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ABSTRACT. We define certain subclasses 6—UM (¢, 1, m5) and §—UMg (£, 11, 13)
of holomorphic mappings involving some differential inequalities. These func-
tions are actually generalizations of some basic families of starlike and convex
mappings. We study sufficient conditions for f € 6 — UM(¢,n;,n5). We also
discuss the characterization for f € § — UMg(4,m,,n4) along with the coef-
ficient bounds and other problems. Using certain conditions for functions in
the class 6 — UM(L,ny,7n5), we also define another class 6 — UM™ (¢, n,,m3)
and study some subordination related result.

1. INTRODUCTORY CONCEPT

Let H = H(U) denote the family of mappings f holomorphic in the open unit
discU:={z€Cand |z|] <1}.Form e Nand a € C,let f € Hla,m] CH : f(z) =
a+> > amz™and f€ACH[a,m]:

flz)=z+ Zamzm,zeU (1)
m=2
Let P denote the family of Carathéodory mappings ¢ with R (¢(z)) > 0 and

q(z) =1+ Z gmz™",z € U.
m=1

The Mobius transformation lo(z) = ifi,z € U is an extremal mapping for the

family P. For f,¢ € H, we say the mapping f is subordinate to £ and mathe-
matically write f(z) < {(z), if for w € H(U) : w(0) = 0 and |w(z)| < 1, we have
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f(2) = £(w(z)). For reference, see [10]. Applying subordination, Janowski [8] in-

troduced the family P[n;,n,] for =1 < n, < n; < 1. A mapping q¢ € P[n,1,],
if

1+m,2 1+nw(z)

z) < o z) = ————=

q(z) T 11,2 q(2) T+ nyw(2)

where w is a Schwarz mapping. For detail of some work related to subordination,

we refer, [2H6L8,(10]). Clearly, P[ny,7n5] is contained in P (}:—Z;) . This family is

related with the class P. A mappings g € P iff

(m+1Daz) =0 -1

(2 +1)q(z) = (2 = 1)

The simplest representation of a conic domain Ag, § > 0 is given in the following:

A(;:{w:u+iv:u>5\/(u—1)2+v2}.

A mapping f € § —US(P) if the following inequality holds:
2f'(2) 2f'(2)
US e RIS
where —1 < 8 <1 and d > 0.
A mapping f € § —UC(B) iff zf € 6 —US(B).
The above families are studied by Goodman (7] and Ronning [13]. For mappings
f,£ € A, the convolution f * £ is defined by

,2 €U,

€ P[’hﬂ?z]-

- 1’ (z € ), (2)

FE)#l(2) =2+ Y amV,2" =L(2)x f(2)  (z€T),
m=2
where the mapping f is given by (1)) and
(=24 S (ze) )
m=2

In 2008, Raina [12] introduced the family § — US(¢, 8) which may be defined as
follows:
Definition 1. Let £ be given by with v, > 0, we say that f € 6 —US(L,B) if
f(z)x£€(z) #£0 and
w{ZL0
f(2) % €(2)

2(fx0) (2)

‘B}” T

— 1' (z €U),
where
(f * e) (Z) =z+ Z am’}/mzm (er >0,z € [U) ’ (4)
m=2

—1<pB<1landé>0.
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Generally this family consists of uniformly §-starlike mappings f * £ of order S
in U.

In 2011, Noor and Malik [11] introduced the family § — UM (n;,n,) which is
defined as:

Definition 2. A mapping f € A given by , is in the family 6 — UM (ny,n)
provided that f(z) #0 and

(ny — 1) L& — (g, - 1) 5| S (g, — 1)
(2 + 1) 205+ (= 1) (o + 1) 2L+ (n, = 1)
where —1 <y <n; <1 and d > 0.

-1 (z €U),

This family consists of mappings f which are associated with uniformly J-starlike
mappings in U. Extending the idea of Noor and Malik [11], we define a new family
0 —UM(¢,my,7n5) of holomorphic mappings.

Definition 3. Let f € A. Then f € 6 —UM(L,ny,n,), if it satisfies the condition:

. (n, — 1) 2T, 1) s <n2—1>2<ff§§7>—<m—1>
1) 2F@)=E) 1 1) 2=
(ne +1) F(2)*(z) + (m ) (e +1) f(z*

7(Z€[U),

(5)

vV \—/v

2Dy (1, — 1)

where f * £ is given by ,71§n2<n1<1 and § > 0.

The mapping f * ¢ converges as a convolution of holomorphic mappings defined
in U. Clearly f £ is associated with uniformly J-starlike mappings in U.

Let & be the family of holomorphic mappings f of positive coefficients and having
the series representation of the form:

z):szamzm, am >0,z U. (6)

For details of this family, we refer [14].
Let f be given by (I). Then f € 6 —UMsg(¢,11,1n5), if and only if

f € 0 7UM(637713772) N Sa

where —1 <1y <n; <1,6 >0 and J is given by @
For some special choices, we obtain the following known classes:

i. §—UM (ﬁ,m,%) = 0 —US (11,1p) and § — UM (ﬁ’l”h’%) -
6 —UC (n1,m;).

i 5—14/\4(&71,— ) —§—US and § — UM< ,1,—1):5—@{(3..

jii. §-UM (22,1 -28,-1) = 5 -US (8) and 5 - UM( 7. 1-28,-1) =
§—UC(B).

v, 0=UM (£22,m1,m5) = S* (m1,12) and 0—UM (Z52,m1m) = € (3, 1ma).
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The class 6 — UM (L, n;,m,) also reduces to the families mentioned in (2)), see
[13]. For detail of the above classes and various other cases related to the earlier
contributions, see [1L|38L[9L[11[15] with references therein.

2. PRELIMINARIES
Subsequently, we define the subordinating factor sequence.

Definition 4. A sequence (¢, : m = 1,2,3,...) is termed as a subordinating factor
sequence for some mappings in C, if for each f € C, we have

iamcmzm =< f(2) (a1 =1,z € U). (7)
m=1

Lemma 1. The sequence (¢, : m = 1,2,3,...) is a subordinating factor sequence,

iff
oo
§R{1 — QZcmzm} > 0.
m=2
For detail, see |9,[16]. Throughout, we assume 6 > 0 and —1 <7, <n; < 1.

3. MAIN DISCUSSION

Theorem 1. For a given mapping £ defined by with ~v,, > 0, if a mapping
f € A satisfies the inequality

o

Y 3 +28+ 0o} (m — 1) + 0y — m]lam| Ve < 01— 12y (8)

m=2

then f € § —UM(L,ny,1n5), where m > ﬂ—Z; for =1 <ny<n; <1andd >0.

Proof. To have the desired proof, we only show that

z(f(2)%0(2))’ z(f(2)xl(2))
5| (=D Yo — -1 | @1 s —m -1 ,
1) 2 2)x(=)) _1 1) 2U 2)#(=))" 1
(ne +1) F(2)*(z) + (m ) (ng +1) F(2)+0(2) + (m )

where f x £ is given by ,—1 <ny <my <landé>0. For f«/ given by , we
see that

()R =2+ Y mlan| v

Consider that

(ny — 1) ME=EE — (5, — 1) (ny — 1) ME=E — (5, — 1)

0 2(f(2)*£(2))’ —L=R 2(f(2)*£(2))’ -1
e+ 1) = — (m+1) (e +1) =5z — (m +1)

< (1+49) (e =D z(f(2)*L(2) = (0, — 1) f (2) x£(2) 1

B My + 1) 2(f (2) % £(2)) = (n +1) f (2) x £ (2)
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=2(1+96) Z(f(z>*f(z)):—f(2)*f(2)
(e +1)2(f(2) % £(2)) — (m + 1) f(2) x£(2)
25 (146 (m—1) |am|vm ( 1+771)
< m=2 m>
n =y~ ZIQ{mnz—erm—l}\amwm L+,

The last expression is bounded by 1 if

oo

(3420 4 15) (m — 1) + 0y — n1] || v < 11 — 15

m=2

We next prove the characterization of the mapping f as below.

Theorem 2. A mapping [ given by @ belongs to the family 6 — UM (€,11,m5)
if and only if

> {m—1) (1426 = 1) + 01 = 02} WYy < 11 — N 9)

m=2

where =1 <ny <ny < 1,7, >0 and 6 > 0.
Proof. Suppose that f € § — UM (4,17, 75). Then, making use of the fact that

Rw > 6w — 1] < R{w(l+ ) — de’} > 0
and taking

2(f(2)x0(2))’
(2 = 1) 2F57E — (= 1)

*0(2)) ’
(2 + 1) A — O +1)
where f * £ is given by with o > 0,—-1 <1y <n; <1,and 6 > 0 in , we
obtain

wl(z) =

2(f(2)x€(2))’
(2 = 1) 2FFF — (m - 1)

E34 !
(2 + 1) GG — (m + 1)

R (14 e — e 3 >0,

or equivalently

%{(1_‘_561‘9)(772 — 1)Z(f(2) *6(2))’ _ ("71 — l)f(z) *5(2) _5619} -0,

(1 + 1) 2 (f (2) x£(2)) = ( +1) f (2) % £ (2)

which on simple manipulation yields

(n —n9) + > {mny —m —26me™ +1 —ny +26e } apnry,, 2™
m=2

R > 0.

(m1 —m2) + 22 {mme+1) = 1=} amy,zm?



110 S. Z. H. BUKHARI, A. SHAHZAD

This result holds true for all z € U. Taking the limit z — 1~ through real values,
we thus obtain that

S . .
(m —m2) + X2 {mmy —m —26me™ + 1 —ny + 26e" }
R m=2 _____ > 0,
(m=me)+ 20 {m Oy +1) =1 =m} ¥,

which further implies that

{771—772— > {1425 —ny) (m—1)+n1—n2}am7m} >0,
m=2
so we have
oo
Z {(1+25 —n3) (m = 1) + 11 — 0o} mYym <11 — 12
m=2

Conversely, we let the inequality @ hold true. Then, in view of the fact that
R (w(2)) > 0if and only if |w(z) — 1] < |w(z) + 1|, where

z z 2(f(2)*(2))

- DHEEE ) - DA -
w(z) = (1 + 1) GG (1) | (g 1) RO Ty [
2 F2)*0(2) G M2 F(2)#(2) h

(10)
we consider
lw(z) + 1|
z(fxL) z(fx£)’
_ (o — 1) 3 — (g = 1) s (1o — 1) g — (g = 1) b
z(fx0) (2 z(f*l) (2
e+ 1) 3G E — i +1) [+ 1) 2 E — (i + 1)
2 |Z| > m—1
m=2
2 oo
m=2

where G = (N, + 1) 2 (f % £) (2) — (9, + 1) f (2) x £(2) . Also for |w(z) — 1| = W

z(f*£) (= 2(fx) (=
0 (no = 1) Y=g & — 1 L (e = 1) g & — (g, = 1) .
(my+1) 7zz(((];*f>)£((;) —m—1 (ny +1) Z((]{:lg))(,(zi) —n—1
0 (=
_ 20 (2) _ 250 (2)
_y o L o L

x£)’ o ) (2
(no +1) g S =y -1 (o +1) g & =y -1
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2 (oo}
<|G'Z||Z(m+m6—1—5)am’ym. (12)
m=2
where G = (ny + 1) 2 (f (2) x £(2))" — (1, + 1) f (2) * £ (2) . From the condition (9)
and the inequalities and , we deduce that
lw(z) + 1] = |w(z) = 1] > 0,
where w is defined by . This completes the proof of Theorem O

We next provide coefficient bound for a given mapping f to belong to the family

o — UMS(£777177]2)~
Corollary 1. A mapping [ belongs to the family 6 — UM (£, n1,15) if

- "2
Oy < ;Yo > 0.
mz::Q {1+25—2n, + 11} 2

where —1 <ny <n; <1, and § > 0.

Corollary 2. For a mapping f belonging to the family 6 —UMs (4,11, 15), we have
< T — 172

{1+26 =2y +m},
where —1 <ny <n; <1 and § > 0.

(677 s Yo > 0.

The subsequent theorem deals with the integral representation for a given map-
plng f €0— UMg(gv M1s 772)

Theorem 3. If a mapping [ given by @ belongs to the family § —UMs(€,m1,15),
then f has the following representation:

o Z20my — Q(t)(n, — 1)
J(z) =t (@) xexp (Jt{% + Q) (1, - 1>}dt> ’

where —1 <ny, <n; <1 and § > 0.

Proof. For 6 = 0, the assertion of the Theorem [3]is obvious. Let § > 0. Then, for
f €6~ UM%(&nla 772) and

2(f(2)x€(2))’
(2 = 1) 2F57E — (m — 1)

w(z) = TP
(g + 1) 24EZE 4 (3, — 1)

we have
Re(w) > §lw — 1],

which implies that
|w - 1| < 1
w 5
We suppose that
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and 5
w(z) = ,
G =5—am
which yields
(= DHEZEE — (-1
(np = DEEL — (g, +1) - Q)

Thus on simplification, we have

2(f(2)*L(2)) _ 20m — Q(z)(my — 1)
f(z)L(2) 204+ Q(2)(ny—1)

which proves that

F(2)%£(2) = exp (Of 201, — Q(t)(m, — 1) dt)

t{20 + Q) (ny — 1)}

_ (-1 7 20m — Q(t)(n, — 1)
J&) =670 () xexp <0ft{25 +Q(t)(n, — 1)}dt> '

This finishes the proof of Theorem [3] O
Theorem 4. If f; is such that

or

f](Z) =z Z Oém»jzm €9 7Z/IM%(£37713772)’ (j = 1,272 € U)a
m=2

then
f(z) =1 =X filz) + AMfa(2) € 6 —UMs(L,m1,m2), (0<A<1,z€D).

Proof. For the mappings f; such that f;(z) = 2=~ _, am ;2™ € 6—UMs(€,17,15),
by using Theorem [2] we write

> {426 —ny) (m = 1)+ 01 = Do} 1V < 1 — M (13)
m=2

and -
> LA +20=ny) (m = 1)+ 11 = 02} On 2V < 11— 7o (14)
m=2

In view of and , we have

(L= > {1426 —m) (m — 1) + 10y — 02} @17,

m=2

FAD {1 +20—ny) (m—1) + 1, = 0y} A2V,

m=2
<@=A)( —m2) + A —n2) =n1 —na.
Again by using Theorem [2| we reach the conclusion. (Il
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In the following, we define the family 6 —UM™(¢,1,,15) of holomorphic mappings
f satisfying the coefficient conditions . Assume that

fl)=z+ ) amz™ €A

m=2
Then f € § —UM™(¢,ny,7n5), if it satisfies the condition:
D B +20+m5) (m— 1) + 0y — ] lam| YV < 11 — 12,
m=2

for some 7,, > 0,6 >0 and —1 <ny <n; <1.
For special choices of 1y, 75,0 and the mapping ¢, we refer the study of Aouf and
Mostafa [2] and others. Clearly

6 — UM*(& M1s 772) Co-— UM(& M1s 772)
Adopting the required procedure found in |2,/3}/15], we have:
Theorem 5. If f € 6 — UM ({,n,,n,) and

= 0y + (3+ 20 + 20y — 1)
R(f(z)) > —
(f(2) (3420 4 215 — 7)Y

(z €U, (15)

then
(1426 — 219 +11)72
2y — g + (1426 — 2n5 +11)] 72

(1+26—2n,5+n,)y ;
for all h € C. The constant factor 2[7717772“1”;72771#%1)]% n cannot be re-

f(z)xh(2) < h(z) (z €U), (16)

placed by a larger one.

Proof. Let f € 6§ —UM*(£,m1,m5) and let h(2) =24+ Y ¢pnz™. Then

m=2

(3425 + 210y —n1)72 (Z + > amcmzm>

m=2

(3425 + 21y —n1)72f (2) x h(2) _
2[m —ma + (3425 + 2, —my)] 72 2[ny — 0y + (3+26 4 20y — 1)) 72
In view of Definition [4f and Lemma will hold true if

< (3426 4 2ny — 11)720m
2[n —m2 + (3425 +2n5 — 1) 72
is a subordinating factor sequence. Using Lemma |l| we observe that is equiv-

alent to
(o]
3 + 26 + 2772 771)7204mzm
1+ > 0. 18)
{ Z (3426 + 2n5 — )72 (

,m=1,2,...>7a1:1 (17)

The mapping
o (m) ={(B+20+mn) (m—1)+m =11} Vs Y = V2 > 0.
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is an increasing mapping for m > 2. Considering this fact along with (L8)), we can
write

(3420 + 295 — my)yp0mz™
1+
{ z:l N + (3426 + 205 — 11)72)

S P (3+25+2772 m)ver i (3426 + 20y — my)yp0mz™
[ =na+ (3+25 420y —my)val A= [m — 12+ (3420 + 25 — 11)7,]
22 (34204 2y — 1)y lom| 2™
>1_ (3426 4+ 2n5 —m1)72 |2 m=2 2 T
T et G20+ 2n —m)ye]l =+ (34204 205 —11)7o]
(o]
3+ 20420y — 1)y lam| ™
>1_ (3420 + 2my — ny)7,r _ mzzjz( 12 = )72 o
- [ =m2+ B+25+2n, —n)va] [ —na+ (3420 + 2my — 11)72)]
oo
3420420y — )V lm| T
>1_ (3420 + 2ny —11)7,7 B mzzjz( 112 = 11T [

- [ = n2+ (3+20+2ny —n)m)v2] [ —n2 + (3420 + 2m5 — 11)75)]
On using , we see that

> 3—|—2(5+2 | 2™
{1+Z Na — 1M1)72 | | }

+ (3420 + 215 — 11)72]

(3420 +2ny —my)7,r B (m —mg)T
[ = M2+ (3+20 420y —n1)va] 71 — 02 + (3425 + 215 —17)72] -
=1—r>0,r—1.
This leads to (18). Thus we have (16). Also is obtained from for the
mapping

>1-

h(z)= , (z €U).

For the sharpness of

(3425 + 215 —11)72
2[(ny —ng) + (3420 + 21y — 1))’

we consider the mapping fy such that

- (n —77> 2
folz) =z - 3+ 251+ 27}2 — 771)2 ' (19)

Combining and , we write

(3425 + 2109 —n1)7s
2[n1 = mg + (3 + 26 + 21y — m1)72)

z
fQ(Z) < E, z € U.
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Consider
(3425 + 2109 —n1)72 }
9?{ z
2[n1 — Mg + (3 + 20 + 21y — 11)72) o2)
(3425 + 215 —11)72
= R z
2[ny — ng + (3426 + 2ny — 11)7,) (olz))
B (3+25+ 20y —m1)72) ([771 _772+(3+25+2’72_771))72}> .
2[(m = m2) + (3 +26 + 21y — 11)72) (3425 + 215 —11)72

Thus, we have

min R
|z|<r

{ (3425 + 2105 —11)72 0(2’)}
2[ny — g + (3425 + 21y — ny)72]

(34254215 =11 )72
2[n; —na+(3+20+2n,—11)72]

This proves that the constant is the best possible. O

4. CONCLUDING REMARKS

In this research, we have used convolution between holomorphic mappings in
defining some subfamilies § — UM (¢, n,,n,) and § —UMg (€, 1,1, 15) of holomorphic
mappings involving starlike and convex mappings and associated with the conic
domains. We derived sufficient conditions for the mappings to be in the family
§—UM(¢,ny,n5). We also discussed the characterization of mappings in the family
0 —UMg(€,m1,m,) along with the coefficient bounds, integral representation and
convex combination. Using the sufficient conditions for mappings belonging to the
family § — UM(€,1,,7n5), we also defined a family &6 — UM™(¢,n,,7n5) and then
making use of a particular sequence, we discussed some subordination result. Our
findings can be related with the existing known results.

5. RESEARCH BACKGROUND AND SIGNIFICANCE

Goodman studied the uniformly convex and starlike functions, whereas, Kanas
and Wisniowska explored k-uniformly convex and k-uniformly starlike functions.
While using the convolution technique, Raina introduced the similar family of an-
alytic functions. In view of Janowski functions, Noor and Malik extended their
results for the petal like domains. Using Hadamard product used by Raina and in
contaxt of Noor and Malik work, we defined new classes of analytic functions and
studied them in various aspects.

Functions with positive real part as well as function with certain assumptions
on the arguments are of funcdamental importance in the study of starlike, con-
vex, close-to-convex and Bazilevic functions which are related with the Kufarev
differential equation. We study the characterization and bounds on the functions
from the differential and integral ineqalities. Same study for the complex valued
function is carried out using the idea of differential subordination. The study of
the geometric properties of various types of image domains is still a prime focus
of the theorists. Techniques of convolutions and other classical methods are still
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in progress in studying these images of compex analytic univalent and multivalent
functions In this research, we have used convolution between holomorphic map-
pings in defining some subfamilies 6 — UM(¢,n,,n5) and § — UM (€, 1, 15) of
holomorphic mappings involving starlike and convex mappings and associated with
the conic domains. We derived sufficient conditions for the mappings to be in the
family § —UM (¢, n1,m,). We also discussed the characterization of mappings in the
family § —U Mg (¢, 11, 1,) along with the coefficient bounds, integral representation
and convex combination. Using the sufficient conditions for mappings belonging
to the family 6 — UM(€,n,,n,), we also defined a family § — UM* (¢, 7,,n5) and
then making use of a subordinating factor sequence, we discuss some subordination
result. Our findings can be related with the existing literature of subject. Various
problems like radius of convexity, starlikeness and close-to-convexity are still open.
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