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1. Introduction
In this paper, we are concerned with the following problem:

e — Au—Auy + g (0 g P2 = o (1) |u? 2w, x€Q,1>0,
u(x,1) =0, x€dQ, t>0, (1.1)
u(x,0) =ug (x), u(x,0)=ug(x), x€eQ,

where Q is a bounded domain in R” (n € N), with a smooth boundary dQ, p > 2, ¢ > 2, u; (t) is a non-negative function of # and p (¢) is
a positive functions of ¢. The quantity \ut|p72 u; is a damping term which assures global existence, and |u|q72u is the source term which
contributes to nonxistence of global solutions. u; (¢) and p (¢) can be regarded as two control buttons which can dominate the polarity
between damping term and source term.

In the absence of the strong damping term Au;, and ; (t) = i, () = 1, then the problem (1.1) can be reduced to the following wave equation

e — A+ g |P 2wy = |ul 72 .

Many authors established the existence, nonexistence and decay of solutions, see [1-6]. The interaction between nonlinear damping
(Jur|P~% u;) and the source term (|u|9~% 1) makes the problem more interesting. Levine [2, 3] first studied the interaction between the linear
damping (p = 2) and source term by using Concavity method. But this method can’t be applied in the case of a nonlinear damping term.
Georgiev and Todorova [1] extended Levine’s result to the nonlinear case (p > 2). They showed that solutions with negative initial energy
blow up in finite time. Later, Vitillaro in [6] extended these results to situations where the nonlinear damping and the solution has positive
initial energy.

In [7], Yu investigated the equation with constant coefficients

e — Au— Ay + P2y = |u? . (1.2)

He showed globality, boundedness, blow-up, convergence up to a subsequence towards the equilibria and exponential stability. Gerbi and
Said-Houari [8] proved exponential decay of solutions (1.2) for p = 2.
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Zheng et al. [9] considered the Petrovsky equation
Ui+ A2+ ky (8) |u |2y = ko (1) |ufP 2 u

in a bounded domain. They proved the blow up of solutions.

In this paper, we established the nonexistence of solutions. To our best knowledge, the nonexistence of solutions of the wave equation with
variable coefficients not yet studied.

This paper is organized as follows: In the next section, we present some lemmas, notations and local existence theorem. In section 3, the
nonexistence of global solutions are given.

2. Preliminaries

In order to state the main results to problem (1.1) more clearly, we start to our work by introducing some notations and lemmas which will be
used in this paper. Throughout this paper ||u(|,, = ||ul|;»(q) and [|ul|, = ||| denote the usual L” (Q) norm and L? (Q) norm, respectively.

Also, Wom’2 (Q) = Hj' (Q) is a Hilbert spaces (see [10, 11], for details).
Lemma 2.1. [4]. Assume that

2<g<oo, n<2,
2<q<2(":21>, n>3.

n

Then, there exist a positive constant C > 1, depending on Q only, such that
Jully < € (I1Val®+ ) @1

foranyu € H} (Q) and2 <s<gq.
Lemma 2.2. Assume that p>2,q > 2, W (t) is a nonnegative function of t, i (t) is a positive functions of t and p} (t) > 0. Let u(t) be a
solution of problem (1.1) then the energy functional E (t) is non-increasing, namely E' (t) < 0.
Proof. Multiplying the equation (1.1) with u, and integrating with respect to x over the domain 2, we obtain
d (1 1 ) (¢ W (t
& (3l + 319002 = 22 ) =gy 0l = 19l = 222 . (2)
By the equality (2.2), we get

w1

2
E' (1) = =y (0) [l | — Ve |* = p llull§ <0,
and E (t) < E(0), where
S| 2 () g
E(t)ZEH'MH +§HV“H _THM”q7 (2.3)

and

1 2 1 ) q
E(O):EHMH +§HVM0|| _THuOHq‘

In order to obtain our main results, we set
H(t)=—E(t). 2.4)

In the following remark, C denotes a generic constant that varies from line to line. Combining (2.1), (2.3) and (2.4), we obtain

Remark 2.3. Assume that
2< g < oo, n<2,
2<g< il n>3

n—

and energy functional E (t) < 0. Then, there exist a positive constant C, depending only on Q, such that
3 2 I
Iy < € (04 P+ (P20 41) ) s
foranyu € H} (Q) and2 <s<gq.

Next, we state the local existence theorem that can be established by combining arguments of [1,12].

Theorem 2.4. (Local existence). Suppose that

{2<q<°°, n<2,

2<g< 2l p>3,

Then, for any given (up,u;) € (H(; (Q) x L? (Q)) , the problem (1.1) has a local solution satisfying
uec ([0., T): H (Q),u €C <[0, T): 12 (Q)) NLP (Q, [oﬂ))

for some T > 0.
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3. Nonexistence of Global Solutions

In this section, we will consider the nonexistence of global solutions for the problem (1.1). By using the same techniques as in [9].

Theorem 3.1. Let the assumptions of Lemma 2.2 hold. And assume that ) (t) is a nonnegative function of t, s (t) is a positive functions of
t, 1w (t) >0 and

lim gy (1) o (1)~

exists, where

0<agmin{q;2,ﬂ}.
29 "q(p—-1)

Then the solution of Eq. (1.1) blows up in finite time T* and
-«

T* S NN
oyL1-a (0)

if ¢ > p and the initial energy function

E(0) <0,
where

L(0)=[H(0)]'"* +e/Quou1dx >0.
Proof. From (2.2)-(2.4), we have

B (1)

SO = (t)l\uzl\Z+IIWrH2+THMHZ20 CRY
for almost, every 7 € [0,T) . Therefore

0<H(0)SH(t)§”ZT(t)HuHZ,tG[O,T). (3.2)
Define

L(r) :Hlf‘x(r)+s/ﬂuu,dx+§\|Vu\|2 (3.3)

where € > 0 is small to be chosen later, and

. [q=2 q-p }
O0<o<ming —,——— 5. 34
{ 2q "q(p—1)

Differentiating (3.3) with respect to ¢ and combining the first equation of (1.1), we have
L) = (1—a)H %@ H (1) +e /Q (s 1) dx-2 / VuViydx
— (- H *()H (1) + e/vuvu,dx
+£/Q (-t e, — 1 (0) ot o () 1)
= (- H “()H (1) + € |lu|> — €| Vul?
ey 0 Jully e () [ ]~ (3.5)

Due to the Holder’s and Young’s inequalities, we have

w @) [l ] < () [l
Q Q
p=1 1
P P
< (fmomra)” ([molrs)
JQ JQ
—1 . op
< pp W ()87 leall+ =t 0) el (3.6)

where 8 is positive constant to be determined later. According to the conditions i (£) > 0, i} (£) > 0 and (3.1), we get

H' (1) >y (1) [Jue 15 - 3.7)
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Combining (2.3), (2.4), (3.5), (3.6) and (3.7), we have
L@ > {(1 —a)H (1) - %es—fﬂ H' (1)

ve (a0~ 2 0l
+e (g+1) Hu,||2+£<gfl) Va2 (3.8)
Since the integral is taken over the variable x, it is reasonable to take 6 depending on variable ¢. From (3.2), we obtain
0<H (1) <H *(0),

for every 7 > 0. Hence H % (¢) is a positive function and bounded. Thus, by taking & TP = mH (1), for large m to be specified later, and
substituting in (3.8), we get

L' > [(1_05)_”7?1%}11*“(:)11'(:)

e (G4 1)l +e (4 1) 9u)?

l-p

p

+€ {qH(z) S () HY D (1) Huug] . (3.9)

By using the (2.3), (2.4), (3.2) and the embedding L7 (Q) — L” (Q) (¢ > p) , we arrive at [|u/|}) < C||u/|?} and

L > {(lfa)prjlsm}H*“(t)H’(t)

e (1) JulP e (1) |vu?

C 1-p ¢ a(p—1) B
gH (1) — mp w (1) (NZq( )) HMHZJrqa(P Dl (3.10)

+€

From (3.4), we get 2 < s=p+gqo (p—1) < g. Combining (2.3), (2.4), Remark 2.3 and (3.10), we obtain

Lo > |(1—a)— ”P%]em- H(0)H (1) +¢ (g + 1) e |* + & (% - 1) Va2

e |gH (1) — Com" Py (1) %P~ g (1) (H(t)+ lue |13 + ”2;’) + 1) ||uHZ}

(=02 Lem| e )+ (12— ComPma 0% 0 H )

Y

(g+6 _ _
ve [ ot P (0 <r>} P
- 9 - B ¢
+e qu 1 (1) = Crm' = Ppy (1) P~V gy (1) ('UZT()JH)} ullg G.1D

where C) = %. Since limy o0 iy (£) U2 (t)“(pfl) exists, iy (t) o (t)a(pfl) is bounded for every ¢ > 0. Then, we choose m large enough

so that the coefficients of H (1), |ju;||*> and HuHZ in (3.11) are strictly positive. Therefore, we arrive at

L@ > [(lfa)pr?]Em}H_a(t)H’(z)

+€B {H(t)Jr luer 15 + (uzq(t) +1> HuHZ] , (3.12)
where

C(gq+2 - ~
B = mm{"chlml Py (04PN (1),

+6 _ _
L= —am' P 0" (o),

-2 _
2 (0~ Com' s (07D 0}

is the minimum of the coefficients of H (), ||u;||* and [[u|3- Once m is fixed, we can take & small enough so that 1 — ot — ”lez;‘m >0 and

L(0) =H1*“(0)+s/ﬂuou1dx>o. (3.13)
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Then (3.12) becomes
t
L'(t)>eB {H (&) + |lus |3 + (“Zq( ) + 1) HMHZ] >0. (3.14)
Then, we have
L(r)>L(0)>0. (3.15)
For the definition of L(r) (see (3.3)) we have
fas| <l
JQ
< Cllullg flul (3.16)
using Holder’s inequality and the embedding LY (Q) < L (Q) (g > p). Thanks to Young’s inequality, we have
g ﬁ 1 1
[ < CllF ] 7
Q
< (= + Jul?) 617
from (3.4), we arrive at ﬁ <gq.
Combining (3.17) and Remark 2.3, we get
ra 0
2 ¢
/ﬂuu,dx <c (H(t) L2+ (”2q + 1) Hu||3) . (3.18)
Therefore, we obtain
e
LT (n = {Hlfa (t)+£/ uu,dx}
Q
%
< 2ra (H(t)—i— 8/ uuydx )
JQ
o (f
< C(H(r)+|\m||§+(“q()+1) ||MHZ>. (3.19)
Combining (3.14), (3.15) and (3.19), we have
(1) > YL (1) (3.20)
where 7 is a constant depending only on C, 8 and €. Integrating (3.20), we arrive at
1
= 0> —o . (3.21)
L7 (0) - 257
If
-« - e o
r— e — 5 L 1’0‘(0)7771‘4)0.
ayL™a (0) l-o
Hence, L () blows up in finite time 7 and
“ -
a0
which complete the proof of the Theorem. O

4. Conclusion

In this paper, we obtained the nonexistence of global solutions for a strongly damped wave equation with variable coefficients. This improves

and extends many results in the literature.
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