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Abstract
In this paper, we investigate the algebraic structure of the non-local ring R, = q[%2+1> and

identify the automorphisms of this ring to study the algebraic structure of the skew cyclic codes and
their duals over it.
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1. Introduction

In recent three decades, codes over finite commutative chain rings were studied remarkably
(see Refs. [1, 7-9, 13, 14, 16, 17]). In recent years, some specific non-chain rings have been
used as the alphabets for codes (see Refs. [10-12, 15]). Cyclic codes form an important class
of linear codes in the area of coding theory and have practical applications to other disciplines
including classical and quantum communication systems as they can be encoded with shift
registers since their algebraic structure. Since the factorization of the polynomials over non-
commutative structures is not unique, they are potentially more convenient for the purpose of
obtaining good code parameters than commutative structures. This fact makes the study of
skew polynomial rings more conspicuous. The algebraic structure of the cyclic codes of
length n over the standard polynomial rings is totally determined by the polynomial divisors
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of the binomial x" —1. In [2], Boucher, Geiselmann and Ulmer used skew polynomials to
determine the algebraic structure of cyclic codes under a skew cyclic shift.

. _ F [v
Here, we recall the algebraic structure of the non-local ring R, = q[%/2+1> and

determine the automorphisms of this ring to study the algebraic structure of the skew cyclic
codes and their duals over it.

The rest of the paper is organized as follows. In Sect. 2, we recall some basic notations and
results that are needed in the rest of the study. In Sect. 3, we introduce algebraic structure of
the ring Rq and we give a decomposition of it. Then we determine automorphism group of

the ring and define a Gray type map over it. Finally, we recall structure of the linear codes
over the ring R,,. In Sect. 4, we introduce basics of the skew cyclic codes over finite fields

and extend this results to the ring R,,.

2. Preliminaries

In this section, we will fix some notations for this paper and recall some basic notations and
results that are needed in the rest of the study. Throughout this work, we will use the
following notation unless otherwise noted.

e g=p“and p=a’+b?isaprime, where @ and b positive integers
) Fq is the finite field of q elements

o F=F- {O}

o R, =F,[V]/(v’+1) such that v* = -1(mod q)

o U(R,) is the unit group of R,

o Aut(Rq) is the automorphism group of R,

A linear code of length n and dimension k over IFq is a vector subspace of the vector space
IE‘q”. An element of a linear code is termed as a codeword. The minimum Hamming distance

d of a linear code C is the minimum Hamming weight W, (C) of C, where
w, (C) = min{wH (c)0=c eC} and w,, (C)=Hi :c, =0, e{O,l,...,n—l}H. A linear code

C over I, of length n, dimension k and minimum distance d is denoted by the triple

[n,k,d]q and this code can correct up to tTJ errors. The (Euclidean) dual C* of a linear

n-1
D> XY =0,Vxe C}.
i=0

A cyclic code over the finite field |, of length n is a linear code C satisfying that

code C over F, is the set C* = {y el

(Cot:Cor---1C,p) € C for each codeword ¢=(c,,...,C,;)eC. By mapping a codeword
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c= (CO,...,Cn_l) to a polynomial ¢, +c¢,X+---+¢, X", one gets that a cyclic code over I,

of length n corresponds to a principal ideal C = <g (x)> in the quotient ring K, [X]<Xn 1>.

Note that a cyclic code C = <g (X)> of length n is of n—k dimension, where
k =deg(g(x)).

3. Structure of the ring R, and linear codes over R,

In this section, we introduce algebraic structure of the ring %, and we give a decomposition

of it. Then we determine automorphism group of the ring and define a Gray type map over it.
Finally, we recall structural properties of the linear codes over the ring R,

An automorphism of the finite field F, is a bijection from the field onto itself. The distinct
automorphisms of F,_ over F, are exactly the mappings 6,,6,...,6,,, defined by

0,(p)=p" for peF, and 0<j<k -1.

The ring Rq :Fq[%z +1) such that v’ =—1(mod q) is a non-chain principal ideal ring

with two maximal ideals (o) and (a"), where a=a+bv is an element of R, and

a” =a-bv, which is called as the conjugate of the element «. The ideal lattice of R,
given in the Figure 1.

]Fq|{'|

/\

(e = a + bo) (a* =a— bo)

N\,

Figure 1. The ideal lattice of the ring R, = IFq[v]/(v2 +1)

An element 7 € R, is called an idempotent if z* =z and two idempotents 7,, 7, are said to
be orthogonal if 7,7, =0. An idempotent of R is said to be primitive if it is non-zero and it
cannot be written as a sum of orthogonal idempotents. A collection {z,,7,,...,7,,} of
idempotents of R, is complete if z,+7z+...+7,,=1. Any complete collection of
idempotents in R, is a basis of the F, -vector space R,. Hence, any element r € R, can be
uniquely expressed as r = r,z, + Iz, +...+ 1,7, Where I, € R,
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1 1 . . . .
Let 7, =a ¢ and 7, =a ¢ be two elements in R,. It is easy to see that the set {z,, 7, } is
a a

a complete set of idempotents in R,. Therefore, any element reR, can be uniquely
represented as r =z, + 1z, wWhere 1,1, € F. From the Figure 1, we can easily see that an
element xz,+yr € R, is a unit if and only if both x and y are nonzero. Then the unit
group of R, is described as

U(R,)={xz,+ym|x, y€F, such that x = 0 and y # 0}.
Because of the choice of x and y, the number of unit elements of R, i.e., the cardinality of

the set 24(R, ), ‘U(Rq)‘ is equal to (q-1)(q-1).

Theorem 3.1. Let 6 be an automorphism of F, and o be a permutation of the set {0,1}.
Then the map ©,,:R—R, O,, (7 +6m)H0(h)7,,+0(L)r,, is an
automorphism of the ring R,. Further, the cardinality ‘Aut(Rq )‘ of the automorphism group
of R, Aut(Rq):{Qg'a\ee Aut(F,) and o e SZ}, where S, is the permutation group of the
set {0,1}, is 2k.

Proof. It is easy to check that ©,,is an automorphism of the ring R,. Hence,
{66.0‘06 Aut(F,) and o e SZ} < Aut(R,). On the other hand, if ® Aut(R, ), then the
restriction of © over F  is 6. Thus, for any r=rz,+nzeR, we have
O(r)=6(r,)0(m,)+6(1r,)®(x,). Now the set {©(r,),0(x,)} is another complete set of
primitive pairwise orthogonal idempotents in R,. By the idempotent decomposition of the
ring R, =7,R, ®mR,,

O(7)=17- Therefore, O(r)=0(r) 7, +0(5) 7, and
Aut(Rq):{G)HVG‘He Aut(F,) and o e Sz}. In conclusion, ©,,°0, =0, . and hence

it follows that there exists a permutation of the set {0,1} such that

| Aut(R,)| =2k

The map ¢:R,—F; such that ¢(r,z,+5z)=(f,5) is a ring epimorphism and can be
extended to R as

D I RIF, (1o + oy n by o + gy ) (Ggeeon byggr logre o Togy ) = (P | D).

This Gray type map is an isomorphism of vector spaces over F,. The Gray weight of any
element r e R, is defined as wg (1) =w, (CI)(r)) It is apparent that the linear Gray type map
@ is a weight preserving map from R to IE‘qZ”. A linear code C of length n is an R, -

submodule of R;. The Euclidean dual of a linear code C over R, is defined by
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n-1

{SER” z =0,Vvr eC}. Note that the Euclidean dual of a linear code over R,

also a linear code ovequ.

Proposition 3.2. Let C be a linear code of length n overR,. Then, @(CL):(G)(C))L.
Further, C is a self-dual code iff ®(C) is a self-dual code of length 2n.

Proof. It is enough to show that the map @ preserves the orthogonality, that is,
(@(c,),®(c,))=0 when({c,,c,)=0. By the linearity of @, let
r=17y+ 107y, = Sy7y + 8,71, € R, such that(r,s) =0. Then, we get
ISy + 1S, + (roso B r151)b
2 2a
follows that (®(r),®(s)) = 1,5, +1,s, =0, which completes the proof.

<I’,S> =S + 15,71, =

v=0 and sors,+rs =0. In this case, it

Since R, = 7,R, ® m,R, it follows that R =7z, R; ® 7 R;. Let C be alinear code of length
n over R, and r=(r,r,....,r,;)eC. Then r,=r, 7z +r,7z, where r,, r,eF, and
F=(To0Bior-s Tt ) o +(Fous fr o Ty ). Let G =@, (C) for i =0,1. Itis obvious that C,
and C, are linear codes of length n over F, andC =70C, ® z,C,. This implies that for any
linear code C over R, of length n there exist linear codes C, and C, over F, such that
C = r,C, ® m,C,. The following determines the dual of linear codes over R,

Proposition 3.3. Let C=7,C,®xC be a linear code of length n over R, Then
Ct=r,C," ®x,C". Further, C is a self-dual code iff both C, and C, are self-dual.

4. Skew cyclic codes over the ring R,

In this section, we will introduce basics of the skew cyclic codes over finite fields, which are
important for the determining the algebraic structure of the skew cyclic codes over the non-
chainring R,.

For a given automorphism ¢ of F,, the set I [x;0] ={a, +a,x+...+ax" |a €F, andne N}

of formal polynomials forms a ring under the usual addition of polynomials and the
polynomial multiplication with the restriction xb =@(b)x. The multiplication is extended to

all the elements of F [x;6] via distributivity and associativity. This ring is called the skew
polynomial ring over F, .

Definition 4.1. For a given automorphism & of I, a & -skew cyclic code over the finite field
F, of length nis a linear code C satisfying that (6(c,,).0(c,).....0(c,,))eC for each
codeword ¢ =(c,,...,C, ) €C.
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By the definition of a & -skew cyclic code C overF,, each codeword c=(c,,...,c,,)eC can
be considered as a skew polynomial c(x)=c,+¢x+:--+¢,,x"" in the skew quotient ring

ey

For the purpose of characterization of skew cyclic codes over R, we recollect some well-
known results about skew-cyclic codes over finite fields (see Refs. [2-6, 10, 17]).

n—k .
The skew reciprocal polynomial of a polynomial g(x): g, x' e F,[x,0] of degree n—k
i=0

n—k n—k
denoted by g*(x)is defined as g"(x) = > x"*"'g, => 0" (9,, ;)X
i=0

i=0

Ifg, # 0, the left monic skew reciprocal polynomial of g(x) is g*(x):= g*(x) (see

L
gn—k (go)

Definition 3 of [4]).
From the reference [2], we have the following two results.

Proposition 4.2. Let C be a 6 -skew cyclic code of length n over F,. Then there exists a

monic polynomial g(x) of minimal degree in C such that g(x) is a right divisor of x" -1
and C = (g(x)).

Let g(x)=x"+g, X" +---+g, be agenerator of a & -skew cyclic code of length n overF,.
It follows from x" —1=h(x)g(x) for some h(x) € F,[x,d] that the constant term g, of g(x)
cannot be zero inF,. From [2], we have the following result on the dual of &-skew cyclic
codes over F,.

Proposition 4.3. Let C be a & -skew cyclic code of length n over F, generated by a monic
n—k-1
polynomial g(x) of degree n—k with g(x)=x""+ > g,x". Then C* is a 6-skew cyclic

i=0
code of length n over F, such that Ct= <h (x)> where h(x) is a monic polynomial of

degree k such that x" —1= g(x)h(x). Moreover h*(x) is a right divisor of x" —1.

Definition 4.4. Let C be a linear code of length 2n over F, and (6,0) e Aut(F, )xS,. The
code C is called double twisted with respect to (6,c) if for all c=(c,,c,)eC, where

Co (coo,clo, cn o) and ¢, =(Cy4,Cy0-.,Coyy ), the word

( c0 ,1(0)),...,0(cn 2 ,1(0)),e(cn_lva,l(l)),9(0016,1(1)),...,G(Cn_zvg 1()))66 where
olis the inverse of the permutation o.
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Now, we are ready to give the definition of skew cyclic codes over R,

Definition 4.5. Let®, € Aut(Rq). A linear code C of length n over R, is said to be a

©,,-skew cyclic code of length n over R, if (c,c,....c,,)eC, then
(055 (€11) 95, (C) -0y, (C,,)) €C.

We investigate the @ -Gray images of ©, , -skew cyclic codes over R,.

Proposition 4.6. Let ©, < Aut(Rq). Suppose that C =7,C, ® r,C, be a ©, -skew cyclic
code of length n over R,. Then ®(C)={®(c):VceC} is a double twisted code of length
2n over I, with respectto(6,o).

Proof. Let c=(c,,c,) e ®(C) where ¢, =(Cy;,Cy;.---,C,q; ) €Fy. Then, z,c, + 7., € C. Since

C is a 0, -skew cyclic code over Ry we get
1 1 1
(.Zo: ”a(i)g(co,i )v ; ﬂa(i)e(cl,i ) oo ; ”c(i)e(cn—l,i )j
1 1 1
S DICTCHIND SETILHNN B 3 ﬂie(cn_mlm)j

= (e(co’gl(o) ) , Q(CMA(O)),...,H(Cn_l’a,l(o) ))zro + (9(c0’01(1)),9(c1‘51(1) ) oo e(cn_l’al(l)));zl eR,.
Therefore, we have

(e(cnl’al(o) ) , H(COVC#(O)),..., H(CH’GA(O)),0(cn7110,1(1)),H(CO‘U,l(l) ) ey 49(cn72’6,1(1) )) e ©(C),
which completes the proof.

As an immediate result of Proposition 4.6, letting o =id and ©,, =0, we deduce the
following theorem.

Theorem 4.7. Let®, Aut(Rq). Suppose that C = 7,C, © 7,C, be a linear code of length n
over R,. Then Cisa ©,-skew cyclic code over R, of length n if and only if C; isa & -skew
cyclic code over F, of lengthn.

Proof. It follows from the proof of Proposition 4.6 by taking o =id.

Hereafter, we only consider the automorphism ©,=0,, defined by
0, R,—R,, 0, (7, +1m) 0(1,) 7, +6(r,)m;, whered e Aut(F, ).

Now, we give a generator of a ®, -skew cyclic code over R,.
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Proposition 4.8. Let®, Aut(Rq). Suppose that C = 7,C, ® 7,C, be a ®,-skew cyclic code
of length n over®R . Then there exists polynomials g,(x) and gl(x)eIFq[x,H] such that

€= (8,0, 70,() with G =(g,) < [X,%” -1)

Proof. Let & =(7,0,(x), 7,0,(x)) and let ¢(x)=c,(x)z,+c,(X)z €C such that c,(x)eC.

Since C =(g,) is a left submodule of the skew ring FQ[X’9]<Xn_1>, there exist 1, and
l, e F,[x,6] such that c(x)=1,(x)c, (X) 7z, +1,(x)c,(x) 7z, €& and hence C < €.

On the other hand, let ec&, then there exist k, and kleFQ[X’%n 1) such that

e(x) =k, (x) 9o (X) 7 +k (x)9,(X) 7. Then there exist b, and b eF,[x,0] such that
7 (X) =k, (x), thus e(x)=b,(x)g,(x)7,+b, (X)0,(X)7 €C. This shows that £<C
and hence completes the proof.

We give the exact characterization of ®,-skew cyclic codes over R, as a consequence of
Proposition 4.8.

Theorem 4.9. Let ©, Aut(Rq). Suppose that C = z,C, @ 7,C, be a ®,-skew cyclic code of
length n over R, Then C is principally generated withC :<g (x)> where

q

9(x)=9,(x)7,+9,(x)7 and g(x) is aright divisor of x" -1 inR,[x,0,].

Proof. It is apparent that(g(x)) =C. Since 7,g(X)=7,0,(x) and z,9(x)=70,(x), we
have C = (g(x)). This implies that C =(g(x)). Since g, (x) is a right divisor of x" -1, there
exists h (x)eF,[x,0] such that x"-1=h (x)g,(x). Seeing thatr (x"-1)=r(x"-1),
hence

(7ohy (X) + 20y (X)) (7086 (X) + 1,9, (X)) = 750y (X) 9y (X) + 7y (X) 9, (X)
=7, (X” —1)+7r1(X” —1)
=7, (X” —1)+7r1(X” —1)
= (72'0 +7r1)(X" —1) =x"-1.

This shows that 7;h, (x)+7z,h, (x) is a right divisor of x" -1.

Proposition 3.3, Proposition 4.2, Theorem 4.7 and Theorem 4.9 together imply the following
result:
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Theorem 4.10. Let ©, € Aut(R,). If C=7,C, ®x,, is a ©,-skew cyclic code of length n

n—k;-1 )
over R, with G =(g;(x)), g;(x)=x""*+ > g;xJ, then C* =(h"(x)) is a ©,-skew cyclic
i=0

1
code of length n over R, whereh"(x)=>"mh’(x).

i=0

Proof. Recall that C* = ,C; +7,C; by Proposition 4.2 and C :<h.*> is a ®,-skew cyclic

code over F, by Proposition 4.3. Then, by Theorem 4.7, C* is a ®,-skew cyclic code over
R,. Finally, Theorem 4.9 gives the generator polynomial h*(x) of C*.

5. Conclusion and future remarks

In this paper, by determining the automorphism group of the ring R, we define and study the
skew cyclic codes over R,. We characterize the algebraic structure of skew cyclic codes and
their duals over R,. We also investigate the @ -images of skew cyclic codes overR,. As a

future direction, we will consider the structure of skew constacyclic codes and their duals over
R,

q
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