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ABSTRACT

In this paper, we introduce a new notion which is called quasi bi-slant submanifolds of almost
Hermitian manifolds. Necessary and sufficient conditions for the integrability of distributions
which are involved in the definition of such submanifolds of a Kaehler manifold are obtained.
We also investigate the necessary and sufficient conditions for these submanifolds of Kaehler
manifolds to be totally geodesic and study the geometry of foliations determined by the above
distributions. Finally, we obtain the necessary and sufficient conditions for a quasi bi-slant
submanifold to be local product Riemannian manifold and also construct some examples of such
submanifolds.
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1. Introduction

The theory of submanifolds has several important applications in Mathematics, Physics as well as in
Mechanics. In the last two decades, the applications of Kaehler manifold is widely recognized (especially in
Physics, for the target spaces of non-linear c— models with supersymmetry), see [10]. Nowadays theory of
submanifolds plays a key role in computer designing, image processing, economic modelling. It has origin
in the study of the geometry of plane curves initiated by Fermat. The study and research work of slant
submanifolds in almost Hermitian manifolds begins with the remarkable work of B. Y. Chen ([8], [9]) as a
generalization of complex (holomorphic) and totally real submanifolds. Later on, as a natural generalization
of CR-submanifold, slant submanifold, holomorphic submanifold and totally real submanifold in almost
Hermitian manifold was defined by N. Papaguice [15], which is known as semi-slant submanifold. The theory
of slant submanifolds has been studied by several geometers ([3], [5], [6], [7], [12], [13], [14], [15], [20], [21]).
Further the notion of slant submanifold generalized as semi-slant submanifolds, pseudo-slant submanifolds,
bi-slant submanifolds, etc.

Bi-slant submanifolds of almost contact metric manifolds were studied by J. L. Cabrerizo et al in [7]. B.
Y. Chen et al. in [19] investigated bi-slant submanifolds in Kaehler manifolds. The purpose of the present
paper is to introduce the notion of quasi bi-slant submanifolds of almost Hermitian manifolds which
includes the classes of slant submanifolds, semi-slant submanifolds, hemi-slant submanifolds and bi-slant
submanifolds as its particular cases (see also: [1, 16]). Primarily the hemi-slant submanifolds were known
as anti-slant submanifolds. Later, B. Sahin [17] named these submanifolds as hemi-slant submanifolds. Hemi-
slant submanifolds are one of the classes of bi-slant submanifolds. In 2011, ER. Solamy et al. [2] obtained some
interesting results on totally umbilical hemi-slant submanifolds of Kaehler manifolds. The paper is organized
as follows: In section 2, we mention the basic definitions and properties of almost complex manifolds. In section
3, we define quasi bi-slant submanifolds and some basic properties of submanifolds. Section 4 deals with
necessary and sufficient conditions for integrability of distributions. In this section, we also find necessary
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and sufficient conditions for the submanifolds to be totally geodesic. In the last section, we construct some
examples of such submanifolds.

2. Preliminaries

Let N be a Riemannian manifold with an almost complex structure J and Hermitian metric g satisfying
J? =1 (2.1)
and
g(J X, JY) = g(X,Y), (2.2)
forany X,Y € I'(T'N), where I'(T'N) is the Lie algebra of vector fields in IV, then NN is called an almost Hermitian
manifold. If the almost complex structure J also satisfies

(VxJ)Y =0, (2.3)

for every X,Y € I'(TN), where V is the Levi-Civita connection on N, then N is said to be a Kaehler manifold
[11, 22].
The covariant derivative of the complex structure .J is defined as

(VxJ)Y =VxJY — JVxY,
using (2.3) , we have B B
JVxY =VxJY. (2.4)

Throughout this paper, A and h denote the shape operator and second fundamental form of submanifold M
into N respectively. If V is the induced Riemannian connection on M, then the Gauss and Weingarten formulae
are given by [8]

VxY = VY 4+ h(X,Y) (2.5)

and B
VxV =—-AyvX + V4V, (2.6)

for all vector fields X,Y € I'(TM) and V € I'(T+M), where V+ denotes the connection on the normal bundle
(T+M) of M. The shape operator and the second fundamental form are related by

g(Av X,Y) = g(h(X,Y), V). (2.7)

The mean curvature vector is defined by

n

H= %trace(h) = %Zh(ei,ei), (2.8)

i=1

where n denotes the dimension of submanifold M and {es, e, ...., €, } is the local orthonormal basis of tangent
space at each point of M.
A submanifold M of Kaehler manifold NV is said to be totally umbilical if

hX,Y) = g(X,Y)H, (2.9)

where H is the mean curvature vector. If 2(X,Y) =0 for every X,Y € I'(T'M), then M is said to be totally
geodesic and if H = 0, then M is said to be a minimal submanifold.
For any X € I'(T'M), we can write
JX = ¢X + wX, (2.10)

where ¢X and wX are the tangential and normal components of JX on M respectively. Similarly for any
V € T(T+ M), we have
JV =BV +CV, (2.11)

where BV and C'V are the tangential and normal components of JV on M respectively.
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The covariant derivative of projection morphisms in (2.10) and (2.11) are defined as

(Vx9)Y = VxoY — ¢VxY, (2.12)

(Vxw)Y = VxwY —wVxY, (2.13)

(VxB)V =VxBV — BV%V (2.14)
and

(VxC)W =VxCV - CVxV (2.15)

forany X,Y e I(TM)and V € T(T+ M).
Now we recall the following definitions for later use:

Definition 2.1. Let M be a Riemannian manifold isometrically immersed in an almost Hermitian manifold N.
A submanifold M of an almost Hermitian manifold N is said to be invariant (holomorphic or complex) [5] if
J(ToM) C T, M, for every point x € M.

Definition 2.2. A submanifold M of an almost Hermitian manifold N is said to be anti-invariant (totally really)
[13] if J (T, M) C T;- M, for every point x € M.

Definition 2.3. A submanifold M of an almost Hermitian manifold XV is said to be slant [14], if for each non-zero
vector X tangent to M at z € M, the angle §(X ) between JX and T, M is constant, i.e., it does not depends on
the choice of the point x € M and X € T, M. In this case, the angle 6 is called the slant angle of the submanifold.
A slant submanifold M is called proper slant submanifold if neither § = Onor 6 = 7.

We note that on a slant submanifold M if # = 0, then it is an invariant submanifold and if § = 7, then it is an
anti-invariant submanifold. This means slant submanifold is a generalization of invariant and anti-invariant
submanifolds.

Definition 2.4. A submanifold M of an almost Hermitian manifold N is said to be semi-invariant [4], if there
exist two orthogonal complementary distributions D and D+ on M such that

TM =D& D+,
where D is invariant and D+ is anti-invariant.

Definition 2.5. A submanifold M of an almost Hermitian manifold N is said to be semi-slant [15], if there exist
two orthogonal complementary distributions D and Dy on M such that

TM = D & Dy,
where D is invariant and Dy is slant with slant angle 6. In this case, the angle 6 is called semi-slant angle.

Definition 2.6. A submanifold M of an almost Hermitian manifold N is said to be hemi-slant [18, 2], if there
exist two orthogonal complementary distributions Dy and D+ on M such that

TM = Dy & D+,
where Dy is slant with slant angle § and D+ is anti-invariant. In this case, the angle 6 is called hemi-slant angle.

Definition 2.7. A submanifold M of an almost Hermitian manifold N is said to be bi-slant [19], if there exist
two orthogonal complementary distributions Dy, and Dy, on M such that

TM = D91 D D92,
where Dy, and Dy, are slants with slant angles ¢, and 6, respectively.

Now, we shall introduce the notion of quasi bi-slant submanifolds of almost Hermitian manifolds:
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3. Quasi Bi-Slant Submanifolds

In the present section of the paper, we introduce quasi bi-slant submanifolds of almost Hermitian manifolds
and obtain the necessary and sufficient conditions for the distributions involved in the definition of such
submanifolds to be integrable.

Definition 3.1. A submanifold M of an almost Hermitian manifold N is called a quasi bi-slant submanifold if
there exist distributions D, D; and D, such that:

(i) TM admits the orthogonal direct decomposition as

TM:DEBDl@D27

(i) J(D) = Di.e., D is invariant,
(iii) J(D1) L Dy,

(iv) For any non-zero vector field X € (D),, p € M, the angle ¢; between JX and (D), is constant and
independent of the choice of point p and X in (D1),,

(v) For any non-zero vector field Z € (D3),, ¢ € M, the angle 6, between JZ and (D), is constant and
independent of the choice of point ¢ and Z in (Ds),,

These angles 6, and 6, are called slant angles of the submanifold.
We easily observe that

(a) If dim D # 0, dim Dy = 0 and dim D, = 0, then M is an invariant submanifold.

(b) If dim D # 0,dim D; # 0,0 < 6; < § and dim D, = 0, then M is proper semi-slant submanifold.

(c) If dim D =0, dim D, # 0,0 < 6; < § and dim D, = 0, then M is slant submanifold with slant angle 6 .
(d) If dim D = 0,dim D; = 0 and dim Dy # 0,0 < 6, < 7, then M is slant submanifold with slant angle 6,.
(e) If dim D = 0,dim D; # 0, 6, = § and dim D, = 0, then M is an anti-invariant submanifold.

(f) If dim D # 0,dim D; # 0, §; = § and dim D, = 0, then M is semi-invariant submanifold.

(9) If dim D = 0,dim D; # 0,0 < 0; < § and dim D, # 0, 62 = 7, then M is hemi-slant submanifold.

(h) If dim D = 0,dim D; # 0,0 < 6; < § and dim Dy # 0,0 < 6 < 7, then M is bi-slant submanifold.

(i

i) If dim D # 0,dim D; # 0, 0 < 6, < 7 and dim D, # 0, 6 = 7, then we may call M is quasi hemi-slant
submanifold.

(j) If dim D # 0,and 0 < 6; = 0> < 7, then M is proper semi-slant submanifold.

(k) If dimD #0,dimD; #0, 0<6; <5 and dim Dy #0, 0 <6, < 5, then M is proper quasi bi-slant
submanifold.

This means notion of quasi bi-slant submanifold is a generalization of invariant, anti-invariant, slant, hemi-
slant and semi-slant submanifolds.

Remark 3.1. Above definition can be generalized by taking TM = D & Dy, & Dy,... & Dy, . Hence we can define
multi-slant submanifolds, quasi multi-slant submanifolds etc.

Let M be a quasi bi-slant submanifold of an almost Hermitian manifold N. We denote the projections
of X € I'(T'M) on the distributions D, D; and D, by P, Q and R, respectively. Then we can write, for any
X eT(TM)

X = PX + QX + RX. 3.1)

Now, put
JX = X +wX, (3.2)

where ¢ X and wX are tangential and normal components of JX on M, respectively.
Using (3.1) and (3.2), we obtain

JX = JPX+JQX +JRX (3.3)
= ¢PX +wPX +¢QX +wQX + ¢RX + wRX.

Since JD = D, we have wPX = 0. Therefore, we get

JX = ¢PX + ¢QX + wQX + ¢RX + wRX. (3.4)
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This means, for any X € I'(T'M ), we have

¢pX = ¢PX +¢QX +oRX and
wX = wX +wRX.

Thus, we have the following decomposition
J(TM) C D& ¢Dy ® wDy & ¢Do & wDs. (3.5)
Since wD; C (T*+M) and wD, C (T+M), we have
T+M = wD; @ wDy & p, (3.6)

where p is the orthogonal complement of wD; & wDs in (T+ M) and it is invariant with respect to .J.
Forany Z € I'(T*+M), we put
JZ =BZ +CZ, (3.7)

where BZ € T(TM) and CZ € T'(T+M).
Followings are some easy observations which we write for later use:

(a) 9D C D, (b) wD ={0}, (c) ¢D; C D;fori=1,2, (d) B(T-M) C Dy & D,.

There are three other important classes of submanifolds of an almost Hermitian manifold determined by
the behavior of the tangent bundle of the submanifold under the action of almost complex structure of the
ambient manifold. A distribution D on a manifold M is called auto parallel if VxY € D for any X,Y € D
and is called parallel if Vi; X € D for any X € D and U € TM. If a distribution D on M is auto parallel, then
it is clearly integrable and by Gauss formula D is totally geodesic in M. If D is parallel then the orthogonal
complementary distribution D is also parallel which implies that D is parallel if and only if D* is parallel. In
this case M is locally product of the leaves of D and D*. Let M be a submanifold of M. For two distributions
D; and D, on M, we say that M is (D1;D2) mixed totally geodesic if for all X € D; and Y € D5, we have
h(X,Y) = 0, where h is the second fundamental form of M.

Lemma 3.1. Let M be a quasi bi-slant submanifold of an almost Hermitian manifold N. Then the endomorphism ¢ and
projection morphisms w, B and C on the tangent bundle of M, satisfy the following identities:

(i) >+ Bw=—IonTM,
(ii) wp+ Cw =00nTM,
(iii) wB +C% = —~Ton (T+M),
(iv) B+ BC =0on (T+M),
where I is the identity operator.

Proof. From equations (3.2), (3.7) and using the fact that J? = —I, then on comparing tangential and normal
components, one can easily get these assertions. O

Lemma 3.2. Let M be a quasi bi-slant submanifold of an almost Hermitian manifold N. Then
(i) $*X = —(cos? 61)X,
(iD) g(dX,¢Y) = (cos? 1)g(X,Y),
(iii) g(wX,wY) = (sin® 6;)g(X,Y)
forany X, Y € I'(D1), where 0, denotes the slant angle of D .

Proof. (i) For any non-zero X € I'(D; ), we have

g(JX, ¢X) _ —g(X,¢*X)
ITX - loXN 11 Xl

cos bt =
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X
and cos 6, = ”ﬁXll‘l , we have

—Q(X» ¢2X)

2
cos” 6 = 5
X

which implies
cos?01g(X, X) = —g(X, $*X).

By polarization,
#?X = —(cos?61)X, for X € T'(Dy).

(it) For any X,Y € I'(D,), using equations (2.2), (3.2) and Lemma 2 (z) , we have

= _g(Xa ¢2Y)
= (cos®6y)g(X,Y).

(#43) Using equations (2.2), (3.2) and Lemma 2 (i7) , we have Lemma 2(i7) . O
In a similar way as in above, we obtain the following Lemma:
Lemma 3.3. Let M be a quasi bi-slant submanifold of an almost Hermitian manifold N. Then
(i) $*°Z = —(cos®0)Z,
(ii) 9(9Z, W) = (cos? b2)9(Z, W),
(iii) g(wZ,wW) = (sin®02)g(Z, W)
forany Z,W € I'(D,), where 05 denotes the slant angle of Ds.

Using equations (2.3), (2.5), (2.6), (2.10) and (2.11), and then on comparing tangential and normal
components, we have following:

Lemma 3.4. Let M be a submanifold of a Kaehler manifold N, then for any X, Y € T'(T M), we have
VoY — Ayy X — ¢VxY — Bh(X,Y) =0

and
h(X,0Y) + VxwY —w(VxY)—Ch(X,Y)=0.

Using equations (2.12) and (2.13) in above Lemma, we have the following:
Lemma 3.5. Let M be a quasi bi-slant submanifold of a Kaehler manifold N. Then
(Vx)Y = Auy X + Bh(X,Y),
(Vxw)Y = Ch(X,Y) — h(X, ¢Y)
forany XY € T(T'M).

4. Integrability of distributions and decomposition theorems

In this section we investigate the integrability conditions for the distributions involved in the definition of
quasi bi-slant submanifolds.

Theorem 4.1. Let M be a proper quasi bi-slant submanifold of a Kaehler manifold N. Then the invariant distribution D
is integrable if and only if

9(Vz¢W = VwoZ, QX + ¢RX) = g(h(W, ¢Z) — h(Z,oW),wQX + wRX), (4.1)

forany Z, W € T'(D) and X € T'(D; @ D).
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Proof. Forany Z, W € I'(D) and X = QX + RX € I'(D1 & D»), using (2.2), (2.4), (2.5) and (3.2), we have

— 9V oW — Vv 6Z,6QX + $RX)
+9(h(Z,0W) — h(W, $Z),wQX +wRX).

This completes the proof. O

Theorem 4.2. Let M be a proper quasi bi-slant submanifold of a Kaehler manifold N. Then the slant distribution D; is
integrable if and only if

g(AwWZ_Ame ¢X) :g(Aw¢WZ - Awd)ZVVv X)—’_g(v%ww - VJWCUZ, (.JRX), (42)
forany Z,W € T'(Dy) and X € T'(D @ Ds).
Proof. For any Z,W € I'(D;) and X = PX + RX € I'(D @ D), using (2.2), (2.4) and (3.2), we obtain

9g((Z. W], X) = g(VzwW,JX) - g(VzJoW, X)
—g(VwwZ,JX) + g(Vw J¢Z, X).

Then from (2.5), (2.6) and (3.4) and using Lemma 2, we have

g([Z, W], X) = —g(AuwZ — A,z W, JX) + cos? 019([Z, W], X)
+9(Awow Z — AwszW, X) + g(VgwW — VipwZ, JX),
which leads to
sin?019([Z, W], X) = g(AuswZ — ApszW, X) + g(VwW — ViywZ, wRX)
—9(Aow Z — AuzW,¢PX 4+ ¢RX).
Thus the proof follows. O

From the above Theorem, we have the following sufficient conditions for the slant distribution D; to be
integrable:

Corollary 4.1. Let M be a proper quasi bi-slant submanifold of a Kaehler manifold N. If
ViwW - ViiwZ € wDy @, (4.3)
AdeWZ - Aw¢2W e D, and
AowZ — Au,zW € Dy,
forany Z,W € I'(D), then the slant distribution D; is integrable.
In a similar way to Theorem 2, we can conclude the following:

Theorem 4.3. Let M be a proper quasi bi-slant submanifold of a Kaehler manifold N. Then the slant distribution Dy is
integrable if and only if

9(Aww Z — Az W, 6X) = g(Awow Z — Aupz W, X) + g(VEwW — VipwZ,wQX),

forany Z, W € I'(D2) and X € I'(D & D»).
From the above Theorem, we have the following sufficient conditions for the slant distribution D, to be
integrable:

Corollary 4.2. Let M be a proper quasi bi-slant submanifold of a Kaehler manifold N if

VywW —VigwZ € wDy @ p, (4.4)
Aw¢WZ - Aw(z,zw e D, and
AwZ — A,zW € Do,

forany Z,W € T'(Dy), then the slant distribution D is integrable.
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Now, we obtain a necessary and sufficient condition for a quasi bi-slant submanifold to be totally geodesic.

Theorem 4.4. Let M be a proper quasi bi-slant submanifold of a Kaehler manifold N. Then M is totally geodesic if and
only if
g(h(X, PY) + cos® 1 (X, QY) + cos? oh(X, RY),U) = g(VxwdQY + VxwoRY,U)
+ 9(Awy X, BU) — g(VxwY,CU) (4.5)

forany X,Y € D(TM) and U € T(T+M).
Proof. Forany X,Y € I'(TM) and U € T'(T+ M), using (2.2), (2.4), (3.1) and (3.2), we obtain
9(VxY,U) = g(VxPY,U)+g(VxQY,U) + g(VxRY,U)

= g(VxJPY,JU) + g(Vx¢QY,JU) + g(VxwQY, JU)
+9(Vx¢RY, JU) + g(VxwRY, JU).

Using (2.2), (2.5), (2.6), Lemma 2 and Lemma 3, we have

g(VxY,U) = g(VxPY,U) = g(Vx¢?QY,U) - g(VxwéQY,U)
+9(VxwQY, JU) — g(Vx¢*RY,U)
—g(VxwoRY,U) + g(VxwRY, JU)
= g(h(X,PY),U) + cos® 01g(h(X,QY),U) + cos® og(h(X, RY),U)
—9(VxwoQY,U) — g(VxwoRY,U)
+9(—Awgy X + VxwQY, JU) + g(—Awry X + VxwRY, JU).

Since wY = wQY + wRY, we have

g(VxY,U) = g(h(X,PY)+cos?0;h(X,QY) + cos® oh(X, RY),U)
~9(VxwéQY,U) — g(VxwéRY,U)
—9(Auy X, BU) + g(VxwY,CU). (4.6)
Hence the proof follows. O

Now, we investigate the geometry of leaves of foliations determined by above distributions.

Theorem 4.5. Let M be a proper quasi bi-slant submanifold of a Kaehler manifold N. Then the invariant distribution D
defines a totally geodesic foliation on M if and only if

9(VxoY,0Z) = —g(h(X,9Y),wZ) (4.7)
9(VxoY,BE) = —g(h(X,0Y),CE),

forany X,Y € T(D), Z € T(Dy ® Dy) and £ € T(T+M).
Proof. Forany X,Y € I'(D),Z = QZ + RZ € I'(D, ¢ D) and using (2.2), (2.4), (3.2) and wY = 0, we have

9(VxY,Z) = g(Vxo¢Y,JZ),
= 9(Vx9Y,0Z) + g(h(X,8Y),wZ).

Now, for any ¢ € I'(T+ M) and X,Y € I'(D), we have

9(VxY, &) = g(VxoY,JE)

O

Hence the proof follows.
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Theorem 4.6. Let M be a proper quasi bi-slant submanifold of a Kaehler manifold N. Then the slant distribution D,
defines a totally geodesic foliation on M if and only if

g(VxwY,wRZ) = g(AuyX,0Z) — g(Auey X, Z) 4.8)
g(Auy X, BE) = g(VxwY,C&) — g(VxweY, ), 4.9)

forany X,Y € (D), Z € T(D @ D) and £ € T(T+M).
Proof. Forany X,Y € I'(D,), Z = PZ + RZ € I'(D & D,) and using (2.2), (2.4) and (3.2), we have

9(VxY,Z) = ¢(VxJY,JZ) =g(Vx¢Y,JZ) + g(VxwY, JZ)
= —g(Vx¢*Y,Z) — g(VxwoY, Z) + g(VxwY,pPZ + ¢RZ + wRZ).

Then using (3.1), (2.6), lemma 2 and the fact that 9PZ + ¢RZ = ¢Z, wPZ = 0, we have

9(VxY,Z) = cos?019(VxY,Z) + g(Auyy X, Z)
—g(Auy X, 9PZ + $RZ) + g(VxwY,wRZ),
sin? 019(VxY,Z) = g(Awpy X, Z) + g(VxwY,wRZ) — g(Auy X, ¢2). (4.10)
Similarly, we get
sin® 019(VxY,€) = —g(VxwoY,§) — g(Auwy X, BE) + g(VxwY, C¢). (4.11)
Thus from (4.10) and (4.11), we have the assertions. O

In a similar way to the above theorem, we can conclude the following:

Theorem 4.7. Let M be a proper quasi bi-slant submanifold of a Kaehler manifold N. Then the slant distribution Dy
defines a totally geodesic foliation on M if and only if

9(VxwY,wQZ) = g(AwyX,0Z) — g(Ausy X, Z) (4.12)
g(Auy X, BE) = g(VxwY,C¢) — g(VxweY,§),

forany X, Y € T(Dy), Z € T(D & Dy) and ¢ € T(T+M).

5. Examples

Example 5.1. Consider a 14—dimensional differentiable manifold M = R4

M - {(331791) = (xlamQa e L7y Y1, Y2, "'ay7) S R14; 1= 1727 77}

We choose the vector fields

0 0 .
E; = 87%_, Ery = 87:62‘, for i1 =1,2,...,7.

Let g be a Hermitian metric defined by
g = (dz1)” + (d2)® + ... + (dw7)® + (dy1)” + (dy2)” + ... + (dyr)*.

Here {E1, Es, ..., E14} forms an orthonormal basis. We define (1, 1)-tensor field .J as

0 0 0 0
J =—, J|s—)=—%5—, Vij=12..,T.
(81'1) 5,%7 <3y]> 625]7 2,7 » < )

By using linearity of J and g, we have

J?P =1,
g(JX,JY)=g(X,Y), forany X,Y € I'(TM)

dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

Quasi Bi-Slant Submanifolds of Kaehler Manifolds

We can easily show that (M, J, g) is a Kaehler manifold of dimension 14.
Now, we consider a submanifold M of M defined by immersion f as follows:

f(u,v,w,r, s,t) = (u,w,0,s,0,0,0,v,7 cos 1, 7sin b1, tcosbs,0,0,sinb)

with {01,6.} C (0, 5).
By direct computation, it is easy to check that the tangent bundle of M is spanned by a linearly independent
set {Z1, Z27 Zg, Z4, Z5, Zﬁ}, where
0 0 0

2= =L g L
1 81317 2 aylv 3 ax2u
0

0 0
= _— T = —
4 C0591a 2-1—5111918 s 5 9y’

0
Zg = cosfy— +sinf
9Ya oy
Then using almost complex structure of M, we have

JZ =

3

0 0 0
_ =l —_ \' - _—
JZ, = (cos 01 025 + sin 0 8x3> , JZ5 = o

JZg = (cos 02 884 + Sin0288957> .
Now, let the distributions D = Span{Z, Zo}, Di = Span{Zs,Zs}, D = Span{Zs, Zs}.

Then it is easy to see that D is invariant, D; and D, are slant distributions with slant angles 6; and 6
respectively.

Hence f defines a proper 6-dimensional quasi bi-slant submanifold M in M.

Example 5.2. Consider a submanifold N of Kaehler manifold M (see example 1) defined by immersion ¢ as
follows:

¢(u,v,w,r,s,t)=<\/§w0\[500\f \frrts()\;%)

By direct computation, it is easy to check that the tangent bundle of N is spanned by a linearly independent
set {Xl, X27 Xg, )(47 X5, X6}, where

X_1<a+a> X_1<8+6)
1_\& Ox1  Oxr )’ 2_\/5 oyr Oyr )’

0 1 0 0
Xg=— Xy=—|—+—],
5 Oy \/§<8yz 8y3>

V3 0 d b
X5:7 Xﬁ:@

1
2 Oz 2005

Then using almost complex structure of M, we have

1 0 0 1 0 0
JXi=—F4 |7+, JXo=—F 7+,
' ﬁ(ayl 8y7> ? \/§<3ml 8;1:7)

0 1 0 0
JXs=—, JX4=—— [ —+— ),
3 8y2 4 \/i (aifz 8%3)

JX5:§i_}i JX :_ﬁ

2 Oyy 20x5’ 6 0xy’

Now, let the distributions D = Span{ X1, X2}, D1 = Span{Xs, X4}, D = Span{Xs, Xs}.
Then it is easy to see that D is invariant, D; and D, are slant distributions with slant angles 7 and %
respectively.

Hence v defines a proper 6-dimensional quasi bi-slant submanifold N of M.
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Example 5.3. Consider R?" with standard coordinates (z1, va, 23, T4, ..., Tan_1, T2, ). We can canonically choose
an almost complex structure J on R?" as follows :

J( +ar— +az3— 9 +a4i+ ........... + aop—1 9 + asp, )
8 8 ox I3 81'4 Ox Ton—1 axQn
0 0 0 0 0 0
= ( 877 a +a 36 s 0,467373+ ........... +042n_1672n* namzn ) 3

where a1, as, as, ....as, are C* functions defined on R?".
Consider a submanifold M of R'? defined by

1+ 22 T — X2 0 0
f(I1,$2,m3,x47l'5,I’6) - ( \/§ ) \/5 , X3,T4 COSUL, Ts, T COS 2)07

x48in 61,0, z6 sin O2)

with {61,602} C (0, ).
By direct computation, it is easy to check that the tangent space at each point of A/ is spanned by a linearly
independent set {71, Z, Z3, Z4, Zs, Zs }, where

1 0 0 1,0 0
Z1 = —|—+— Jy=—(— — —
! \/é <8x1 + 8$2> ’ 2 \/5(8:31 8:c2)’
0 0
3 = 67.233’ Zy = 005918 —+—sm018 s’
0 0
Z5 = ax57 Z6 = COS 02876 + sin 92 axlo .

Let g be a Hermitian metric on R!° such that

o 0
_— = M <1<
g<8xi’8xi> 1 ;forl<i<10,

and

o 0
9\ _ . <id<
g<8xi’8a:j> 0 i#j, forl <i,j <10,

Then, using the canonical Hermitian structure of R19, we have

1 0 0 1 9 0 0

7. = 2 o (2 To = —
T2 f(al‘g 6371)7 S22 \/5(8:131+8x2)’ T2 8$4’

0 0 0
Z - - —— — i —_— Zr = —_—
JZ4 0089181‘3 sm918x7, JZx g’

0
JZg = —(:0592a s Sm028x9

Let D = Span{Z1, Zs}, D1 = Span{Zs, Z,} and Dy = Span{Zs, Zs}. Then it is easy to see that D is invariant and
D4, D, are slant distributions with slant angles 6; and 65 respectively.
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