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ABSTRACT. In this work, we present some Hardy-type integral inequalities
for 0 < p < 1 via a second parameter ¢ > 0 with sharp constant. These
inequalities are new generalizations to the inequalities given bellow.

1. INTRODUCTION

It is well-known that for LP spaces with 0 < p < 1, the Hardy inequality is
not satisfied for arbitrary non-negative functions, but is satisfied for non-negative
monotone functions. Moreover the sharp constant was found in the Hardy type-
inequality for non-negative monotone functions ( see [4] for more details). Namely
the following statement was proved there.

Theorem 1. Let 0 < p < 1:

. If—% <a<l- %, then for all functions f non-negative and non-increasing
on (0, +00)

1

[ (D) @) 1o 0,400) < (1 - a) @l W)
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o If a < —=, then for all functions f non-negative and non-decreasing on
(0, 450)
i «
[z (H )@ Lo (0,400) < (2B, —ap))? 2% F(2)]] 1o (0,4 00) - (2)
o Ifa>1-— %, then for all functions f non-negative and non-increasing on
(0, +-00)
~ l o
[e@n@],, .., <@8wp+1=p)F e @l 3
Here

> [ 1w w1 [ s
1

Blu,v) = / t*=1(1 —t)?~Ydt is the Euler -Beta function.
The consta(;lts in the inequalities , (@, (@ are sharp.

In 2012 W.T. Sulaiman [5] extended Hardy’s integral inequality as follows.
Theorem 2. If f >0, g > 0, 27 g(x) is non-decreasing p > 1, 0 < a < 1 and

= /Of f(®)dt, then
[ G) = i [ Gag) o

> g(x) = x, we obtain Hardy’s inequality.

in particular if a =
Moreover he proved the reverse inequality.

Theorem 3. If f > 0, g > 0, 27 1g(x) is non-increasing 0 < p < 1, a > 0 and

x) = /OI f(t)dt, then
[ (;(f)))dx > AT ), (mgﬁ)))dw ©®

The following Lemmas were established in [4].

Lemma 1. Let 0 < p <1, —00 < a <b< 400 and f a non- negative non-
increasing function on (a,b), then

(/ e w> Sp/:f”(w)(w—a)”_ldw- (6)

Lemma 2. Let 0 < p < 1, —o0o < a < b < 400 and f a non- negative non-
decreasing function on (a,b), then

(/abf(x)dx> <p/ (@) (b — 2)P~da. 1)
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The factor p is the best possible in inequalities (6)) and (7).

About the Hardy inequality, its history and some related results one can consult
(1], 21, 3], [6] and [7].

The aim of this work is includes two objectives, first the power weight func-
tion ® in Theorem [1] is replaced by g(z), where 2~ %g(x) is non-decreasing or
non-increasing function and we give a new some Hardy-type integral inequalities
with sharp constant. The second objective is to present some generalizations for
the weighted Hardy operator with 0 < p < 1. Moreover we introduce a second
parameter g > 0 for these generalizations.

2. MAIN RESULTS

In this section, we present our results. We assume that f and g are non-
negative Lebesgue measurable functions on (0, +00).

Theorem 4. Let0 < p <1, q >0, g > 0 and the function x*g(x) is non-decreasing
for f% <a< %, then for all non-negative non-increasing function f we have

* (Hf)*(x) p = fP(x)
/0 g4(x) dxgp—aq—l o gi(z)

dz. (8)

The constant in (@ s sharp.

Proof.
Since f is non-increasing, then by Lemma [I] we get

<o [Torgew ([ rwea) o
- =1 o ( / - x_pg_q(:v)dx) d
o) ([ o)

p * t—
/ PP () ¢ Preatlgy
0

p—ag-—1 ga(t)

_ p = fr()
p—ag—1J, gi(t)

dt.



762 B. ABED SID-AHMED, B. BENAISSA, A. SENOUCI

p
p—aq—

—x

To proof that is the best possible, we put g(z) = 7% and

1 ifxe(0,8),
flx) =
0 ifxe (£ +o0).

Let RHS and LHS respectively be the right hand side and the left hand side of the

inequality , then
e’} x p
RHS = / zoaP ( / f(t)dt> dx
0 0

faq-&-l

ag+1

)
and

p 3
LHS = 7/ %dz
p—aq—1J

p gt

p—aqg—lag+1’

Using ¢ = p in the Theorem [4] we get the following Corollary.

Corollary 1. Let 0 < p <1, g > 0 and the function x*g(z) is non-decreasing for
—% <a< pp%l, then for all non-negative non-increasing function f we have

1 _1
§<1a)
LP(0,+00) p

_1
The constant (1 —a— %) " is sharp.

f(x)

|56 o(@) ?)

g(z)

LP(0,+00)

Remark 1. If we take g(x) = ™% in the inequality (@, we obtain the inequality

).

Theorem 5. Let0 < p <1, ¢ >0, g > 0 and the function x*g(z) is non-decreasing
fora < —%, then for all non-negative non-decreasing function f we have

<A@ oy [T M@
/0 94(x) dz <phlp, —eq) o gi(z)

where B is the Fuler-Beta function. The constant in (@) s sharp.

dz, (10)
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Proof.
By using the Lemma 2] we get

o[ [ -
o [T ([ e e o) a
o PO ([ o

Using the change of variable z = %, then

+o00 1 aq—p p—1
4 t t
/ P (g — )P e = / () ( — t> —dz
¢ 0 \z z z

1
= taq/ 271 — )P
0

= taqﬁ(p7 —OéQ)a

Sty <o o [ (i) o

To proof that p 8(p, —a q) is the best possible, we put g(z) = = and

{ 0 ifx e (0,8),

1 ifxe (& +0).

therefore

fz) =

Let RHS and LHS respectively be the right side and the left side of the inequality
, then
e’} x p
RHS = / P ( / f (t)dt> dz
3 3

= /00 2P (x — &P dx,
1S
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let p= & then we get

x

1
RHS = [ en2(1 - pdy
0

- fo‘qulﬁ(p +1, —ag—1)

1
= ‘aqi1|§aq+ B(p, —aq).
On another side

+oo
LHS —pip.—aq) [ woods
3

=pB(p, —q) |aq1+1| faq+1~

If we set ¢ = p in the Theorem [5} we get the following Corollary.

Corollary 2. Let 0 < p <1, g > 0 and the function x®g(x) is non-decreasing for
a < —%, then for all non-negative non-decreasing function f we have

f(=)

g()

=

< (pB(p, —ap))
Lr(0,4+00)

oz
9(x)

LP(0,400)

The constant (p B(p, —ap))% is sharp.

Remark 2. If we take g(x) = =% in the inequality , we obtain the inequality

Theorem 6. Let0 < p <1, ¢ >0, g > 0 and the function x*g(x) is non-increasing
for a > %, then for all non-negative non-increasing function f we have

> (H])() oy [T
/0 deﬁpﬂ(p,aq-Fl p)/o gq(:c)d ) (12)

the constant in @ 18 sharp.
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Proof.
By applying the Lemma |1} we obtain

[ = [ ([T )
<p/ v P (e (/ ) pldt)d
_p/ 7l </ (x)(t—x)pldx>dt
< p/:o ) <;(;>q (/Ot 2Pt z)pldz> d.

Using the change of variable v = t_T”’, then

t:ro‘q_p — )P ldz = ' — )P ()P tdy
/0 (t— 2t /0[<1 YU () 1

1
= to‘q/ Vp_l(l —v)*Pdy
0

=t*6(p, ag —p+1),

[ <t [ (E)

The proof that p B(p, ag —p+ 1) is sharp, is similar to that of Theorem [5| with the
function f defined as follows

thus

1 ifz € (0,8,

fx) =
0 ifxe (£ +00).

If we put ¢ = p in the Theorem [6] we have the following Corollary.

Corollary 3. Let 0 < p < 1, g > 0 and the function z*g(x) is non-increasing for
a < —%, then for all non-negative non-increasing function f we have

H (Hf)(x) f(z)

< (pB(p, ap+1—p))7 (13)

g(x
Lr(0,+00)

g(z) g(z)

Lr(0,+00)

The constant (p B(p, ap + 1 — p))% 18 sharp.
Remark 3. If we take g(x) = =% in the inequality , we obtain the inequality

@
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In the second part of this work, we consider Theorems [2] and [3] for weighted
Lebesgue space. Let 0 < p < oo, the weighted Lebesgue space LP (0,00) is the
space of all Lebesgue measurable functions f such that

1122, 0,000 = (/OOO If(t)”w(t)dt>; < o0, (14)

where w is the weight function (Lebesgue measurable and positive on (0, c0)).

Theorem 7. Let f >0, ¢ >0,0<p<1,0<a< 1. If the function ;",,((?) is
non-increasing, then

f(=)

= 5@

oz
g(x)

(15)
L%, (0,00) L%, (0, oo)
where the constant Cy = %a is sharp.

Proof.
By using Holder’s inequality, we have

D@ 1P _ [T W)
‘ 9@) I 1p (0,00) _/0 gP(x) w(z)de
:/ (/ f(t) 0‘(1*’ 1)dt> w(x)dz
[e%e) x x p
a(p—1) fp d)( O‘d) d
g/o (/Ot f(t)t/ot t) da
= (1 1 a) /000 i w(x) </OI ta(pl)fp(t)dt> dx
1 p—1 Lroc0 a(p—1) #p ooxa(pfl)fl
-(i2a) [ e </ e )
I Sl ¢ b,
N (1 04) /0 0" Kit)dt,
where
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w(x)

(@)

Now we proof that K (t) is finite for all £ > 0. From the assumption
non-increasing, we deduce that

oo a(p—1)—1 o
/ xiw(sc)dx < w(t) / o P=D=1 gy
t 97 (x) t

_ w ta(p—1)
gP(t) a(l —p)’

hence
for allt >0, K(t) < oo.
Thus K1)
sup K(t
’Vfom p < _t>0 f(z)
9@ L 0.00) T (1—a)P~1 || g(x) LP,(0,00)
—cr |t@]” .
9) || Lo (0,+00)

11—«

(Hf)(z) = =2 and
P L /OO ( 1 )p
= —— | w(z)dz,
LE,(0,00) (1—a) 0 xag(x) ( )

P [e'e) 1 P
= / () w(z)dz.
LE,(0,00) o \z%(z)

Author Contribution Statements All authors contributed equally to design and
implementation of the research.

To proof that C; = (i) is the best possible, taking f(z) = z~%, this gives us

H (Hf) (=)
g(x)

H f(=)
g(z)
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