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Abstract 

In this paper, we introduce the concept of digital uniform space. We give a digital uniform structure for 

the set of integers . We also prove a theorem and give some examples on the digital uniform spaces. 

Finally, we define the notion of digital uniform base and present two theorems related to new concept. 

  

Keywords — Digital image, digital continuity, digital uniform base, uniform space, uniform continuity. 

 

Dijital Düzgün Uzaylar 
 

Özet 

Bu çalışmada, dijital düzgün uzay kavramı tanıtılmıştır. Tamsayılar kümesi  için bir dijital düzgün 

yapı verilmiş, ayrıca dijital düzgün uzaylar üzerine bir teorem ispatlanmış ve birkaç örnek verilmiştir. 

Son olarak dijital düzgün baz kavramı tanımlanarak bu yeni kavram ile ilgili iki teoreme açıklık 

getirilmiştir. 

 

Anahtar Kelimeler — Dijital görüntü, dijital süreklilik, dijital düzgün baz, düzgün uzay, düzgün 

süreklilik.

 

1 Introduction 

Digital topology is an active area of great theoretical 

interest having the additional bonus of significant 

applications in imaging science and related areas. The 

main goal of this area is to determine topological 

properties of discrete objects. Many researchers such 

as Rosenfeld [14], Kong [13], Boxer [2-7], Han [9,10], 

Karaca [12] and others have contributed to this field. 

 

Up to now, many developments have occurred in 

digital topology. The notions of digital image and 

digital continuous map have been studied in [2-4]. 

Some results and characteristic properties on the digi-

tal homology groups of 2D digital images are given in 

[8] and [12]. 

 

On the other hand, the first definition of a uniform 

structure was given by Andre Weil [16] in 1937. Tukey 

[15] defined uniform structures using coverings in 

1940. Bourbaki [1] developed Weil's approach. He 

used a system of neighbourhoods of the diagonal of 

X X . The uniform spaces generalize metric spaces 

and topological groups. We would like to carry the 

notion of a digital image on to the uniform spaces and 

construct a structure in digital images. 
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This paper is organized as follows. In the first part, we 

give necessary background on digital topology. In the 

next section, we define a digital uniform space and 

give some examples. Finally, we state and prove some 

results on digital uniform spaces. 

 

2 Preliminaries 

A digital image is a pair (X, ),  where 
nX   for 

some positive integer n  and   is an adjacency 

relation for the members of .X  There are various 

adjacency relations [10,11]. 

 

Definition 2.1. [5]. For a positive integer l  with 

1 l n   and two distinct points 

1 2 1 2(p ,p ,...,p ),q (q ,q ,..., ,q )n

n

np     p  and 

q  are lc -adjacent, if 

 (1) there are at most l  indices i  such that 

| p q | 1,i i   and 

 (2) for all other indices j  such that | p q | 1,j j   

p qj j . 

 

The notation lc  represents the number of points 

nq  that are adjacent to a given point 
np . 

Thus, in ,  we have 1 2c  -adjacency; in 
2 ,  we 

have 1 4c  -adjacency and 2 8c  -adjacency; in 
3,  

we have 1 6c  -adjacency, 2 18c  -adjacency, and 

3 26c  -adjacency [5]. Given a natural number l  in 

conditions (1) and (2) with 1 l n,   l  determines 

each of the  -adjacency relations of 
n

 in terms of 

(1) and (2) as follows [9]: 
2

0

2 (n 1),3 1(n 2),3 2 1
r

n n n n t

t

t

n C







     


  

          (2 1, 3)r n n     where 
!

(n t)!. t!

n

t

n
C 


.    

Definition 2.2. [10]. Given two points 

, (X , ),i i i ix y    0,1 ,i  0 1(x ,x )  and 0 1(y , y )  are 

adjacent in 0 1X X  if and only if one of the following 

is satisfied: 

 (i) 0 0x y  and 1x  and 1y  are 1 -adjacent; or 

 (ii) 0x  and 0y  are 0 -adjacent and 1 1;x y  or 

 (iii) 0x  and 0y  are 0 -adjacent and 1x  and 1y  are 

1 -adjacent. 

 

The adjacency of the cartesian product of digital 

images 0 0(X , )  and 1 1(X , )  is denoted by *.  

 

Definition 2.3. [2]. The set 

 [a,b] : a z bz     is called a digital interval 

where ,a b  and .a b  Also if ,a b  then 

 [a,a] ,a  a .  

 

A  -neighbor of 
np  [3] is a point 

n
 that is  -

adjacent to .p  A digital image 
nX   is  -

connected [11] if and only if for every pair of different 

points , ,x y X  there is a set  0 1, ,..., rx x x  of 

points of a digital image X  such that 0,x x ry x  

and  ix  and 1ix   are  -neighbors where 

0,1,..., 1.i r   

 

Definition 2.4. [3]. Let 0n
X   and 1nY   be 

digital images with 0 -adjacency and 1 -adjacency, 

respectively. A function :f X Y  is said to be 

0 1( , )  -continuous if for every 0 -connected subset 

U  of ,X  (U)f  is a 1 -connected subset of .Y  We 

say that such a function is digitally continuous. 

 

Proposition 2.5. [3]. Let 0n
X   and 1nY   be 

digital images with 0 -adjacency and 1 -adjacency, 

respectively. The function :f X Y  is 0 1( , )  -

continuous if and only if for every 0 -adjacent points 

 0 1,x x  of ,X  either 0 1(x ) (x )f f  or 0(x )f  and 

1(x )f  are 1 -adjacent in .Y  

 

Definition 2.6. [6]. Let 0n
X   and 1nY   be 

digital images with 0 -adjacency and 1 -adjacency, 

respectively. A function :f X Y  is a 0 1( , )  -

isomorphism, if f  is  0 1( , )  -continuous and bijective 

and further 
1f 

 is 1 0( , )  -continuous. It is denoted 

by 
0 1( , )X Y  . 
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3 Digital Uniform Spaces 

In this section, we define the concept of digital uni-

form space and give its some important properties. Let 

X  be a nonempty digital image with  -adjacency 

and A  be a subset of *(X X, ).  If 
1A A  where 

 1 (x,y) : (y,x) A ,A    then it is called a symmet-

ric image. If , ,A B X X   then the composition is 

defined as follows: 

(x, y) :A B   there exists z X  such that  

                 (x,z) B,(z, y) A .     

 

Definition 3.1. Let   be a nonempty collection of 

subsets *(X X, )U    and let the following hold: 

 a) If ,U  then U  where  (x,x) : x X    

is the diagonal in *(X X, ) .  

 b) If 1 2, ,U U   then 1 2 .U U   

 c) If ,U  then there exists a digital image V   

such that .V V U  

 d) If ,U then there exists a digital image V   

such that 
1 .V U   

 e) If U   and ,U V  then .V   

Then   is called a digital uniform structure and the 

pair (X, , )  is called a digital uniform space. 

 

Definition 3.2. Let (X, , )  be a digital uniform 

space. If  : ,U U     then (X, , )  is called 

a Hausdorff digital uniform space. 

 

Let us give some examples related to digital uniform 

spaces. 

 

Example 3.3. Let [a]X   be a single-point. Since 

 (a,a) ,X X   the set X X    has a digital 

uniform structure and (X, )  is a digital uniform 

space. It is called a trivial digital uniform space. 

 

Example 3.4. Let (X, )  be any digital image and   

denote the power set which is the set of all subsets of 

(X, ),  including the empty set and X  itself. 

 (1) A digital image 1(X, , )   where 

 2 2

1 : (X )V X V        is called discrete 

digital uniform space. 

 (2) A digital image 2(X, , )   where  2

2 X   is 

called indiscrete digital uniform space. 

 

Example 3.5. Let [0,1]X   be the digital unit inter-

val. Then we have  (0,0),(1,1)   and 

 (0,0),(0,1),(1,0),(1,1)X X   (see Figure 1).  

 

Figure 1.   and X X   

Let  (0,0),(0,1),(1,0)A   and  (0,1),(1,0)B   

be digital images as in the Figure 2. So we get the fol-

lowing digital image: 

 (0,0),(1,0),(1,1) .A B   

 

Figure 2. ,A B  and A B  

Since 
1A A  and 

1,B B  we can say that A  and 
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B  are symmetric digital images. The set 

    (0,0),(1,1),(1,0) , (0,0),(1,1),(0,1) ,   

        (0,0),(1,1) , (0,0),(0,1),(1,0),(1,1) X X   

has a digital uniform structure. As a result, (X, )  is a 

digital uniform space. Since 

 :U U     

for all ,U  it is also Hausdorff digital uniform 

space.  

Theorem 3.6. The collection  2 :B D B     

for 0   is a digital uniform structure on  

where   2(x,y) : d(x,y) | x y |D       for 

every 0.    

Proof. We shall show that   holds all conditions of 

digital uniform structure. 

 (a) If ,U   then we have D U   for at least 

0.   Since | x x | 0     where (x,x) ,  we 

conclude that 

(x,x) D U     (x, x) U  

                              .U  

 (b) If 1 2, ,U U   then 
1 1D U   and 

2 2D U   for 

at least 1 2, 0.    Taking  1 2min , ,    we ob-

tain 
1 1D D U    and 

2 2.D D U    We take 

the intersection of the last two statements and the 

required result is obtained as follows: 

1 2 1 2D D D U U         1 2D U U    

                                                       1 2 .U U    

 (c) If ,U  we know that there exists at least 0   

such that .D U   Let us take E D



  where 2   

and define 

(x,y) : (x,z) EE E    and (z, y) E  

                             for a point z  of .E  

We shall show that .E E U  If (x, y) E E,  then 

we have 

| x z |



   and | z | .y




   

Since 

2
| x y | | x z | | z y | ,

  


  
          

we obtain (x, y) D .U   So we get .E E U   

 (d) If ,U   then D U   for at least 0.   Let 

E D .  Since 

 E D (x,y) :| x y |      

                                      (y,x) :| y x | | x y |       

                                     
1D

  

                                     
1,E  

we conclude that there exists E   such that 

1 1 .E D D E U

 

     

 (e) Let .U   By the definition of ,  we have 

D U   for 0.   If ,U V  then .D U V    

Thus we have V .  

 

Definition 3.7. Let (X, , )   be a digital uniform 

space and   be a subset of the power set 
2(X ).  If 

 2 :U X B U     for at least one ,B    

then the family   is called a digital uniform base for 

.  

Theorem 3.8. Let (X, , )   be a digital uniform space 

and 
2(X )    be a nonempty family.   is a digital 

uniform base for   if and only if 

 (i) If ,U   then ,U   

 (ii) If ,U   then 
1U 
 contains a member of .   

 (iii) If ,U  then V V U  for some V  in .  

 (iv) If , ,U V   then there exists at least one mem-

ber W   such that .W U V   

Proof. ( ) Let   be a digital uniform base. 
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 (i) Since U     and   is the digital uniform 

structure, we have .U   

 (ii) If ,U     then we get .U   By the Defini-

tion 3.1 and 3.7, we have 
1U    and there exists a 

member V   such that 
1,V U   respectively. 

 (iii) Since U     and   is a digital uniformity, 

there exists an element W   such that .W W U  

From the Definition 3.7, we have V   such that 

.V W  So we get the following: 

V V W W U     .V V U    

 (iv) Let , .U V     From the digital uniformity of 

,  we have .U V    Definition 3.7 shows that 

there exists an element W   such that 

.W U V   

( ) Let four conditions be hold for .  We shall 

show that the following structure 

 2 :U X B U     for at least one B    

is a digital uniformity for (X, ).  

 (a) If ,U   there exists B   such that .B U  

Using (i), we have .B U   

 (b) Let .U   Then there exists B   such that 

.B U  From (ii), we obtain that there is an element 

V   such that 
1 1.V B U    Thus we have 

1 .U    

 (c) If , ,U V   then there are two elements B U  

and 
*B V  such that 

*, .B B   We can say that 

there exists at least one element A   such that 

*.A B B   Since 

* ,A B B U V     

we conclude that .U V    

 (d) Assume that .U   This shows that there is an 

element B   such that .B U  We have an ele-

ment W   such that W W B  by (iii). So we 

have .W W B U   

 (e) Let U   and 
2.U V X   From the Defini-

tion 3.7, there exists B   such that .B U  As a 

result, we have the following: 

B U V      .V    

Theorem 3.9. Let 2(Y, , )   be a digital uniform 

space, 1(X, )  be a digital image and :f X Y  be 

a digital function. The family 

 1(f f) (V) : V     

is a digital uniform base for .X  

Proof. We shall use the Theorem 3.8. 

 (i) Let U   Then there exists an element V   

such that 
1(f f) (V).U    Since   is the digital uni-

formity, we have V  and 

1 1(f f) ( ) (f f) (V).X

        

 (ii) Let 
1(f f) (V) .U     From the digital uni-

formity of ,  we get 
1 .V    Take 

1 1(f f) (V ) .W      As a result, we have 

             (x, y) W    
1(f(x), f(y)) V   

         (f(y),f(x)) V  

                                    
1(y,x) (f f) (V)  U    

                                    
1(x, y) U   

                                    
1.W U   

(iii) If we take 
1(f f) (V) ,U     we have an ele-

ment T   such that T T V  by the digital uni-

formity of .  

(x, y) W W    (x,z) W  and (z, y) W  

for at least one element .z X  Since 

(f(x),f(z)) T  and (f(z), f(y)) T  

                     (f(x),f(y)) T T V    

                     
1(x, y) (f f) (V),   

we have .W W U  

 (iv) Let 1 2, .U U   Thus there are 1 2,V V   such 

that 

1

1 1(f f) (V ),U    
1

2 2(f f) (V ).U    
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By the digital uniformity of ,  we find 1 2 .V V    

Taking 
1

3 1 2(f f) (V V ),U     it is clear that 

3 1 2.U U U   Let 3(x, y) .U  Then we have 

1 2(f(x),f(y)) V V .   

From the last statement, we obtain the following: 

1

1 1(x,y) (f f) (V ) ,U    

1

2 2(x,y) (f f) (V ) .U    

As a result,   is the digital uniform base for 1(X, ).  

 

4 Conclusion 

Digital topology has been a major area of mathematics 

with various applications. Associating with digital 

topology and the notion of uniform space in general 

topology, we get interesting results on digital images. 

We believe that all results in this work will be useful 

to develop digital images. 
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