bound on the minimum distance of free 1-generator two-
dimensional GQC codes over R. Its proof is exactly the same as the proof of Theorem 2.6, so we delete

1t.

Theorem 3.5. Let C be a free 1-generator two-dimensional GQC' code of length (my,ma,...,mg) over
R as in Corollary 3.4. Let

hoi = (xmL — ]_)/Spol(x), ho = lcm{hm, ey hof},
hli = (ZL’ml — 1)/¢01($), hl = lcm{hlla RS hlZ}a
hoi = (™ —1)/0p;(z) and hy =lem{hoi, ..., hoe}.

Then

(i) dinin(C) = D¢ adoi + 3¢5 dri + D¢ p d2i, where A, B,D C {1,2,...,£} are sets of mazimum
size for which

lcm{hOi,i S A} 7é ho, 1cm{h1j,j S B} 75 hy and
lcm{hgt,t S D} 7& ho.

(ZZ) Ifh()l = h02 =...= hog, h11 = h12 =...= hlé and h21 = h22 =...= hgg, then
14 L )4
Ain(C) =Y “dog + Y _dii + Y dai.
i=1 i=1 i=1

According to Corollary 3.4 and Theorem 3.5 we obtain the following corollary.



A. Ghagari et. al. / J. Algebra Comb. Discrete Appl. 9(1) (2022) 57-70

Corollary 3.6. Assume that ¢ is a positive integer and p1;(x) = ™ — 1, ¢¥1;(z) = 2™ — 1 and
01;(x) = 2™ — 1 are polynomials over R for all i with 1 <i < {. Let

ho,’ = (l‘mi — 1)/¢Oi($), ho = lcm{hoi, ey hog},
hi; = (2™ = 1) /voi(x), hy =lem{hi1,. .., hie},
h2i = (ibmi — 1)/00i(l‘> and h2 = lcm{hgl, ey hg(}

for all 1 <i <. Then we have the following statements.

(i) C is a free two-dimensional code of rank deg(ho) + deg(h1) + deg(h2). Moreover, | C |=
16deg(ho)+deg(h1)+deg(h2))

(ZZ) dmm(C) > ZigAdOi +Ej¢Bd1j +Zk¢Dd2k7 where A, B, D C {1,...,[},

(m) Let h01 = ... = hog = ho, h11 = ... = hw = h1 and h21 = ... = hgg = hg. Then we have
in(C) = iy doi + iy dis + iy das.

4. Conclusion

This paper is devoted to the study of two-dimensional quasi-cyclic codes and two-dimensional gen-
eralized quasi-cyclic codes of length 3m¢ which are a natural generalization of quasi-cyclic codes and
generalized quasi-cyclic codes over the ring R = Z4[u]/(u? — 1) with u?> = 1. We first determine the
generator polynomials of two-dimensional cyclic codes over R. Then we find the generator polynomi-
als of two-dimensional quasi-cyclic codes and two-dimensional generalized quasi-cyclic codes over R and
give their minimal generating sets. Moreover, we study the minimum distances of the family of the free
1-generator two-dimensional quasi-cyclic codes and two-dimensional generalized quasi-cyclic codes.
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