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Abstract

Associated curves bring meaningful geometric expression to the physics and mathematics fields
in the characterization of curves and surfaces created by those curves, their behavior, and the
study of particle motion in space-time. In this work, we examine the relationship between
adjoint curves and focal curves, which are two important examples of associated curves. We do
this review for spacelike curves under quasi(q)-frame in 3D Minkowski space. To put it more
clearly, we obtain some new characterizations by defining the focal curve of the adjoint curve

of a spacelike curve in this space.
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1. INTRODUCTION

Associated  curves  provide  meaningful
mathematical expressions in the study of the
characterization of curves and surfaces, their
behavior, and the particle motion defined by such
curves. Fundamentally, it allows a second curve
geometrically related to a curve to be defined with
the help of the main curve. One of the most
obvious examples of associated curves is integral
curves, which is a superscript of adjoint curves [1-
6]. Integral curves are important in terms of the
possibilities they provide for the solution of some
differential equations that we encounter in
geometric problems. The adjoint curves that we
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will consider in our study are the curves
determined by the integral of the binormal vector
field of a curve. For more information on such
curves, see [7-13].

Another curve that we will consider in our study
is the focal curve. The focal curve is determined
by the center points of the imaginary spheres that
oscillate tangentially along a selected curve with
arc length parameters. Let this chosen curve be
denoted by 9. In this case, the focal curve of 9 is
given as

Op(s) = (9 + w N + w; B)(5), 1)
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where B and N are the vector fields that are
binormal and normal elements for the Frenet-
Serret (F-S) frame, s is the arc-length parameter
and, w; and w, are focal curvatures of the curve

¥ [7].

Based on these considerations, the goal of our
article is to describe and characterize a new curve
created by the center points of an imaginary
sphere that oscillates tangential to a curve
adjoining the principal curve. In this study, we are
doing this analysis for a spacelike curve that we
have chosen under the quasi(q)-frame in M3
space. First of all, we define the adjoint curve of
the curve we have chosen and calculate the
expressions of the g-frame elements of these two
curves in terms of each other. Then, we define the
focal curve of the adjoint curve by obtaining the
focal curvatures of the focal curve. Finally, with
the help of this definition and other obtained
equations, we obtain some characterizations
related to curvatures and curves.

2. PRELIMINARIES

In this part, we remind the g-frame equations and
some related fundamental information for the
spacelike curves we will choose in the 3-
dimensional Minkowski (M3) space, which we
will base our study on.

The F-S frame formulas for an arbitrary curve ¥
with arc length parameters are given as follows:

TS 0 k O[T
Né|=|-k 0 Tt]|[N] 2
B* 0 -t O0lLB

Also, the F-S frame elements are given by these
equations

T =ay/ds, N =20

= 197y 057’ B=TXxN. (3)

Here, T and x are torsion and curvature of vy, and
the vector fields T, N, B are tangent, unit normal,
and binormal vector fields of the F-S frame [12].
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In addition, the expressions of g-frame elements
in terms of F-S frame elements are written as

qu=T,

Ng, = T xp)/IT xpll, (4)
By, =Tq, X Ng,.

Here p = (0,1,0) is the projection vector. Let i
be a spacelike curve and quasi(g)-normal vector
field Ng, be timelike. Then, the F-S frame

formulas in M; are given as

Ty 0 Ky O][Ty
N f,l) = Kl/} 0 TU) N Y|, (5)

and the relationship between the F-S frame and
the g-frame is given as

Toyl 110 0 q[Te
Ng,|=[0 cho sho||[Ny|, (6)
qu 0 sh6 chol|By
Y1 = —Kycho, Y, = —Kkysho, Y3 = do + 1y,

where 4, ¥,, 5 are curvatures of i, and 8 is the
hyperbolic angle between N, and Ny, . Then, the

q-frame formulas in M3 are given by

S
Tapl 10—y 9,q[Taw
szp = [_lpl 0 Y3 qu ’ (7)
B(Shl) _lpz l)[)3 0 qu

and vector products of g-frame elements with
each other are written as

Tq, X Ng, =—B

qy’
qup x qup = _qup' (8)
quXqu =qu,

Let ¢ be a spacelike curve and g-binormal vector
field B, be timelike. Then, the F-S frame

formulas in M3 are given as
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Ty 0 ky O[Ty
Ny|=[-*yp O ty||Ny|, )

and the relationship between the F-S frame and
the g-frame is given as

Toy] 11 o0 0o 1[Tv
No,|=[0 she  cho |[Ny] (10)
B, v 0 —ch® —shol|By

Y1 = kyshO, P, = —kychl, Y3 =—db — 1y,

Then, the g-frame formulas in M3 are given by

S

Tapl 10 =y 91T

thp =[—1/)1 0 Y3 Nsz: (11)
Bz, =Y, Y3 0 By,

and vector products of g-frame elements with
each other are written as [13]

quXqu =qu,
thp X B(hp = _T(hp’ (12)
quXqu =—Nq¢.

3. THE QUASI-FOCAL CURVES OF
SPACELIKE ADJOINT CURVES

Definition 1. Let i be an arc-length parametrised
curve and By, be the binormal (unit) vector field

of . Then, the adjoint of curve ¥ is defined by
the equation [9]

9(s) = fjo By (s)ds. (13)

Theorem 2. Let Y be a spacelike curve,
T4, Ng, Bg, be g-frame elements of ¥, 9 be

adjoint of ¥ and T,,Ng, B,, be q-frame
elements of 9. If the g-normal vector field Ng, IS

timelike, then the equations related to the curve ¥
of g-frame elements of J are given in
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T% = f_;qup _f_;Bll)’

Ny = 12T, + 5ENg, —22B,,  (14)
B,, = i—;qu + %N% - %qu,

and, If the g-binormal vector field B, IS

timelike, then the equations related to the curve ¥
of g-frame elements of 9 are given in

Y 20 20
T, ——=N, +—*B,
Ky Y KyKy Y KKy Y

)

—_ ¥ Y1
Tqﬁ - Kw qup + Kl,b Bll“

_ _ Y Y1 P29
Nqﬁ - K9 qw Kwkg qw Kl,bkﬂ qu' (15)
Bg, =

Proof. From (13), we can easily obtain the
equations Ty = By,. In the case of Ng, is

timelike, from (3) and (5), we obtain

_929/9s®2 By
MR I A

Ny, (16)

Bl9 = —T,_9 X N19 = _BIIJ X Nl/) = _Tll) (17)

Let ¢ be the hyperbolic angle between N, and
N. Then, from (6), we get

Tq@ = T19 = Bw = —Sthqw + Cthqw

Y2 ¥y
=—N,, ——B

q )
Ky Ky 7

qu19 = Ch(pN,_g + Sh(pB,g = Ch(pr - Sh(pTw
= chgp (chBqu - sh@qu) — shoT,,

9 9 Y
— _Zqu + l»bl 1 qu _ lpZ 1 qu;
Ky Kl[)Kﬁ Kl,[)K19

B‘H) = Sh(pNg + Ch(pB,_g = Sh(pr — Ch(pTlp
= sh(p(ch@qu - shBqu) - ch(pqu

9 9 9
— _1qu + lpl 2 qu _ 1/)2 2 qu,
Ky Kl[}Kﬁ Kl,l)K19
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In case of B, is timelike, we similarly obtain the

other equations.

Definition 3. Let T, ,N,, B,, be q-frame
elements of a regular space curve 9. The focal

curve of 9 is expressed as
19F=19+O)1Nq19+(1)23q19. (18)

Here w;, w, are the coefficients describing focal
curvatures of 9 [10].

Theorem 4. Let y be a spacelike curve, 9 be
adjoint curve of 1, 9 its focal curve in M3 and
9; and ¥; (i =1,2,3) be, respectively, the
curvatures of ¥ and i according to g-frame. If
the g-normal vector field N, is timelike, the

focal curve of 9 is

9193 _ (9193
ﬂF=ﬁ—Jﬂz“Uefﬂz“ﬁd—fxﬁTw
Y191 1!’2191 f 5
+ Kk qulJ - KllJ_Kl’ ) (_ T, 192 - (19)

| 119 ds 193 Y1 Y19, _ Y20,
Je d ))( T, vt Kyplg qu Kyplcg Bqdl)'

and, if the g-binormal vector field qu is timelike,

the focal curve of 9 is

_ (9193 9193
Sp=0+e 0 Bl “%ds +C)(19—2Tq
P19 1P2191 f
+ Klpklg qu - Klpk.g ) (_ T, 192 (C + (20)

919
[=55ds 95 9y Y1y Y20
[e 92 ﬁzds))( T wwN‘“’ oo ay)-

Proof. Let y be a spacelike curve, 9 be adjoint
curve of ¥, 9 its focal curve in M3 and 9; and ;
(i = 1,2,3) be respectively curvatures of 9 and y
according to g-frame. Let g-normal vector field
Ng, be timelike. Applying derivative to the

equation (18), we get

Or = (1 — 9101 — 9202)Ty, + (V30
+wi )Ny, + (w3 +9301)Bg,
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Since the focal curve expresses the centers of
tangential oscillating spheres, the components of
T,, and N, vanish when applying the derivative

based on the spring parameter to the curve. Hence,
it's obtained

1-— 1910)1 - 1920)2 = 0, (21)

From these equations, for 9, # 0, we get

w9, — 1
w2 =
2
o O s

By solving the above differential equation, it's
found

191193d 19119
(- j —d + 0),

1 Y, fﬁ1ﬁ3d —f 1L93ds 3
Wy, = 19—2——2 ( f d + C)

Also, from (14), we obtain

O
KyKy Ty KyKy Ty
l’blﬁz N. — l’bzﬁz B

KyKy Ty KyKy ql/J)'

U2
19F =9 - wl(K_,gqu/’
1
—wz(K—ﬁqu

Hence, the first statement of the theorem is
obtained as

9193 _ (9193
Op=0—el 0 (feT " as —C)(ﬁ—qu
193
+ Y191 N — 1112191 ) (_ _ f ds(C _

K1,DK19 qlp lecg

93
f f 55 d5193d ))(—T +1/11192 N, _ll’zl?zB

kyky T Kyl ‘hp)'

On the other hand, let the g-binormal vector field
B, be timelike. Similarly, the focal curvatures of

I are computed as
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" ot f [Py ? d +0),

1 1 _ 191193d f 193ds 3
— 1 3,48
Wy = 5 2 f + 0).

Therefore, from (15), we obtain the second
statement of the theorem.

The following result is a consequence of Theorem
4,

Corollary 5. Let y be a spacelike curve, 9 be
adjoint curve of i, 9 its focal curve in M7 and
9; and ¢; (i = 1,2,3) be respectively curvatures
of ¥ and vy according to g-frame. In the case of g-
normal vector field Ng, is timelike, the focal

curvatures of curve 9 are

9193 — (9193
w, = el e fe x> dsl%ds +0), (23)
2
9193 _ (9193
wy =g +sel (e R Ras— o), (29)

and, in the case of g -binormal vector field B, is
timelike, the focal curvatures of curve 9 are

9,9 9193
Wy = e’ 1923ds(fef 3d +0), (25)
193 9183 4
W, =19iz 192 _f @ (fef o ¢ g—zds+C). (26)

As a result of Theorem 4 and Corollary 5, we
obtain Corollary 6.

Corollary 6. Let i be a spacelike curve, 9 be
adjoint curve of i, 9 its focal curve in M3 and
9; and ¢; (i = 1,2,3) be respectively curvatures
of ¥ and ¥ according to g-frame. Suppose
curvatures of 9 are constant. In this case, if g-
normal vector field is timelike, the focal curve 95
is obtained as
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19 9193
191: -9 + 91 C(191 qu P19, w P29, -
K9 K.'-¢,K19 Kleg 27)
Y191 Y2t (

92
+(19—1 192 C)( T, +KK19 W " repreg D"

and, if g-binormal vector field is timelike, the
focal curve 95 is obtained as

919
—é—;sc(ﬁT + P19, N — Y292

— 91
Ok _l9+ € Kpry W kyrg Y

l/11191 Y291 (28)

Y91
_U1vs 9,
+(—+e 5 C)( Tay + s Nay = oy Bay):

Example. Let us consider the unit speed spacelike
1 s 1
curve Y(s) = (5 sh(s),ﬁ,ﬁch(s)).

Figure 1 The unit speed spacelike curve ¥

Then, the F-S vectors of i are obtained as

Ty (

1 1
as h(s),\/—i,ﬁsh(s)),

921 /05s>
Ny = 1oz o = (sh(),0,ch(s)),

- -1 -1
By=-TyxNy= (T; ch(s),ﬁ,ﬁsh(s)).

Here, it can be easily seen that N, is timelike and
B, is spacelike. Let ¥ be the adjoint curve of .
From (13), we obtain

sh(s),- ch(s)) + c.

(\/_ T
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Figure 2 For ¢ = 0, the curve 9, the adjoint of y

Here c is the integration constant. The F-S vectors
of Y are obtained as

99— -1 -
Ty = E:(T;ch(s),é,ésh(s)),

929 /0s?
N19 = /

= o aeE] (—sh(s),0,—ch(s)),

By=-TyxNy= (_f; Ch(S),%,%Sh(S))-

For the spacelike projection vector p = (0,1,0),
from (4), The g-frame elements and the curvatures
of 9 are obtained as

-1 -1 -1
qu:Tﬁ = (ECh(S)’E’ESh(S))’

= 28 = (Fsh(s),0, 5 ch(s)),

a9 "~ |ITgxpll

By, =-Ty XNy, = (%ch(s),%,%sh(s)),

qv
1
¥ =<Ty,Ng, >= >

9, =<Ty,Bq, >=0,

1

U3 =< Ngy,Bgy >= 75

s
On the other hand, the g-focal curve of ¥ is given by
191: S 19 + (1)]_qu19 + szQQ'

By using (21) and (22), we get
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w; +—=w, = 0.

22

Then, we obtain w; =2, w, = 0. Therefore,
for c=0, the g-focal curve of ¥ is obtained as

Up =9 +2N,, = (\/—lzsh(s), —s,%ch(s)).

Figure 3 The g-focal curve of the adjoint curve 9

4. CONCLUSION

In this study, we aimed to obtain the equations
characterizing the focal curve of the adjoint of a
spacelike curve under the quasi frame in M3. Here
we obtained different equations for the two cases
where the g-normal vector field is timelike, and
the g-binormal vector field is timelike.
Consequently, these equations showed that the g-
focal curve of the adjoint curve of a main curve
can be obtained depending on the curvatures of
the main curve and the adjoint curve. Finally, as
an example, we presented the g-focal curve of the
adjoint curve of a spacelike curve with a timelike
g-normal vector field and gave 3D plots of the
main curve, the adjoint curve, and the g-focal
curve.

The results we have obtained will help us to give
characterizations of such curves and surfaces to
be formed with these curves, their behavior and
geometric expressions of particle motions that can
be expressed by these curves. Therefore, we think
that this study will bring a new perspective to the
subject of associated, focal, and adjoint curves. In
our next study, we are thinking of working on
some special surfaces that such curves will create.
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