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1. Introduction

The Woodall numbers {R, }, sometimes called Riesel numbers, and also called Cullen numbers of the second kind, are numbers of the form
R,=nx2"—1.

The first few Woodall numbers are:
1,7,23,63,159,383,895,2047,4607,10239,22527,49151, 106495,229375,491519, 1048575, . ..

(sequence A003261 in the OEIS [22]). Woodall numbers were first studied by Allan J. C. Cunningham and H. J. Woodall in [6] in 1917,
inspired by James Cullen’s earlier study of the similarly-defined Cullen numbers.
The Cullen numbers {C,,} are numbers of the form

C,=nx2"+1.
The first few Cullen numbers are:
1,3,9,25,65,161,385,897,2049,4609, 10241,22529,49153,106497,229377,491521, ...

(sequence A002064 in the OEIS).

Woodall and Cullen sequences have been studied by many authors and more detail can be found in the extensive literature dedicated to these
sequences, see for example, [1,2,6,9,10,11,13,15,16,17,18] and references therein.

Note that {R,} and {C, } hold the following relations:

Ry=4R, | — 4Ry — 1,
Cp=4C,_ 1 —4Cyr+1.
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Note also that the sequences {R,, } and {C,} satisfy the following third order linear recurrences:

Ry=5R,_1 —8Ry2+4R;,—3, Ro=—1,Ri=1Ry =7, (1.1)
C,=5C,—1 —8C,_2+4C,—3, Cy=1,C1=3,C,=09. (1.2)
The purpose of this article is to generalize and investigate these interesting sequence of numbers (i.e., Woodall, Cullen numbers) via their

third order linear recurrence relations (1.1) and (1.2). First, we recall some properties of generalized Tribonacci numbers.
The generalized (r,s,f) sequence (or generalized Tribonacci sequence or generalized 3-step Fibonacci sequence)

{Wn(WOan 7W2;r7s7t)}n20
(or shortly {Wy},>0) is defined as follows:
Wy =1Wy_1 +sWy2+tW,_3, Wo=a,Wi=bW,=c, n>3 (1.3)

where Wy, Wi, W, are arbitrary complex (or real) numbers and r,s,¢ are real numbers.
This sequence has been studied by many authors, see for example [3,4,5,7,8,14,19,20,21,24,25,27,28,29].
The sequence {W,, },>0 can be extended to negative subscripts by defining

s r 1
Won==-W_(n1) = TW_(u2) + T W_(u3)

forn=1,2,3,... when ¢ # 0. Therefore, recurrence (1.3) holds for all integer n.
As {W,} is a third-order recurrence sequence (difference equation), it’s characteristic equation is

- —sx—t=0 (1.4)

whose roots are

o =a(rs,t) = §+A+B,

ﬁ:ﬁm&0:§+wA+w%7
y=7@&ﬂ:§+w%+w&

where

3

Poors ot 1/3 roors ot 1/3
A= =+—+= A B=—=4+—+=-—VA
(27+6+2+W) ’ (27+6+2 f) ’
3 2.2 3 2 .
r’t  res rst s t —14iV3
A_A(rvsvt)_ﬁ_log"‘?_ﬁ‘f'Z?(1)—72

Note that we have the following identities

= exp(2mi/3).

at+B+y=r
af+oay+py=—s,
afy=t.

In the case of two distinct roots, i.e., & = B # 7, Binet’s formula can be given as follows:

Theorem 1.1. (Two Distinct Roots Case: o. = B # ) Binet’s formula of generalized Tribonacci numbers is
Wy, = (A] +Asn) x a" +Azy"

where

_ —Wa+2aW — Y2a—7)Wy

Ay

(a—7)* ’
W — (a+7)W +ayWy
A2 = )
a(a—7y)
Ws —20W,; + 02W,
Ay = . )
(a—7)

Next, we give the ordinary generating function Y. W,x" of the sequence W,.
n=0

Lemma 1.2. Suppose that fw,(x) = Y, Wux" is the ordinary generating function of the generalized (r,s,t) sequence (the generalized
n=0

Tribonacci sequence) {Wy}n>0. Then, Y, Wyx" is given by
n=0

ad Wo + (W) — rW, Wy — rW) — sWp)x?
Y Wyt = Yot (Wi = Wo) (W = riy = o). (1.5)
ot 1 —rx—sx* —tx
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Matrix formulation of W, can be given as

n

Wiia ros ot Wa
Wa+1 = 1 0 0 4] . (1.6)
W, 0 1 0 Wo

For matrix formulation (1.6), see [12]. In fact, Kalman gave the formula in the following form

n

W, 01 0 Wo
Wit = 0 0 1 Wi
Wht2 ros t Wa

Now, we present Simson’s formula of generalized Tribonacci numbers.

Theorem 1.3 (Simson’s Formula of Generalized Tribonacci Numbers). For all integers n, we have

Wito Wiy W, W, W Wo
Wit Wu o Wy |=1"| W Wo W_y |. mn
Wo Wi Wy Wo W_ W

Proof. For a proof, see Soykan [23]. O
Next, we consider two special cases of the generalized (r,s,) sequence {W,, } which we call them (r,s,) and Lucas (r,s,7) sequences. (r,s,?)
sequence {Gy, },>0 and Lucas (r,s,t) sequence {H, },>0 are defined, respectively, by the third-order recurrence relations

Gpy3 = rGpino+5Gni1 +1G,, Go=0,G1 =1,G, =r, (1.8)
Hyi3=rH, >+sH, 1 +tH, Hy=3H =rHy=2s5+r". 1.9)

The sequences {G, },>0 and {H, },>0 can be extended to negative subscripts by defining

s r 1
Gan==2G (1)~ 0-(-2) T 7G-(n-3),

s r 1
Hop=—="H (1) = TH_(n2)+ T H_ (53

forn=1,2,3,... respectively. Therefore, recurrences (1.8)-(1.9) hold for all integers .

In the case of two distinct roots, i.e., @ = 8 # ¥, for all integers n, Binet’s formula of (r,s,7) and Lucas (r,s,7) numbers (using initial

conditions in (1.8)-(1.9)) can be expressed as follows:

Theorem 1.4. (Two Distinct Roots Case: o = B # y) For all integers n, Binet’s formula of (r,s,t) and Lucas (r,s,t) numbers are
d 1 n Y
Gy=|——+——n|xd"+——Y",
' ((ayf <a—7>> (a—p°
H, =2d"+7",

respectively.

Lemma 1.2 gives the following results as particular examples (generating functions of (r,s,#) and Lucas (r,s,) numbers).
Corollary 1.5. Generating functions of (r,s,t) and Lucas (r,s,t) numbers are
- X
G'= ——
ngb n 1—rx—sx? —tx3
2

EH n 3—2rx—sx
X =m=——F
= " 1—rx—sx2 —tx3’

respectively.

The following theorem shows that the generalized Tribonacci sequence W, at negative indices can be expressed by the sequence itself at
positive indices.

Theorem 1.6. For n € Z, we have

_ 1
W_,, =1t~ " (Way, — H,W, + E(H,f —Ho,)W).

Proof. For the proof, see Soykan [26, Theorem 2.]. O
Now, we present a basic relation between {H, } and {W,,} which can be used to write H, in terms of W,.

Lemma 1.7. The following equality is true:

(W3 + (t + )W +2W3 + (2 — s)WEWy — 2kW W3 — sWo W3 + rtWgWa + (s + rt ) WoWE + 2stWEWy + (rs — 3t) Wo Wi Wa ) H,, = (3W3 +
(P2 — 5)WE + rtWg — 4rWiWa — 2sWoWs + (rs — 3 ) WoW1) Wy + (—2rW3 + 3tWE — 2sWi Wa — 3tWoWs + 3rsWi + 25t Wi + 2r2 Wi Ws +
252WoWy + rsWoWa + 2rtWoW1 )Wyt + (—sW2 + (52 + rt)W2 + 302W§ + (rs — 3t )W) Wa + 2t Wo W + dst Wo Wy ) W,.
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Proof. It is given in Soykan [25]. O
Using Theorem 1.6, we have the following corollary, see Soykan [26, Corollary 6].

Corollary 1.8. Forn € Z, we have

(a)
1
Gon= (2 —$2)G2 411Gy + 5G4 2Gn — (3t +15)Gpi1Gy).
(b)
Lo
Hoy = o (Hy = Hay,).

Note that G_, and H_,, can be given as follows by using Gy = 0 and Hy = 3 in Theorem 1.6,
_ 1 -
Gn=1""(Gon — HnGn + 5 (H; — H2)Go) =1 " (Gon = HaGi),

1
— (H} — Hay),

_ 1
H =1t n(HZn —H,H, + E(Hr% _HZn)HO) = 2f

respectively.

2. Generalized Woodall Sequence

In this paper, we consider the case r = 5,5 = —8,1 = 4. A generalized Woodall sequence {W, },>0 = {Wn(Wo, W1, W2) },,>0 is defined by the
third-order recurrence relations

Wy, = 5W,,_| — 8W,_» +4W,_3 @.1)

with the initial values Wy = co, W; = c1, W, = ¢; not all being zero.
The sequence {W,, },>0 can be extended to negative subscripts by defining

W= 2va(nfl) - %W,(n,z) + %W,(n,3)
for n =1,2,3,.... Therefore, recurrence (2.1) holds for all integer n.
Theorem 1.1 can be used to obtain Binet formula of generalized Woodall numbers. Binet formula of generalized Woodall numbers can be
given as
(two distinct roots case: @ = f§ # 7)

W, = (A +Azn) x " +A3Y"

where
A —Ws +20W; — Y20t — )Wy
1= )
(a—7)°
A, = W2 (@t Wi +arWo
2= )
a(a—7y)
W —20W; + a2W0
A3 = 5 .
(—7)

Here, a, 8 and y are the roots of the cubic equation
O =52 48x—4=(x—2)(x—1)=0.

Moreover

B=2
L.

o
Y
So,

W, = (A1 +Asn) X 2"+ A3
where

Al = W +4W| —3W,,
. W, —3W +2W,
==
Az =Wy —4W| +4W),

Ar
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W, —3W; +2W

W, = ((7W2+4Wl )

—3Wp) + n) x 2"+ (Wo — 4W, +4Wp).

(2.2)

The first few generalized Woodall numbers with positive subscript and negative subscript are given in the following Table 1.

Table 1. A few generalized Woodall numbers

n W, w_,

0 Wo Wo

1 W 1 (8Wo—5W; +W,)

2 W, (11Wy — W, +2W5)

3 4Wo — 8W1 + 5W, 6 (52Wy — 47W; + 11W3)

4 20Wy — 36W 4+ 17W, (57TWp — 54w} + 13W>)

5 68Wy — 116W +49W, i4 (240Wy — 233W; +5TW3)

6 196Wy — 324W + 129W, (247Wy — 243W; + 60W;,)

7 516Wy — 836W; 4 321W, ? (1004Wy — 995W + 247TW>)
8 1284Wy — 2052W; + 769W, ﬁ 1013Wy — 1008W; +251W;,)
9 3076W, — 4868W; + 1793W, 1 4072Wy — 4061W; +1013W,)

"_‘o‘

10 T172Wp — 11268W1 +4097W,
11 16388Wy — 25604W; +9217W,
12 36868Wy — 57348W; 4-20481W,
13 81924Wy — 126980W; +45057W,

6356Wy — 16343W; 4 4083W,)
6369W) — 16362W; +4089W>)
65504Wy — 65489W; + 16369W,)

(
7 (
(4083W, — 4077W; + 1018W5)
1
1

Een

024
5 (
o6 (
Toasa (

Now, we define four special cases of the sequence {W,}. Modified Woodall sequence {G},>0 , modified Cullen sequence {H,},>0,

Woodall sequence {R, } and Cullen sequence {C,} are defined, respectively, by the third-order recurrence relations

Gn=5G,-1 —8G, 2 +4G,_3,
Hy, = 5H,_| — 8H,_» +4H,_5,
Ry =5R,—1 —8Ry—2+4Ry3,
Cn =5C,—1 —8Cy—2+4C, 3,

Go=0,G1=1,G, =5,
Hy=3,H, =5H, =09,
Ro=—-1,Ri=1,R =7,
Co=1,C1 =3,C,=09.

The sequences {Gy, } >0, {Hn}n>0, {Rn}n>0 and {C,},>0 can be extended to negative subscripts by defining

5 1
Gn=26G_(4-1) = 1G-(-2) + 70-(n-3)
5 1
Hon=2H_(y1) = 7H (n-2) + 7H_(n-3),
_ 5 1
Ron=2R_(41)= yR-(n-2) + zR-(n-3)
_ 5 1
Con=2C_(-1)= 7C-(n-2) + ;C-(n-3):
forn=1,2,3,... respectively. Therefore, recurrences (2.3)-(2.6) hold for all integer n.

2.3)
(2.4)
2.5)
(2.6)

Next, we present the first few values of the modified Woodall, modified Cullen, Woodall and Cullen numbers with positive and negative

subscripts:
Table 2. The first few values of the special third-order numbers with positive and negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 2 13
G, 0 1 5 17 49 129 321 769 1793 4097 9217 20481 45057 98305
G o 1 1ou 1B 5 15 247 251 1013 509 4083 4089
—n 4 2 16 16 64 16 256 256 1024 512 4096 4096
H, 3 5 9 17 33 65 129 257 513 1025 2049 4097 8193 16385
H 3 5 9o 17 0B 65 129 257 513 1025 2049 4097
—-n 2 4 8 16 32 64 128 256 512 1024 2048 4096
R, -1 1 7 23 63 159 383 895 2047 4607 10239 22527 49151 106495
R 3 .3 _u 5 3 35 135 3 % 517 209 1027 8205
—-n 2 2 8 4 32 32 128 32 512 512 2048 1024 8192
G 13 9 S 65 161 385 897 2049 4609 10241 22529 49153 106497
c 11 5 327 29 12 31 503 507 2037 1021 8179
—n 2 2 8 4 32 32 128 32 512 512 2048 1024 8192

Gn,Hy, R, and C, are the sequences A000337, A000051 (and A048578), A003261 and A002064 in [22], respectively. Note that {H,}

satisfies the following second order linear recurrence:
H, =3H,-1 —2H,—», Hy=3,H =5
and satisfies the following first order non-linear recurrence:

H,=2H,_ 1 —1, Hy=3.
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For all integers n, modified Woodall, modified Cullen, Woodall and Cullen numbers (using initial conditions in (2.2)) can be expressed using

Binet’s formulas as
G,=(n—-1)2"+1

Hy=2""1+1
R,=nx2"—1
C,=nx2"+1

respectively.
Next, we give the ordinary generating function ). W, x" of the sequence W,
n=0
Y Wux" is the ordinary generating function of the generalized Woodall sequence {Wy},>0. Then

Lemma 2.1. Suppose that fy, (x)
n=0
Z Wyx" is given by
=0
Wo + (Wi — 5Wo)x + (W — 5W; +8W0)
1—5x+8x2 —4x3

Zan":

n=0
Proof. Take r = 5,5 = —8,t =4 in Lemma 1.2. [J
The previous lemma gives the following results as particular examples
Corollary 2.2. Generated functions of modified Woodall, modified Cullen, Woodall and Cullen numbers are

X

G
Z n Tl 5x 82 43
ZH n_ 31004827
5x+8x —4x3’
ZRx e 6x2
. 1 —5x+8x2 —4x3’
ZC —2x+ 242
nt 1—5x—i—8x2 4x3°

respectively.

3. Simson Formulas
There is a well-known Simson Identity (formula) for Fibonacci sequence {F; }, namely,

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This can be written in the form

Fo1Fn-1 7Fnz = (71)n
Fn+1 F n _(_1\n
F, Fi1 N ( 1) '
The following theorem gives generalization of this result to the generalized Woodall sequence {W, },>0
Theorem 3.1 (Simson Formula of Generalized Woodall Numbers). For all integers n, we have
2

Wn+2 Wn+1 W,
Wil Wa o Weoy | = =224 (Wy — 4W| +4W,) (W, — 3W) +2Wp)
Wor Wy
3.0

Wa
Proof. Take r = 5,5 = —8,f =4 in Theorem 1
The previous theorem gives the following results as particular examples
Corollary 3.2. For all integers n, Simson formula of modified Woodall, modified Cullen, Woodall and Cullen numbers are given as

Gn+2 Gn+1 Gy
Gust Gn Gpy |=-272
Gy anl Gn72
Hn+2 Hn+1 Hy,
Hn—H H, Hy,~1 |=0,
Hy, Hy1 Hy
Rn+2 Rn+1 Ry S
Rn+l Ry Ry |= 2 )
Ry Ry-1 Ry
Cn+2 Cn+1 Cn
Cn+l Cu Co1 | = 722n—2’
Cu Cnfl Cn72

respectively.
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4. Some Identities

In this section, we obtain some identities of generalized Woodall, modified Woodall, modified Cullen, Woodall and Cullen numbers. First,
we can give a few basic relations between {W,,} and {G,}.

Lemma 4.1. The following equalities are true:

(a) 16W, = (52W0 — 47w + 11W2)Gn+4 + (199W1 —216Wy — 47W2)Gn+3 +4(57W0 — 54w, + 13W2)Gn+2.

(b) 4W,, = (11Wy — W) +2W,) G113 + (40W) — 4TWo — IWL)Gan + (52Wo — 4TW) + 11W5) Gy g .

(c) 4W, = (SWQ —5W, +W2)Gn+2 + (25W1 —36Wy — SWZ)Gn+] +4(1 1Wo —9W; + 2W2)Gn.

@) W, =WoGpa1+ (—5Wo+W1)Gp+ (8Wy — 5W1 + W2)G, 1.

(€ Wy =W\Gn+(=5W1 +W2)G—1 +4Wy G .

() 4(4Wy — 4W; +Wa) (2Wo — 3W; +Wh)2G,,
= (8WZ — 5W Wa — 4AWo W) + W)Wy g+ (—36W2 — SW2 +20WoW) — 4WoWa +25W1 Wa ) Wi 3 +4(4WE + 16W2 +2W3 — 16Wo W) +
SWoWa — LIW W2 )W, 1.

(®) (4Wo —4W) +W2)(2Wy — 3W; +W2)?G,,
= (W2 —WoWa) W3+ (AW5 — 8WoW) + 5SWoWa — Wi Wa)Wi2 + (BWE + W5 — AWoW) — SW  Wa) Wy s

(h) (4Wy — AW, +W,)(2Wy — 3W; 4+ W,)2G,,
= (4W3 +5WE — 8WoWy — Wi Wa)Wypin -+ (W5 — AW Wy + 8WoWa — SW i Wa) Wi, p g + 4(WE — WoWa) W,

(i) (4Wo—4W +Ws)(2Wo — 3W; +W5)2G,
= (20WF +25W7 + W3 — 44Wo Wy + 8Wo W, — LOW, W)W,y +4(—8W3 + 16Wo Wy — WaWo — OWE + 2Wa Wy )Wy, + 4(4W3 + SWE —
SWoWi — W W2)W,_1.

() (4Wo —4W, + W) (2W — 3W) +W2)? G,
= (68Wg +89W? + 5W5 — 156Wo Wi + 36WoWa — 42W; Wa )W, +4(—36W3 + 80WoW) — L6WoW, — 45W7 + 19W W — 2W3) W,y +
4(20W¢ +25W2 + W3 — 44Wo Wy + 8WoWa — 10W) W) W,,_o.

Proof. Note that all the identities hold for all integers n. We prove (a). To show (a), writing
Wiy =aXxXGpa+bxGyiz+cxGupa
and solving the system of equations

Wo=axGs+bxG3+cxGy
Wi=axGs+bxGs+cxG3
W) =axGg+bxGs+cxGy

we find that @ = ¢ (52Wp — 47W; + 11W5),b = — £ (216Wy — 199W; +47W5),c = % (5TW — 54W; + 13W5). The other equalities can be
proved similarly. [J

Note that all the identities in the above Lemma 4.1 can be proved by induction as well.

Next, we present a few basic relations between {W, } and {H, }.

Lemma 4.2. The following equalities are true:

(@) 2(2Wy —3W| +Wa) (4Wy — 4W| +Wa) Hy, = (8Wo — 10W] +3Wo ) W,1q + (36W) —28Wy — 11W2) Wy, 3 +2(12Wp — 16W +5Wa) W15
(b) (2Wy —3W; +W,)(4Wy — AWy + Wy Hy, = (6Wy — TWy + 2Wa )W, 3 + (24W) — 20Wy — TW2 )W,,0 + 2(8Wo — 10W + 3Wa )W,y 1.

(c) (ZWO —3W +W2)(4W() — 4w +W2) = (10W() — 11w +3W2)Wn+2 +2(18W1 —16Wy — 5W2)Wn+1 +4—(6W() — W +2W2)Wn.

(d) (2Wy —3W; +W,)(4Wy — AW +W,)Hy, = (18Wy — 19W + 5Wa )W, 1 +4(15W) — 14Wy — 4Wo) )W, +4(10Wy — 11W; + 3Wo) )W, ;.
(e) (2Wp —3W; +W,)(4Wy —4W) +Wa)Hy, = (34Wy — 35W) + IW, )W, +4(27TW) — 26Wy — TWo )W, 1 +4(18Wy — 19W) + 5Wr )W, _».

Now, we give a few basic relations between {W, } and {R, }.

Lemma 4.3. The following equalities are true:

(a) 8W, = (42W; —39Wy — 11W3) R, 4 + (151Wy — 161W; +42W,)R,,4 3 + (151W) — 144Wy — 39W5)R,,15.

(b) 8W, = (49W; — 44Wyy — 13W5)R,y 3 + (168Wy — 185W) + 49W5 )R, > + 4(42W; —39Wy — 11W5)R,p4 1.

(c) 2W, = (15W) — 13Wy — 4W,) Ry 10 + (49Wy — 56W) + 15W5) R,y 1 + (49W) — 44Wy — 13W5)R,,.

(d) 2W, = (19W; — 16Wy — 5Wa) R, + (60Wy — T1W, + 19W3)R,, +4(15W; — 13Wy — 4W5)R,_ 1.

() W, = (12W; — 10Wy — 3W2) Ry, + 2(19Wp — 23W) + 6W2)R,,—1 +2(19W) — 16Wy — SWh)R, 5.

(F) 2(4Wp — 4W; +W,) (2Wo — 3W; +W5)?R,
= (—12Wg +36WoW; — 13WoWs —26W2 + 18W; Wa — 3W3 )W, 4+ (S2WG + 108W7 + 12W3F — 152Wo W, + 53Wo W — T3W W)W, 43+
(—48WZ + 140WoW; — 48WoWa — 100W? + 67TW  Wa — LIWZ)W,,12.

(8) 2(4Wp —4W| +W,)(2Wy — 3W; +W3)2R,,
= (—8WZ +28WoW) — 12WoWa — 22W2 + 1TW  Wa — 3W32) Wy, 3+ (48W3 + 108W2 + 13WF — 148Wo Wy -+ S6WoWa — TTW  Wa ) Wiyin +
4(—12W3 +36WoW; — 13WoWs — 26W72 + 18W W) — 3W3 )W,y 1.

(h) (4Wy — 4W| 4+ Wy)(2W, — 3W; + W>)2R,,
= (AW —WE — W3 — 4AWoW) — 2WoWs + AW Wa) W2 +2(4W3 + 18WE +3WF — 20Wo Wy + LIWoWa — 16W Wa) Wi g +2(—8W3 +
28WoWi — 12WoWa — 22WE + 1TW Wa — 3W3 )W,

(i) (4Wo—4W; +Ws)(2Wy —3W| +W,)2R,,
= (28WG +31WE + W3 — 60WoW; + 12WoWa — 12W Wa)Wiyos | +2(—24W3 +44Wo Wy — AWo W — I8WE + W) Wa + W)W, +4(4W3 —
W2 — W3 — 4WoWy — 2WoWs + 4W1 W)W, 1.
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() (4Wo —4W; +Ws) (2Wp — 3W +Wa)2R,
= (92W5 + L19W} +TW3 —212Wo W, + S2WoW, — 58W W2 )W, +4(—52W5 + 116WoW; — 26Wo W — 63W7 +28W Wa —3W3 )W, +
4(28W¢ +31W2 + W3 — 60WoW; + 12WoWa — 12W Wa )W, s

Next, we present a few basic relations between {W, } and {C, }.

Lemma 4.4. The following equalities are true:

(@) 8W, = (25Wy — 22W; + 5W2)Craq + (95W) — 105Wy — 22W5)Cpyy 3 + (112Wo — 105W +25W5) G-

(b) 8W,, = (20Wy — 15W) +3W2)Cyp3 4 (TIW) — 88Wy — 15W5)Cpyin -+ 4(25Wy — 22W; + 5W5)Cpp 1 -

(€) 2W, = (3Wo —W1)Cpyz + (8W) — 15Wy — Wa)Cpy 1 + (20Wy — 15W; +3W5)Cy.

(d) 2W, = (3W; —W1)Cpri1 + (B3Wo — TW) — 4Wy)C +4(3Wy — W1 )Cpp— .-

(e) W, = (4W] —2Wy — Wz)Cn + 2(3W0 —TW +2W2)Cn_1 + 2(3W1 - Wz)Cn_z.

() 2(4Wo — 4Wy +Wa) (2Wo — 3W) +W5)2Cy
= (4WZ + 10WE + W3 — 12WoW) + 3WoWa — 6W i Wa)Wiia + (= 12W2 + 40WoW; — 11WoWa — 36W2 + 23W W — 4W3)Wp,i3 +
(L6WG +44WP + 5W5 — 52WoW) + 16WoWa — 29W; W) W,,45.

(®) 2(4Wp — 4W) + W) (2W — 3W) +W2)*C,
= (8WZ + 14WE + W3 —20WoW; +4WoWa — TWi Wa) Wi,y 3+ (— 16WZ +44WoW) — 8WoWa — 36W 2 + 19W) Wy — 3W3 )Wy, +4(4WG +
10W2 + W3 — 12WoW; + 3WoWa — 6W Wa) Wy 1.

(h) (4Wp — AW, +Wo)(2Wy — 3W; +W,)2C,,
= (12W§ + 1TWE + W3 — 28WoW; +6WoWa — 8Wi Wa) Wy, 0 +2(— 12WG +28Wo Wy — SWoWa — 18WP +8Wi Wa — W3 )Wy, 1 +2(8W3 +
1AW + W3 — 20WoW; + 4WoWs — TWi Wa )W,

(i) (4Wo—4W +Ws)(2Wy — 3W| +W5)2C,
= (36Wg +49WE + 3W5 — 84Wo Wy + 20WoWa — 24W 1 W2 )W, 1 +2(—40W3 + 92WoW) — 20WoW, — S4W} +25W, Wy — 3W;)W, +
4(12W3 + 1TWE + W3 — 28Wo Wy + 6WoW, — 8W, Wa) W, ;.

() (4Wo —4W) + W) (2Wo — 3W; +W2)?C,
= (100Wg + 137TW2 +9W3 —236Wo W +60Wo W — TOW; Wa )W, +4(—60Wg + 140WoW) — 34WoWa — 81WE +40W Wa — SW3 )W, +
4(36Wg +49WZ + 3WF — 84Wo Wy + 20WoWs — 24W, W)W, _».

Now, we give a few basic relations between {G, } and {H,}.

Lemma 4.5. The following equalities are true:

4H, = 5G4 — 19G; 43 + 18G, 12,
2H, =3Gpy3 — 111G, 12+ 110G, 41,
Hy=2Gys2 — TGps1 +6Gy,
H, =3G,4+1 —10G, +8G,_1,
Hy = 5G, — 16G,_1 +12G,_».

Next, we present a few basic relations between {G, } and {R, }

Lemma 4.6. The following equalities are true:

8Gn = —13R, 44 +49R, 3 —44R, 15,

2G, = —4Ry13+ 15R,12 — 13R, 41,

2G, = —5R,42+ 19R,.1 — 16R,,
Gn=—3Ru11+12R, — 10R, 1,
Gp=—3R,+14R,_| — 12R,_»,

and

8Ry = —11Gpya +43Gns3 — 40Gps2,
2Ry = =3Gp43+12Gp40 — 11Gyq 1,
2Ry = —3Gpsa + 13Gys1 — 12Gy,

Ry = —Gpy1 +6G, —6G,—1,

Ry = Gn+2G,_1 —4G,_».

Now, we give a few basic relations between {G, } and {C, }.

Lemma 4.7. The following equalities are true:

8Gn = 3Cy 44 — 15C, 13 +20C, 42,
2Gp = —Cp2+3Ch41,

Gy = —Cyy1 +4C, —2C, 1,

G, =—-C,+6C,_1 —4C,_»,
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and

8Ch = 5G4 —21Gp 43+ 224Gy,
2C, = Guy3 —4Gpi2+ 5G4,
2Cy = Gpi2 —3Gy41 +4Gh,

Cn= Gn+1 —2G, +2Gn—] )

Cy = 3G, —6G,_| +4G, 1.

Next, we present a few basic relations between {H,} and {R,}.

Lemma 4.8. The following equalities are true:

4H, = —3Rp14+ 13Ry43 — 14Ry 40,
2H, = —Ry13+5R,12 —6R, 41,

Hy =Ry41 — 2Ry,

Hy =3R, —8R,_| +4R,_».

Now, we give a few basic relations between {H, } and {C, }.

Lemma 4.9. The following equalities are true:

4H, = 5Cy 4 — 19C, 43 +18Cy 42,
2H, =3Cp3 — 11Cy12 + 10C, 41,
Hy =2Cyi2 —TCpi1 +6C,
Hy =3Cps1 — 10C, +8C,_1,
Hy, = 5C, — 16C,_ +12C,_».
Next, we present a few basic relations between {R, } and {C,}.
Lemma 4.10. The following equalities are true:
4Ry = —0Cp14 +23C 13 —21Ch40,
4R, = —1Cp13+27C 10 —24C 41,
Ry = =2C124+8Cy11 —7Cy,
Ry = —=2C, 41 +9C, —8Cy—1,
R, =—-Cy,+8C,_1 —8C,_»,

and
4Cy = —6Ryss +23Ryi3 — 21R, 10,
4C, = —TRp43 +2TRy12 — 24Ry 11,
Cn = —2Ry12+8Ryy1 — TRy,
Cp=—2Ry+1+9R, —8R, 1,
Co= —Ry+8Ry_| —8R,_».

5. On the Recurrence Properties of Generalized Woodall Sequence

Taking r = 5,5 = —8,f = 4 in Theorem 1.6, we obtain the following Proposition.

Proposition 5.1. For n € 7, generalized Woodall numbers (the case r = 5,5 = —8,t = 4) have the following identity:
_ 1
W, = 47" (Wa, — H,Wy, + 5(H,% — Hap)Wo)

where

H. — ((IOWO — 11w +3W2)VV,1+2 — 2(16WQ — 18w, +5W2)Wn+1 +4(6W0 — W +2W2)Wn) G.1)
" (ZWQ — 3W] —+ Wz)(4W0 — 4W] + Wz) '

Note that if we take r = 5,5 = —8,f =4 in Lemma 1.7 (or using Lemma 4.2 (c)) we get (5.1).

From the above Proposition 5.1 and Corollary 1.8, we have the following Corollary 5.2 which gives the connection between the special cases
of generalized Woodall sequence at the positive index and the negative index: for modified Woodall, modified Cullen, Woodall and Cullen
numbers: take W,, = G, with Go =0,G| = 1,G, =5, take W, = H, with Hy =3 H =5,H, =9, W, =R, withRy = —1,R; = 1,R, =7
and W,, = C,, with Cy = 1,C| = 3,C, = 9, respectively. Note that in this case H,, = H,,.

Corollary 5.2. For n € Z, we have the following recurrence relations:
(a) Modified Woodall sequence:
G_p=47"(=6G2 +Gpy —2G12Gn+7Gs1Gy).



78 Universal Journal of Mathematics and Applications

(b) Modified Cullen sequence:
=2 (H,f — H2,,) .
(¢) Woodall sequence:
Ry =2"""""(=R2, | +Ropp1 + 2Ry 1Rn).
(d) Cullen sequence:

=272 (4C2,, +49CE, | +24C2 — 2010 +TCopi1 —4Cay — 28Cy 4 1Cni2 +20C,Cria — T0C,Cri 1)

6. Sum Formulas

The following Theorem 6.1 presents some formulas of of generalized Woodall numbers numbers with indices in arithmetic progression.

Theorem 6.1. For all integers m and j, we have the following sum formula:

n
1
Wy j = ——— (T + T+ T
k;) k-t j 2(2m_1)2(1 2+13)
where

Iy = ((j4+mn—2)2"F2m0  (Gpmmn—2)2" " 4 (m— j42)2"H 4+ (j—2)27 +2(n+ 1) (2" — 1)})Ws,
Iy = (=(3j43mn—8)2™+2m+] 1 (34 3m+3mn—8)2" M 4 (3j—3m—8)2"H — (3j—8)2/ —8(n+1)(2" —1)>)Wy,
[y = 2((j+mn—3)2""4240 _ (i m4-mn—3)2™ M 4 (m— j+3)2" 4 (j—3)27 +4(n+1)(2" = 1)2)W.

Proof. Use the Binet’s formula of generalized Woodall numbers, i.e.,
W, —3W +2W,
2 ")

The following Proposition 6.2 presents some formulas of generalized Woodall numbers numbers with positive subscripts.

Wy = ((=Wa +4W; —3Wp) + X 2"+ (Wa — 4W) +4Wp). O

Proposition 6.2. For n > 0, we have the following formulas:
@ Xp_oWi=((n
(b) Yo War = §(
© YioWay =

Proof. Take m=1,j=0;m=2,j=0and m =2, j = 1, respectively, in Theorem 6.1. [J
From Theorem 6.1, we have the following Corollary.

3)2" +n+3)Wo — ((3n—11)2" +4n+ 11)W; + ((n — 4)2" +dn + 9)Wj.
(3n —4)22"2 £ 9+ 16)Ws — 12((3n— 5)22" + 3n+ 5)W; + ((6n — 11)22"12 4 36n 4 53)W)).
(((6n—5)22"+2 490+ 20)W, — 3((6n — 7)22"2 + 120+ 25)W) +4((3n — 4)22"2 1 9n + 16)Wp).

\o\_/\

Corollary 6.3. For all integers m and j, we have the following sum formulas:

(a) ZZ OGkar] (2/11 1

)

+(]—1)21+n+1) '

(b) Zk:O ket = e 1)(2mn+m+J+l+(n+1)2/11 2]+1 —n—l).
2

(©) iRk = gy (mm)2 205 — (ot )20 — (1224 (n )27 4 (m = )27 427 == 1),
(@) TXCnkerj = e (U mm)27 52050 — (em ) 20 o (o 1)22 = (- 1)27 o (m = )2 42T jm 1),

— L ((jHmn— )22 — (A mn— 1)2MM 4 (0 41)22" — (n 4 1)27 — (j—m — 1)2m

From the last Proposition 6.2 (or using Corollary 6.3), we have the following Corollary 6.4 which gives sum formulas of modified Woodall
numbers (take W,, = G, with Gy =0,G| = 1,G, =5).

Corollary 6.4. For n > 0 we have the following formulas:
@ Y} (Gr=(n—2)2"""+n+4.

(b) Yi_oGox = &((6n—5)22+2 + 90 420).

(©) Xi_oGour1 = §((3n—1)22+4 1+ 9n 4 25).

Taking W, = H, with Hy = 3,H; = 5,H> =9 in the last Proposition 6.2 (or using Corollary 6.3), we have the following Corollary 6.5 which
presents sum formulas of modified Cullen numbers.

Corollary 6.5. For n > 0 we have the following formulas:

@ X7 _oHi=2""24n—1.

(b) Zk:QHZk =3 (22n+% +3n+1).

(©) X} oHor1 = 522" 43n—1).

From the last Proposition 6.2 (or using Corollary 6.3), we have the following Corollary 6.6 which gives sum formulas of Woodall numbers

(take W, = R, with Ry = —1,R1 = 1,R, =7).

Corollary 6.6. For n > 0 we have the following formulas:
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(@) ¢ _oRe=(n—1)2"1 —1).
(b) Yi R = §((3n—1)22+3 —9n—1).
(©) X} _oRoks1 = §((6n+1)22"+3 —9n+1).

Taking W, = C, with Cy = 1,C| = 3,C, =9 in the last Proposition 6.2, we have the following Corollary 6.7 which presents sum formulas of
Cullen numbers.

Corollary 6.7. For n > 0 we have the following formulas:

(@ i _oCr=(n—1)2"" +n+3.
(b) Yo Co = §((3n—1)22"+3 4+ 9n+17).
(© Y7 _oCorp1 = §((6n+1)2243 1914 19).

7. Matrices Related With Generalized Woodall numbers

We define the square matrix A of order 3 as:

5 -8 4
A= 1 0 O
0o 1 0

such that detA = 4. From (2.1) we have

Wn+2 5 78 4 mH—]
Wit |=1 1 0 0 W, (7.1)
W, 0 1 0 Wi_1

and from (1.6) (or using (7.1) and induction) we have

W2 5 -8 4 W,
Wor |=| 1 0 0 Wi
W, 0 1 0 Wo
If we take W = G in (7.1) we have
Gui2 5 -8 4 Gn1
Gt = 1 0 O Gy
G, 0 1 0 G,
We also define
Gn+1 —8G, + 4'Gn—l 4G,
Bi=| G, —8G,_1+4G, 2 4G,
Gu1 _8Gn72 +4Gn73 4Gn72
and
Wn+1 —8Wy, + 4Wn—1 AWy
Ch= W, —8Wy 1 +4W, o AW,
Wn—l _8VV11—2 +4VV,1_3 4Wn—2

Theorem 7.1. For all integer m,n > 0, we have
(a) B, =A"

(b) C1A" =A"C,y

© GCuiym =GBy = BinCy.

Proof. Take r = 5,5 = —8,# = 4 in Soykan [25, Theorem 5.1.]. J
Some properties of matrix A" can be given as

A" =5A" A2 43
and

AT = ATAT = AT A"
and

det(A") =4"
for all integer m and n.

Corollary 7.2. For all integers n, we have the following formulas for the modified Woodall, Woodall and Cullen numbers.
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(a) Modified Woodall Numbers.

5 -8 4 Gui1  —8Gp+4G,1 4Gy
At = 1 0 O = G, —8Gu,_1+4G,—» 4G,
0 1 0 G,.1 —-8G, »,4+4G,_ 35 4G, »

] 4x2"—6x2"n—4 4x2'n—4x2"4+4
WMp—2M4 1 5x2"—3x2'n—4 2x2'n—4x2"+4
12 —2"+1  2m2 3o —4 2" —3x2"+4

(b) Woodall Numbers.

—SRH+3 + 19Rn+2 - 16Rn+1 24Rl‘l+2 - 92Rn+1 +76Rn 4(—5Rn+2 + 19Rn+1 - 16Rn)
At = 5 —5R; 42+ 19R, 11 — 16R, 24R, 11 —92R, +76R,, 4(_5Rn+1 + 19R,, — 16Rn_1)
—5R,1+19R, —16R,_1  24R,—92R, | +76R,_» 4(—5R,+19R, | —16R,_»)

(¢) Cullen Numbers.
—Cpy2+4C11 —2C, 6C,4+1 —26C, +16C,_ 4(—Cpy1 +4C, —2C,—1)
At = —Cyy1+4C, —2C,— 6C, —26C,,_1+16C,_, 4(—Cn +4C,_1 — ZC,,,Q)
—Cy+4C,_1 —2Cy_p 6C,_1—26C,_»+16C,_3 4(—Cy_1+4C,_» —2C,_3)
Proof.

(a) Itis given in Theorem 7.1 (a).
(b) Note that, from Lemma 4.6, we have

2G, = —5R;12 +19R, 1 — 16R,,.

Using the last equation and (a), we get required result.
(¢) Note that, from Lemma 4.7, we have

Gp=— n+1 +4C, —2C,—1.
Using the last equation and (a), we get required result. [J
Theorem 7.3. For all integers m,n, we have

Watm = WnGm+1 + W (_SGm + 4Gmfl) +4W, 2Gpy (7.2)
= WnGm+1 + (_Sanl +4Wn72) Gy +4W,1Gpy

Proof. Take r = 5,5 = —8,¢f = 4 in Soykan [25, Theorem 5.2.]. [J
By Lemma 4.1, we know that

(4Wo — 4W| +Wa) (2Wy — 3W) +Wh)> Gy = (AWG + SWE — 8WoWi — Wi W)Wy io
+ (W3 — AWoWi + 8WoWa — SWi Wa) Wit +4(WE — WoWa) Wi

5o (7.2) can be written in the following form

(4Wo — AWy + Wa) (2Wo — 3W) + Wa) Wy = Wu((4WE + SWE — 8WoWy — Wi Wa) Wiz + (W — 4WoWy + 8WoWa — SWiWa)Wyin +
4(WE—WoWa) Wi 1) + (—8Wiy—t +4W,_2) (4WG +5W7 — 8WoWy — Wi Wa) Wi

+(WE —AWoW) +8WoWa — SW i Wa )Wy it +4(WE — WoWa) Wy, ) +4W,,_ 1 (AWE +5SWE — 8WoW) — Wi Wa) Wiy 1 + (W5 — 4Wo Wy +8WoWs —
SWiW2) Wy + 4(WE — WoWa) Wy 1 ).

Corollary 7.4. For all integers m,n, we have

Ghym = GnGpy1 +Gn_1 (—8G +4G,—1) +4G,_2Gpy,
Hysm = HyGyi1 + Hy—1 (—8Gy + 4Gy 1) +4H, 2 Gy,
Rotm =RnGpi1 +Ry—1(—8Gy +4G,,—1) + 4Ry oG,
Crtm = GGy + Gy (_SGm +4Gm71) +4Cy—2Gm,

and
2Rpyn = —SRyRyi3+ (19Rn +40R,_| — 20Rn—2)Rm+2
+4(—4Rn —43R,_1 + 19Rn_2)Rm+1 +4(51Rn_1 - 16R,1_2)Rm —64R,_ 1Ry 1,
2Cm+n = _CnCm+3 + (3Cn +8C,—1 — 4Cn72)cm+2

+4(_7Cn71 + 3Cn72)cm+1 +12C,1Cp.
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Taking m = n in the last Corollary we obtain the following identities:

and

Gan =4G,_| +(Gyy1 —8G, 1 +4G, 2)Gy,

Hoy = HyGpy1 —4(2H,—1 — Hy—2) Gy +4H,1Gy 1,
Ry = RuGpy1 —4(2Ry—1 —Ry—2) Gy +4Ry_1Gy—y,
Con = CyGpi1 —4(2C,—1 —Cu2) Gy +4C, 16,1,

2Ry, = —5R;R, 13+ (19R, +40R,_1 —20R, 2) R, 7 +4(—4R, —43R,_1 + 19R,,_2)R, 11
+4(51R,_1 — 16R,_2)Ry — 64R,_1Ryy_1,
2C, = 7CnCn+3 + (3Cn +8Cy-1 74C1172)Cn+2 +4’(77Cnfl + 3Cn72)cn+l +12C,—1Cy.
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