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Abstract. In generalized Lebesgue spaces Lp(·) with variable exponent p (·)
defined on the real axis, we obtain several inequalities of approximation by inte-

gral functions of finite degree. Approximation properties of Bernstein singular
integrals in these spaces are obtained. Estimates of simultaneous approxima-

tion by integral functions of finite degree in Lp(·) are proved.

1. Introduction

In this work we consider approximation properties of Bernstein’s singular inte-
grals for functions given in the variable exponent Lebesgue spaces Lp(x) (R). This
scale of function spaces were studied in detail in books Uribe-Fiorenza [15], Dien-
ing, Harjulehto, Hästö, Růžička [17] and Sharapudinov [40]. Lp(x) (R) has many
applications in several branches of mathematics such as elasticity theory [50], fluid
mechanics [38], [37], differential operators [38], [18], nonlinear Dirichlet bound-
ary value problems [32], nonstandard growth [50] and variational calculus. Vari-
able exponent works started with W. Orlicz [35] and developed in many direc-
tions. For example, Lp(x) (R) is a modular space ( [33]) and under the condition
p+ := esssupx∈Rp (x) < ∞, Lp(x) (R) becomes a particular case of the Musielak-
Orlicz spaces [33]. Starting from nineties, studies on Lp(x) (R) has reached a positive
momentum: See [32], [39], [20], [16] and many others.
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In variable exponent Lebesgue spaces on [0, 2π] (or [0, 1]), some fundamental re-
sults corresponding to the approximation of function have been obtained by Shara-
pudinov [41–45]. Some results on approximation in Lp(x) ([0, 2π]) or other function
classes can be seen e.g. in [1, 3–6,8, 9, 19,21–25,27–30,48].

In this work, we aim to obtain simultaneous theorems on approximation by entire
functions of finite degree in variable exponent Lebesgue spaces on the whole real
axis R.

Approximation by entire function of finite degree in the real axis started by the
works of Bernstein [11, 12], N. Wiener and R. Paley [36], N. I. Ahiezer [2], S. M.
Nikolskii [34]. Note that an entire function of finite exponential type is merely
an entire function of order 1 and finite type that in approximation theory, these
often play an important role similar to trigonometric polynomials in the case of
approximation of periodic functions.

Note that, some results on approximation by entire integral functions of finite de-
gree were obtained by Ibragimov [26] and Taberski [46,47] in the classical Lebesgue
spaces Lp (R).

We can give some required definitions. We denote by P the class of exponents
p(x) : R → [1,∞) such that p(x) is a measurable function and p(x) satisfy conditions

1 ≤ p− := essinfx∈Rp(x), p+ := esssupx∈Rp (x) < ∞. (1)

We define Lp(·) := Lp(·)(R) as the set of all functions f : R → C such that

Ip(·)

(
f

λ

)
:=

∫
R

∣∣∣∣f(y)λ

∣∣∣∣p(y) dy < ∞ (2)

for some λ > 0. The set of functions Lp(·), with norm

∥f∥p(·) := inf

{
η > 0 : Ip(·)

(
f

η

)
< 1

}
is a Banach space.

For p ∈ P we define its conjugate p′(x) := p(x)
p(x)−1 for p(x) > 1 and p′(x) := ∞

for p(x) = 1.
For i ∈ N, all constants ci (or c) will be some positive numbers such that ci will

depend on main parameters of the problem. In some cases we will use temporaryly
some generic constans C, c > 0 for clarity (for example in statements of some
theorems). We will give explicit constants in the proofs but these constants are not
best constants.

Throughout this paper symbol A ≲ B will mean that there exists a constant C
depending only on unimportant parameters in question such that inequality A ≤CB
holds.

Definition 1. Let PLog be a subclass ( [17]) of P such that there exist constants
c1, c2 > 0, c3 ∈ R with properties

|p(x)− p(y)| ln (e+ 1/|x− y|) ≤ c1 < ∞, ∀x, y ∈ R, (3)
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|p(x)− c3| ln (e+ |x|) ≤ c2 < ∞, ∀x ∈ R. (4)

2. Transference Result

Let C∞
0 be class of infinitely times continuously differentiable functions ϕ with

compact support sptϕ := {x ∈ R : ϕ (x) ̸= 0}. Let C(A) be the class of continuous
functions defined on A. Define ∥f∥C(A) := sup {|f (x)| : x ∈ A} for f ∈ C(A).

For given f ∈ Lp(·) we can define an auxiliary function as follows: Define

Ff (u) :=Ff,G (u) :=

∫
R
f (u+ x) |G (x)| dx, u ∈ R, (5)

where G ∈ Lp′(·) ∩ C∞
0 and ∥G∥p′(·) ≤ 1. Also we set c0:=∥G∥C(R).

Theorem 1. Let p ∈ PLog and f ,g ∈ Lp(·). If

∥Ff,G∥C(R) ≲ ∥Fg,G∥C(R) ,

with an absolute positive constant, then, we have following norm inequality

∥f∥p(·) ≲ ∥g∥p(·)
with a positive constant depending only on p.

3. Mollifiers and forward Steklov means in Lp(·)

Definition 2. Suppose that 0 < δ < ∞ and τ ∈ R. We define ( [44]) family of
translated Steklov operators {Sδ,τf}, by

Sδ,τf(x) :=
1

δ

∫ x+τ+δ/2

x+τ−δ/2

f (t) dt, x ∈ R (6)

for locally integrable function f defined on R.

Let f and g be two real-valued measurable functions on R. We define the con-
volution f ∗ g of f and g by setting (f ∗ g)(x) =

∫
R f(y)g(x − y)dy for x ∈ R for

which the integral exists in R.
The following result on mollifiers in variable exponent Lebesgue spaces is ob-

tained by D. Cruz-Uribe and A. Fiorenza (see [14]).

Definition 3. Let ϕ ∈ L1 (R) and
∫
R ϕ (t) dt = 1. For each t > 0 we define

ϕt (x) =
1
tϕ
(
x
t

)
. Such sequence {ϕt} will be called approximate identity. A function

ϕ˜ (x) = sup
|y|≥|x|

|ϕ (y)|

will be called radial majorant of ϕ. If ϕ˜ ∈ L1 (R), then, sequence {ϕt} will be called
potential-type approximate identity.
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Theorem 2. ( [14]) Suppose p ∈ PLog, f ∈ Lp(·), ϕ is a potential-type approximate
identity. Then, for any t > 0,

∥f ∗ ϕt∥p(·) ≲ ∥f∥p(·)
and

lim
t→0

∥f ∗ ϕt − f∥p(·) = 0

hold with a positive constant depend on p.

As a corollary of Theorem 1 we have

Theorem 3. Suppose that p ∈ PLog, 0 < δ < ∞ and τ ∈ R. Then, the family
of operators {Sδ,τf}, defined by (6), is uniformly bounded (in δ and τ) in Lp(·),
namely, for any 0 < δ < ∞ and τ ∈ R norm inequality

∥Sδ,τf∥p(·) ≲ ∥f∥p(·)
holds with a positive constant depend on p.

As a corollary of Theorem 3 we get

Corollary 1. Let p ∈ PLog, 0 < δ < ∞, f ∈ Lp(·). If τ = δ/2 then,

Tδf (x) := Sδ,δ/2f (x) =
1

δ

∫ δ

0

f (x+ t) dt

and

∥Tδf∥p(·) ≲ ∥f∥p(·)
holds with a positive constant depend on p.

4. Modulus of Smoothness and K-functional

If f ∈ Lp(·) and 0 ≤ δ < ∞, r ∈ N, then

Ωr (f, δ)p(·) := ∥(I − Tδ)
r
f∥p(·) ≲ ∥f∥p(·) . (7)

Here I is the identity operator. In what follows W
p(·)
r , r ∈ N, will be the class of

functions f ∈ Lp(·) such that f (r−1) is absolutely continuous and f (r) ∈ Lp(·).

Remark 1. For p ∈ PLog, f , g ∈ Lp(·) and 0 ≤ δ < ∞, the modulus of smoothness
Ωr (f, δ)p(·), has the following usual properties:

(i) Ωr (f, δ)p(·) is non-negative; non-decreasing function of δ ≥ 0;

(ii) Ωr (f + g, ·)p(·) ≤ Ωr (f, ·)p(·) +Ωr (g, ·)p(·);
(iii) limδ→0+ Ωr (f, δ)p(·) = 0;

(iv) Ωr (f, δ)p(·) ≲ δr
∥∥f (r)

∥∥
p(·) for r ∈ N, f ∈ W

p(·)
r and δ > 0.

Indeed: (ii) follows from definition. (iii) is follow from (7), (3.4) and Theorem
3.1 of [7]. (iv) follows from Lemma 3.2 of [7]. (i) follows from Lemma 1 given below.
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Definition 4. Define, for f ∈ Lp(·), p ∈ PLog, and δ > 0,

(Rδf) (·) :=
2

δ

∫ δ

δ/2

(
1

h

∫ h

0

f (·+ t) dt

)
dh.

Remark 2. Note that, for 0 < δ < ∞, p ∈ PLog we know from Corollary 1 that

∥Rδf∥p(·) ≲ ∥f∥p(·)
and, hence, f −Rδf ∈ Lp(·) for f ∈ Lp(·).

We set Rr
δf := (Rδf)

r
.

Lemma 1. Let 0 < h ≤ δ < ∞, p ∈ PLog and f ∈ Lp(·). Then

∥(I − Th) f∥p(·) ≲ ∥(I − Tδ) f∥p(·) (8)

holds with a positive constant depend on p.

Lemma 2. Let 0 < δ < ∞, p ∈ PLog and f ∈ Lp(·). Then

∥(I −Rδ) f∥p(·) ≲ ∥(I − Tδ) f∥p(·)
holds with a positive constant depend on p.

Remark 3. The function Rδf is absolutely continuous and differentiable a.e. (al-
most everywhere) on R (see [43, (5.2) of Theorem 4]).

The following lemma is obvious from definitions.

Lemma 3. Let 0 < δ < ∞, p ∈ PLog and f ∈ W
p(·)
1 . Then

d

dx
Rδf = Rδ

d

dx
f and

d

dx
Tδf = Tδ

d

dx
f (9)

a.e. on R.

Lemma 4. Let 0 < δ < ∞, p ∈ PLog and f ∈ Lp(·) be given. Then

δ

∥∥∥∥ d

dx
Rδf

∥∥∥∥
p(·)

≲ ∥(I − Tδ) f∥p(·) (10)

holds with a positive constant depend on p.

The following lemma can be proved using induction on r.

Lemma 5. Let 0 < δ < ∞, r − 1 ∈ N, p ∈ PLog, and f ∈ Lp(·) be given. Then

dr

dxr
Rr

δf =
d

dx
Rδ

dr−1

dxr−1
Rr−1

δ f.

Modulus of smoothness ∥(I − Tδ)
r
f∥p(·) and the K -functional

Kr

(
f, δ;Lp(·),W p(·)

r

)
p(·)

:= inf
g∈W

p(·)
r

{
∥f − g∥p(·) + δr

∥∥∥g(r)∥∥∥
p(·)

}
are equivalent:
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Theorem 4. If r ∈ N, p ∈ PLog, f ∈ Lp(·), and δ > 0, then

∥(I − Tδ)
r
f∥p(·)

Kr

(
f, δ;Lp(·),W

p(·)
r

)
p(·)

≈ 1 (11)

holds for some positive constants depend on p, r.

5. Results on Simultaneous Approximation

Let Gσ (X) be the subclass of entire integral functions f(z) of exponential type
≤ σ that belonging to X and

Aσ(f)X := inf
g
{∥f − g∥X : g ∈ Gσ (X)}.

Let C be the class of bounded uniformly continuous functions defined on R. We set
Gσ,∞ := Gσ (C) and Gσ,p(·) := Gσ

(
Lp(·)).

Remark 4. ( [10, definition given in (5.3)]) Let σ > 0, 1 ≤ p ≤ ∞, f ∈ Lp (R),

ϑ (x) :=
2

π

sin (x/2) sin(3x/2)

x2

and

J (f, σ) = σ

∫
R
f (x− u)ϑ (σu) du

be the delà Valèe Poussin operator ( [10, definition given in (5.3)]). It is known
(see (5.4)-(5.5) of [10]) that, if f ∈ Lp (R), 1 ≤ p ≤ ∞, then,

(i) J (f, σ) ∈ G2σ (L
p (R)),

(ii) J (gσ, σ) = gσ for any gσ ∈ Gσ (L
p (R)),

(iii) ∥J (f, σ) ∥Lp(R) ≤ 3
2∥f∥Lp(R),

(iv) (J (f, σ))
(r)

= J
(
f (r), σ

)
for any r ∈ N and f ∈ W p

r (R),
(v) ∥J

(
f, σ

2

)
− f∥Lp(R) → 0 (as σ → ∞) and hence

∥
(
J
(
f,

σ

2

))(k)
− f (k)∥Lp(R) → 0 as σ → ∞,

for f ∈ W p
r (R) and 1 ≤ k ≤ r,

(vi)
∥∥f − J

(
f, σ

2

)∥∥
Lp(R) ≤

5π
4

4r

σr ∥f (r)∥Lp(R) for f ∈ W p
r (R) .

Theorem 5. Let p ∈ PLog, σ > 0, r ∈ N and f ∈ W
p(·)
r . Then

Aσ (f)p(·) ≲
1

σr
Aσ

(
f (r)

)
p(·)

(12)

holds with a positive constant depend on p, r.

Theorem 6. Let p ∈ PLog, σ > 0, k ∈ N, r ∈ {0} ∪ N and f ∈ W
p(·)
r . Then

Aσ (f)p(·) ≲
1

σr
Ωk

(
f (r),

1

σ

)
p(·)

. (13)
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with positive constants depend on p, k, r.

Theorem 7. Let p ∈ PLog, σ > 0 and gσ ∈ Gσ,p(·). Then, Bernstein’s inequality

∥ (gσ)(r) ∥p(·) ≲ σr∥gσ∥p(·)
holds with a positive constant depend on p, r.

Definition 5. [47, p.161] For r,k ∈ N, σ > 0, we define

g (σ, r, x) =

(
1

x
sin

σx

2r

)2r

, and

G (σ, r, k, ζ) =

k∑
v=1

(−1)
k−v 1

v

(
k

v

)
g

(
σ, r,

ζ

v

)
.

For r ≥ 1
2 (k + 2) we set

γr,σ :=

∫
R

(
1

t
sin

σt

2r

)2r

dt.

Let us introduce the Bernstein’s singular integral ( [47, p.161])

Dσ,kf(x) :=
(−1)

k+1

γr,σ

∫
R
f(u)G (σ, r, k, u− x) dt (14)

for r,k ∈ N, σ > 0, and measurable complex valued f satisfying
∫
R

|f(u)|
1+u2r du < ∞.

Remark 5. It is well known that, if r,k ∈ N, σ ∈ (0,∞), r ≥ 1
2 (k + 2), then

Dσ,kf ∈ Gσ (L
p (R)) for p ≥ 1.( [47, p.161]).

Lemma 6. If r ∈ N, σ ∈ (0,∞), then,
(i) we have

γr,σ =
σ2r−1

(2r)
2r−1

∫
R

(
sin v

v

)2r

dv

(ii) (see, e.g. [13, (5)])∫
R
(
sin v
v

)2r
dv= 2π

(2r−1)!22r

{
(2r)

2r−1
-
(
2r
1

)
(2r − 2)

2r−1
+
(
2r
2

)
(2r − 4)

2r−1
- · · ·

}
(iii) and, as a result,

γr,σ =
σ2r−1

(2r)
2r−1 br

where br is the right hand side of equality in (ii), having r terms.

Define ⌈a⌉ := min {n ∈ N : n ≥ a} and ⌊σ⌋ := max {n ∈ Z : n ≤ σ}. We will take
r := ⌈ 1

2 (k + 2)⌉ in the next Theorems.
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Theorem 8. Let p ∈ PLog, k ∈ N, σ > 0, f ∈ W
p(·)
k , then

∥f −Dσ,kf∥p(·) ≲
1

σk

∥∥∥f (k)
∥∥∥
p(·)

(15)

holds with a positive constant depend on p, k.

Theorem 9. Let p ∈ PLog, k ∈ N, σ > 0. If f ∈ Lp(·), then

∥Dσ,kf∥p(·) ≲ ∥f∥p(·)
holds with a positive constant depend on p, k.

Theorem 10. Let p ∈ PLog, k ∈ N, σ > 0, f ∈ Lp(·), then

∥f −Dσ,kf∥p(·) ≲ Ωk

(
f,

1

σ

)
p(·)

holds with a positive constant depend on p, k.

Corollary 2. By Theorem 9, if r,k ∈ N, σ ∈ (0,∞), r ≥ 1
2 (k + 2), then Dσ,kf ∈

Gσ,p(·) for p ∈ PLog and f ∈ Lp(·).

Theorem 11. Let r ∈ N, p ∈ PLog, σ > 0 and f ∈ W
p(·)
r . Then for all k =

0, 1, . . . , r, there exist positive constants depending only on k, r and p (·) such that∥∥∥f (k) − (g∗σ)
(k)
∥∥∥
p(·)

≲
1

σr−k
Aσ

(
f (r)

)
p(·)

holds for any g∗σ ∈ Gσ,p(·) satisfying Aσ (f)p(·) = ∥f − g∗σ∥p(·).

Theorem 12. Let r, s ∈ N, p ∈ PLog and f ∈ W
p(·)
r . Then there exists a Φ ∈

G2σ,p(·) such that for all k = 0, 1, . . . , r inequalities∥∥∥f (k) − Φ(k)
∥∥∥
p(·)

≲
1

σr−k
Ωs

(
f (r),

1

σ

)
p(·)

are hold with a positive constant depending only on k, r and p (·) .

Definition 6. Set σ, η > 0, f ∈ L1 (R), Θηf (x, y) := f(x+ ηy) and

Bσf(x, t) :=

∫
R
Θ 2

σ
f (x, y)h (y, t) dy.

Remark 6. The following theorem was poved in [31] for σ = 2 with three minor
mistypes. For the sake of completeness here we will prove it when σ > 0.

Theorem 13. Suppose that h (y, t) , y, t ∈ R, is positive measurable function with
respect to y and ∫

R
h (y, t) dy ≲ 1,

∫
R

∣∣yh′
y (y, t)

∣∣ dy ≲ 1
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with constants independent of t. If σ > 0 and f ∈ L1 (R), then
sup
t>0

|Bσf(·, t)| ≲ Mf (·)

for t > 0 and a.e. on R where Mf is the Hardy-Littlewood maximal function of f .

6. Proof of the Results

Let C(A) be the class of continuous functions defined on A. For r ∈ N, we define
Cr (A) consisting of every member f ∈ C(A) such that the derivative f (k) exists and
is continuous on A for k = 1, ..., r. We set C∞ (A) := {f ∈ Cr (A) for any r ∈ N}.
We denote by Cc (A), the collection of real valued continuous functions on A and
support of f is compact set in A. We define Cr

c (A) := Cr (A) ∩ Cc (A) for r ∈ N
and C∞

c (A) := C∞ (A) ∩ Cc (A). Let Lp (A), 1 ≤ p ≤ ∞ be the classical Lebesgue
space of functions on A.

Definition 7. ( [17]) Let N : = {1, 2, 3, · · · } be natural numbers and N0 := N∪{0}.
(a) A family Q of measurable sets E ⊂ R is called locally N -finite (N ∈ N) if∑

E∈Q

χE (x) ≤ N

almost everywhere in R where χU is the characteristic function of the set U .
(b) A family Q of open bounded sets U ⊂ R is locally 1-finite if and only if the

sets U ∈ Q are pairwise disjoint.
(c) Let U ⊂ R be a measurable set and

AUf :=
1

|U |

∫
U

|f (t)| dt.

(d) For a family Q of open sets U ⊂ R we define averaging operator by

TQ : L1
loc → L0,

TQf (x) :=
∑
U∈Q

χU (x)AUf, x ∈ R,

where L0 is the set of measurable functions on R.
(e) For a measurable set A ⊂ R, symbol |A| will represent the Lebesgue measure

of A.

Theorem 14. ( [17]) Suppose that p ∈ PLog, and f ∈ Lp(·). If Q is 1-finite
family of open bounded subsets of R having Lebesgue measure 1, then, the averaging
operator TQ is uniformly bounded in Lp(·), namely,

∥TQf∥p(·) ≤ c4 ∥f∥p(·)
holds with a positive constant c4 depending only on p.

We define ⟨f, g⟩ :=
∫
R f(x)g(x)dx when integral exists. We will need the follow-

ing Propositions.
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Proposition 1. ( [17]) Let p ∈ PLog. Then

1

12c4
∥f∥p(·) ≤ sup

g∈Lp′(·)∩C∞
0 :∥g∥p′(·)≤1

⟨|f | , |g|⟩ ≤ 2 ∥f∥p(·)

holds for all f ∈ Lp(·).

Proposition 2. (a) Cc (R) and C∞
c (R) are dense subsets of Lp (R), 1 ≤ p <

∞.(Theorems 17.10 and 23.59 of [49, p. 415 and p. 575]).
(b) Cc (R) contained L∞ (R) but not dense (Remark 17.11 of [49, p.416]) in

L∞ (R) .

Theorem 15. Let p ∈ PLog. In this case,
(a) if f ∈ Lp(·), then, the function Ff := Ff,G defined in (5) is a bounded,

uniformly continuous function on R,
(b) if r ∈ N, and f ∈ W

p(·)
r , then, dk

duk (Ff ) exists and

dk

duk (Ff ) = Ff(k)

for k ∈ {1, ..., r}.

Proof. (a) Since C∞
0 is a dense subset of Lp(·), we consider functions f ∈ C∞

0 and
its corresponding Ff,G given in (5). For any ε > 0, there exists δ := δ (ε) > 0 so
that

|f (x+ u1)− f (x+ u2)| <
ε

1 + |sptG|
for any u1, u2 ∈ R with |u1 − u2| < δ, where sptG is the support of the function

G ∈ Lp′(·) ∩ C∞
0 . Then, there holds inequality

|Ff,G (u1)− Ff,G (u2)| ≤
∫
R
|f (x+ u1)− f (x+ u2)| |G (x)| dx

=

∫
sptG

|f (x+ u1)− f (x+ u2)| |G (x)| dx

≤ sup
x,u1,u2∈sptG

|f (x+ u1)− f (x+ u2)| ∥G∥1,sptG

≤ ε

1 + |sptG|
(1 + |sptG|) ∥G∥p′(·) ≤ ε

for any u1, u2 ∈ R with |u1 − u2| < δ. Thus conclusion of Theorem 15 follows. For
the general case f ∈ Lp(·) there exists an g ∈ C∞

0 so that

∥f − g∥p(·) <
ξ

4 (1 + |sptG|) c0
for any ξ > 0. Therefore

|Ff,G (u1)− Ff,G (u2)| = |Ff,G (u1)− Fg,G (u1)|+ |Fg,G (u1)− Fg,G (u2)|+

+ |Fg,G (u2)− Ff,G (u2)| = |Ff−g,G (u1)|+
ξ

2
+ |Fg−f,G (u2)|
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≤ 2 (1 + |sptG|) c0 ∥f − g∥p(·),ω +
ξ

2
< ξ.

As a result Ff,G is uniformly continuous on R.
(b) is follow from definitions. □

Proof of Theorem 1. Let 0 ≤ f, g ∈ Lp(·). In this case there exists a constant
C > 0 such that

∥Ff,G∥C(R) ≤ C ∥Fg,G (u)∥C(R) = C

∥∥∥∥∫
R
g (u+ x) |G (x)| dx

∥∥∥∥
C(R)

= C sup
u∈R

∫
R
g (u+ x) |G (x)| dx = C sup

u∈sptG

∫
sptG

g (u+ x) |G (x)| dx

≤ C sup
u∈sptG

∥g (u+ ·)∥1,sptG ∥G∥∞ ≤ C (1 + |sptG|) c0 ∥g∥p(·) .

On the other hand, for any ε > 0 and appropriately chosen G̃ε ∈ Lp′(·) with∫
R
g (x) G̃ε (x) dx ≥ 1

12c4
∥g∥p(·) − ε,

∥∥∥G̃ε

∥∥∥
p′(·)

≤ 1,

(see Proposition 1), one can find

∥Ff,G∥C(R) ≥ |Ff,G (0)| ≥
∫
R
f (x) |G (x)| dx >

1

12c4
∥f∥p(·) − ε.

In the last inequality we take as ε → 0+ and obtain

∥Ff,G∥C(R) >
1

12c4
∥f∥p(·) .

Combining these inequalities we get

∥f∥p(·) < 12c4 ∥Ff,G∥C(R) ≤ 12c4C ∥Fg,G∥C(R)

≤ 12c4C (1 + |sptG|) c0 ∥g∥p(·) .

For general case f, g ∈ Lp(·) we obtain

∥f∥p(·) < 24c4 (1 + |sptG|) c0C ∥g∥p(·) (16)

and proof is finished. □

Remark 7. Note that, in (16) constant depend on |sptG| and ∥G∥∞ but it is
possible to avoid dependence on |sptG| and ∥G∥∞. To do so, we can change the
definition of Ff with

Ff (u) :=

∫
R
S1,uf(x) |G (x)| dx, u ∈ R,

where G ∈ Lp′(·) ∩ C∞
0 and ∥G∥p′(·) ≤ 1. Now, boundedness of S1,uf in Lp(·) for

any u ∈ R, and the same procedure give (16) with a constant does not depend on
|sptG| and ∥G∥∞. Hence, constants in other results can be free of dependence on
|sptG| and ∥G∥∞ .
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Proof of Lemma 1. Let 0 < h ≤ δ < ∞, p ∈ PLog and f ∈ Lp(·). Then, using
(16) we get

∥(I − Th) f∥p(·) < 24c4
∥∥F(I−Th)f,G

∥∥
C(R) ≤ 24 · 72c4

∥∥F(I−Tδ)f,G

∥∥
C(R)

≤ 1728c4 (1 + |sptG|) c0 ∥(I − Tδ) f∥p(·) .
□

Proof of Lemma 2. If f ∈ Lp(·), then, using generalized Minkowski’s integral
inequality and Lemma 1 we obtain

∥(I −Rδ) f∥p(·) =

∥∥∥∥∥2δ
∫ δ

δ/2

(
1

h

∫ h

0

(f (x+ t)− f (x)) dt

)
dh

∥∥∥∥∥
p(·)

=

∥∥∥∥∥2δ
∫ δ

δ/2

(Thf (x)− f (x)) dh

∥∥∥∥∥
p(·)

≤ 2

δ

∫ δ

δ/2

∥Tδf − f∥p(·) dh

≤ 1728c4 (1 + |sptG|) c0 ∥Tδf − f∥p(·)
2

δ

∫ δ

δ/2

dh

= 1728c4 (1 + |sptG|) c0 ∥(I − Tδ) f∥p(·) .
□

Proof of Lemma 4. Using∥∥Fδ(Rδf)
′,G

∥∥
C(R) =

∥∥∥δ (F(Rδf),G

)′∥∥∥
C(R)

= δ
∥∥(Rδ(Ff,G))

′∥∥
C(R)

≤ · · · ≤ 2
(
37 + 146 ln 236

)
∥(I − Tδ) (Ff,G)∥C(R)

= 2
(
37 + 146 ln 236

) ∥∥(F(I−Tδ)f,G)
∥∥
C(R)

we conclude from Transference Result that

δ ∥(Rδf)
′∥p(·) ≤ c5 ∥(I − Tδ) f∥p(·) .

with c5 := 24c4 (1 + |sptG|) c0
(
37 + 146 ln 236

)
. □

Proof of Theorem 4. For r = 1, 2, 3, . . . we consider the operator

Ar
δ := I − (I −Rr

δ)
r
=
∑r−1

j=0
(−1)

r−j+1

(
r

j

)
R

r(r−j)
δ .

From the identity I −Rr
δ = (I −Rδ)

∑r−1
j=0 R

j
δ we find

∥(I −Rr
δ) g∥p(·) ≤

r−1∑
j=0

cj6

 ∥(I −Rδ) g∥p(·)
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with c6 := 24c4 (1 + |sptG|) c0. Therefore

∥(I −Rr
δ) g∥p(·) ≤

1728c4 (1 + |sptG|) c0
r−1∑
j=0

cj6

 ∥(I − Tδ) g∥p(·) (17)

= c7 ∥(I − Tδ) g∥p(·)
when 0 < δ < ∞, p ∈ P and g ∈ Lp(·). Since ∥f −Ar

δf∥p(·) = ∥(I −Rr
δ)

r
f∥p(·),

recursive procedure gives

∥f −Ar
δf∥p(·)

= ∥(I −Rr
δ)

r
f∥p(·) ≤ · · · ≤ cr7 ∥(I − Tδ)

r
f∥p(·) .

On the other hand, using Lemmas 5 and 4,

δr
∥∥∥∥ dr

dxr
Rr

δf

∥∥∥∥
p(·)

= δr−1δ

∥∥∥∥ d

dx
Rδ

dr−1

dxr−1
Rr−1

δ f

∥∥∥∥
p(·)

≤ c5δ
r−1

∥∥∥∥(I − Tδ)
dr−1

dxr−1
Rr−1

δ f

∥∥∥∥
p(·)

≤ · · · ≤

≤ cr−1
5 δ

∥∥∥∥ d

dx
Rδ (I − Tδ)

r−1
f

∥∥∥∥
p(·)

≤ cr5 ∥(I − Tδ)
r
f∥p(·) .

Thus

Kr

(
f, δ;Lp(·),W p(·)

r

)
p(·)

≤ ∥f −Ar
δf∥p(·) + δr

∥∥∥∥ dr

dxr
Ar

δf (x)

∥∥∥∥
p(·)

≤ cr7 ∥(I − Tδ)
r
f∥p(·) +

r−1∑
j=0

∣∣∣∣(rj
)∣∣∣∣ δr ∥∥∥∥ dr

dxr
R

r(r−j)
δ f (x)

∥∥∥∥
p(·)

≤ cr7 ∥(I − Tδ)
r
f∥p(·) + cr5

r−1∑
j=0

∣∣∣∣(rj
)∣∣∣∣ ∥∥∥(I − Tδ)

r
R

(r−j)
δ f

∥∥∥
p(·)

≤ cr7 ∥(I − Tδ)
r
f∥p(·) + cr5

r−1∑
j=0

∣∣∣∣(rj
)∣∣∣∣ cr−j

6 ∥(I − Tδ)
r
f∥p(·)

≤ c8 ∥(I − Tδ)
r
f∥p(·)

where

c8 := max

cr7, c
r
5

r−1∑
j=0

∣∣∣∣(rj
)∣∣∣∣ cr−j

6

 .

For the reverse of the last inequality, when g ∈ W
p(·)
r , we get

Ωr (f, δ)p(·) ≤ (1 + c6)
r ∥f − g∥p(·) +Ωr (g, δ)p(·)

≤ (1 + c6)
r ∥f − g∥p(·) + 2−rcr6δ

r
∥∥∥g(r)∥∥∥

p(·)
, (18)
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and taking infimum on g ∈ W r
p(·) in (18) we obtain

Ωr (f, δ)p(·) ≤ (1 + c6)
r
Kr

(
f, δ;Lp(·),W p(·)

r

)
p(·)

.

□

Proof of Theorem 5. The following inequality

Aσ (f)C(R) ≤
∥∥∥f − J

(
f,

σ

2

)∥∥∥
C(R)

≤ 5π

4

4r

σr
∥f (r)∥C(R), ∀f ∈ Cr(R)

known (see (vi) of Remark 4). Now using TR we find∥∥∥f − J
(
f,

σ

2

)∥∥∥
p(·)

≤ 5π

2

4rc6
σr

∥f (r)∥p(·), ∀f ∈ W p(·)
r . (19)

Let r = 1. Suppose that

Aσ (f
′)p(·) = ∥f ′ − g∗σ(f

′)∥p(·) , g∗σ(f
′) ∈ Gσ,p(·)

and

𭟋 (x) :=

∫ x

0

g∗σ(f
′) (t) dt.

Then 𭟋 ∈ Gσ ( [26, p.397]). Setting

φ (x) = f (x)−𭟋 (x)

one has

∥φ′∥p(·) = ∥f ′ − g∗σ(f
′)∥p(·) = Aσ (f

′)p(·) .

Thus

Aσ (f)p(·) = Aσ (f −𭟋)p(·)
(19)

≤ 10πc6
1

σ

∥∥(f −𭟋)
′∥∥

p(·)

=
10πc6
σ

∥f ′ −𭟋′∥p(·) =
10πc6
σ

∥f ′ − g∗σ(f
′)∥p(·)

= 10πc6
1

σ
Aσ (f

′)p(·) .

Now, result follows from the last inequality:

Aσ (f)p(·) ≤ 10πc6
1

σ
Aσ (f

′)p(·) ≤ · · · ≤ (10πc6)
r 1

σr
Aσ

(
f (r)

)
p(·)

.

□

Proof of Theorem 6. Let p ∈ PLog, σ > 0, k ∈ N, r ∈ {0} ∪ N and f ∈ W
p(·)
r .

First we consider the case r = 0. For every g ∈ W
p(·)
k we find

Aσ (f)p(·) ≤ Aσ (f − g)p(·) +Aσ (g)p(·)

≤ ∥f − g∥p(·) +
5π

2

4kc6
σk

∥f (k)∥p(·).
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Taking infimum on g in the last inequality

Aσ (f)p(·) ≤
5π

2
4kc6Kk

(
f, δ;Lp(·),W

p(·)
k

)
p(·)

.

Now using (11)

Aσ (f)p(·) ≤ c8
5π

2
4kc6Ωk

(
f,

1

σ

)
p(·)

.

In the second stage we consider the case r ∈ N. In this case

Aσ (f)p(·) ≤ (10πc6)
r 1

σr
Aσ

(
f (r)

)
p(·)

≤ 5πc8 (10)
r
πrcr+1

6 22k−1 1

σr
Ωk

(
f (r),

1

σ

)
p(·)

.

□

Proof of Theorem 7. Let p ∈ PLog, σ > 0 and gσ ∈ Gσ,p(·). Then, Bernstein’s
inequality

∥ (gσ)(r) ∥C(R) ≤ σr∥gσ∥C(R), ∀gσ ∈ Gσ,∞

and TR gives

∥ (gσ)(r) ∥p(·) ≤ c6σ
r∥gσ∥p(·), ∀gσ ∈ Gσ,p(·).

□

Proof of Theorem 8. Define for k ∈ N the classical modulus of smoothness of
function f ∈ C (R) of step δ > 0 by

ωk (f, δ)C(R) := sup
|h|≤δ

∥∥∆k
t f
∥∥
C(R)

where ∆k
t f (·) :=

(
I − T̃h

)k
f (·), T̃hf (·) := f (·+ h) and I is the identity operator.

From (14), one can write

∥f −Dσ,kf∥C(R) =

∥∥∥∥∥ (−1)
k

γr,σ

∫
R

k∑
v=0

(−1)
k−v

(
k

v

)
f (x+ vt) g (σ, r, t) dt

∥∥∥∥∥
C(R)

≤ 1

σ2r−1 br
(2r)2r−1

∫
R

∥∥∆k
t f (x)

∥∥
C(R) g (σ, r, t) dt ≤

(2r)
2r−1

brσ2r−1

∫
R
ωk (f, t)C(R) g (σ, r, t) dt

≤ (2r)
2r−1

σk

brσ2r−1
ωk

(
f,

1

σ

)
C(R)

∫
R

(
t+

1

σ

)k

g (σ, r, t) dt

≤ (2r)
2r−1

σk

brσ2r−1

1

σk

∥∥∥f (k)
∥∥∥
C(R)

∫
R

(
t+

1

σ

)k

g (σ, r, t) dt
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≤ (2r)
2r−1

brσ2r−1

∥∥∥f (k)
∥∥∥
C(R)

 2k

σk

∫
|t|≤ 1

σ

|g (σ, r, t)| dt+ 2k
∫

|t|≥ 1
σ

|t|k |g (σ, r, t)| dt

 .

Using r = ⌈ 1
2 (k + 2)⌉

(2r)
2r−1

2k

brσ2r−1

∫
|t|≥1/σ

|t|k
(
1

t
sin

σt

2r

)2r

dt

≤ (2r)
2r−1

2k

brσ2r−1

∫
|t|≥1/σ

(
1

t
sin

σt

2r

)2r−k

dt

≤ (2r)
2r−1

2k

brσ2r−1

σ2r−k+1

(2r)
2r−k+1

∫
R

(
sinu

u

)2

dt =
1

σk

22krk

br
π.

On the other hand

(2r)
2r−1

brσ2r−1

2k

σk

∫
|t|≤1/σ

(
1

t
sin

σt

2r

)2r

dt

≤ (2r)
2r−1

brσ2r−1

2k

σk

∫
R

(
1

t
sin

σt

2r

)2r

dt

=
(2r)

2r−1

brrσ
2r−1

σ2r−1 br

(2r)
2r−1 =

2k

σk
.

Thus

∥f −Dσ,kf∥C(R) ≤
(
22krk

br
+ 2k

)
1

σk

∥∥∥f (k)
∥∥∥
C(R)

.

From this and TR we get

∥f −Dσ,kf∥p(·) ≤ c6

(
22krk

br
+ 2k

)
1

σk

∥∥∥f (k)
∥∥∥
p(·)

= c6c (k, r)
1

σk

∥∥∥f (k)
∥∥∥
p(·)

.

□

Proof of Theorem 9. Fixed σ > 0, we find

∥Dσ,kf∥C(R) =

∥∥∥∥∥ (−1)
k+1

γr,σ

∫
R
f(u)G (σ, r, k, u− x) du

∥∥∥∥∥
C(R)∥∥∥∥∥ (−1)

k+1

γr,σ

∫
R

k∑
v=1

(−1)
k−v

(
k

v

)
f (u) g

(
σ, r,

u− x

v

)
du

∥∥∥∥∥
C(R)

≤

∥∥∥∥∥ (−1)
k+1

γr,σ

∫
R

k∑
v=1

(−1)
k−v

(
k

v

)
f (x+ vt) g (σ, r, t) vdt

∥∥∥∥∥
C(R)

≤ k

γr,σ

∫
R

k∑
v=1

∣∣∣∣(kv
)∣∣∣∣ ∥f (x+ vt)∥C(R) g (σ, r, t) dt
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≤ ∥f∥C(R)

k∑
v=1

∣∣∣∣(kv
)∣∣∣∣ k

γr,σ

∫
R
g (σ, r, t) dt ≤ k2k ∥f∥C(R) .

Now, transference result TR gives

∥Dσ,kf∥p(·) ≤ k2kc6 ∥f∥p(·) .

□

Proof of Theorem 10. We can write

∥f −Dσ,kf∥p(·) =
∥∥∥f −Ak

1
σ
f +Ak

1
σ
f −Dσ,kAk

1
σ
f +Dσ,kAk

1
σ
f −Dσ,kf

∥∥∥
p(·)

≤
∥∥∥f −Ak

1
σ
f
∥∥∥
p(·)

+
∥∥∥Ak

1
σ
f −Dσ,kAk

1
σ
f
∥∥∥
p(·)

+
∥∥∥Dσ,k(Ak

1
σ
f − f)

∥∥∥
p(·)

≤ ck7Ωk

(
f,

1

σ

)
p(·)

+ c6c (k)
1

σk

∥∥∥(Ak
1
σ
f)(k)

∥∥∥
p(·)

+ k2kc6

∥∥∥Ak
1
σ
f − f

∥∥∥
p(·)

≤

ck7 + c6c (k, r) c
k
5

k−1∑
j=0

∣∣∣∣(kj
)∣∣∣∣ ck−j

6 + 2kkc6c
k
7

Ωk

(
f,

1

σ

)
p(·)

= c9Ωk

(
f,

1

σ

)
p(·)

and the result follows. □

Proof of Theorem 11. Let q ∈ Gσ and Aσ

(
f (k)

)
p(·) =

∥∥f (k) − q
∥∥
p(·) . Then∥∥∥f (k) − (g∗σ)

(k)
∥∥∥
p(·)

≤
∥∥∥f (k) − (J (f, σ))

(k)
∥∥∥
p(·)

+
∥∥∥(J (f, σ))(k) − (g∗σ)

(k)
∥∥∥
p(·)

≤
∥∥∥f (k) − q

∥∥∥
p(·)

+
∥∥∥q − J

(
f (k), σ

)∥∥∥
p(·)

+
∥∥∥(J (f, σ)− g∗σ)

(k)
∥∥∥
p(·)

≤ Aσ

(
f (k)

)
p(·)

+
∥∥∥J (q − f (k), σ

)∥∥∥
p(·)

+ 2kc6σ
k ∥J (f, σ)− g∗σ∥p(·)

≤ (1 + 3c6)Aσ

(
f (k)

)
p(·)

+ 2kc6σ
k ∥J (f, σ)− J (g∗σ, σ)∥p(·)

≤ (1 + 3c6)
2c6

(
5π4r−1

)r
σr−k

Aσ

(
f (r)

)
p(·)

+ 3c262
k 2c6

(
5π4r−1

)r
σr−k

Aσ

(
f (r)

)
p(·)

≤
(
2c6

(
5π4r−1

)r) (
1 + 3c6 + 3c262

k
) σk

σr
Aσ

(
f (r)

)
p(·)

= c10σ
k−rAσ

(
f (r)

)
p(·)

and the proof of Theorem 11 is completed. □
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Proof of Theorem 12. Let g∗σ ∈ Gσ, Aσ (f)p(·) = ∥f − g∗σ∥p(·) and Φ = J (f, σ) .

Then
∥f − J (f, σ)∥p(·) ≤ ∥f − g∗σ + g∗σ − J (f, σ)∥p(·)

= ∥f − g∗σ + J (g∗σ, σ)− J (f, σ)∥p(·)
≤ Aσ (f)p(·) + 3c6 ∥f − g∗σ∥p(·) = (1 + 3c6)Aσ (f)p(·)

and
∥f − J (f, σ)∥p(·) ≤ (1 + 3c6)Aσ (f)p(·)

≤ (1 + 3c6) 5πc8 (10)
r
πrcr+1

6 22s−1 1

σr
Ωs

(
f (r), 1/σ

)
p(·)

.

Now, from

∥f − g∗σ∥p(·) ≤
πc8 (10)

r
πrcr+1

6 22s−1

σr
Ωs

(
f (r),

1

σ

)
p(·)

we obtain

∥J (f, σ)− g∗σ∥p(·) ≤
c11
σr

Ωs

(
f (r),

1

σ

)
p(·)

with
c11 = πc8 (10)

r
πrcr+1

6 22s−1 ((1 + 3c6) 5 + 1) .

Hence∥∥∥f (k) − (J (f, σ))
(k)
∥∥∥
p(·)

≤
∥∥∥f (k) − (g∗σ)

(k)
∥∥∥
p(·)

+
∥∥∥(J (f, σ))

(k) − (g∗σ)
(k)
∥∥∥
p(·)

≤ c10σ
k−rAσ

(
f (r)

)
p(·)

+ 2kc6σ
k c11
σr

Ωs

(
f (r),

1

σ

)
p(·)

≤
(
c10

5πc8
2

4sc6 + 2kc6c11

)
σk−rΩs

(
f (r), 1/σ

)
p(·)

and the proof is completed. □

Proof of Theorem 13. Given x ∈ R, let

Γ (y) :=

∫ y

0

Θ 2
σ
f (x, u) du, y > 0,

and a, b > 0. Integration by parts gives∫ b

−a

Θ 2
σ
f (x, y)h (y, t) dy =

∫ b

−a

h (y, t) dΓ (y)

= Γ (y)h (y, t) |b−a −
∫ b

−a

h′
y (y, t) Γ (y) dy.

Since Γ (y) ≤ |y|Mf (x) we obtain∣∣∣∣∣
∫ b

−a

Θ 2
σ
f (x, y)h (y, t) dy

∣∣∣∣∣ ≤ Mf (x)

(∫ b

−a

∣∣yh′
y (y, t)

∣∣ dy + h (y, t) |b−a

)
.
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Now

c12 ≥
∫
R
h (y, t) dy ≥

∫ b

−a

h (y, t) dy = h (y, t) |b−a −
∫ b

−a

yh′
y (y, t) dy

gives ∣∣∣∣∣
∫ b

−a

Θ 2
σ
f (x, y)h (y, t) dy

∣∣∣∣∣ ≤ (c12 + 2c13)Mf (x)

for any t > 0. The last inequality implies the result. □
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[13] Butler, R., On the evaluation of
∫∞
0

sinm(t)
tm

dt by the trapezoidal rule, Amer. Math. Monthly,

67(6) (1960), 566-569.

[14] Cruz-Uribe, D., Fiorenza, A., Approximate identities in variable Lp spaces, Math. Nachr.,
280(3) (2007), 256-270.

[15] Cruz-Uribe, D., Fiorenza, A., Variable Lebesgue Spaces, Foundations and Harmonic Analysis,
Birkhauser, Applied and Numerical Harmonic Analysis, 2013.

[16] Diening, L., Maximal function on generalized Lebesgue spaces Lp(x), Math. Ineq. & Appl.,

7(2) (2004); 245-253. https://doi.org/10.7153/mia-07-27
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