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In this paper, we explain how dual quaternion theory can be extended to dual
quaternions with generalized complex number (QC./\/) components. More

specifically, we algebraically examine this new type dual quaternion and give several
matrix representations both as a dual quaternion and asa GCN .

1. Introduction

A real quaternion, as an extension of complex humber
in four dimensions, is defined as

g=a,+a,6 +a,6, +a,€;,

where a,,a,,a,,a, are real componentsand €,,€,,€,

are non-real quaternionic units with the following
multiplication schema [1-3]:

2 2

_ _ a2
_eZ _e3

=-1,
€€, =—€,6 =¢;,
€,6; =66, =6,

€6, =—€6, =6,.

&

The set of real quaternions, which is isomorphic to
Euclidean 4-space, forms a non-commutative and an
associative algebra under addition and multiplication.
The real quaternions have many applications such as
describing rotations in robotics and computer
animation with rotation axis and angle.

A dual quaternion, as an extension of dual
number in four dimensions, is defined by the same
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form with different multiplication conditions for
guaternionic units as [4-10]:

i2:j2:k2:0,
L L 1)
ij=ji=jk=kj=ki=ik =0.

The set of dual quaternions Q,,, which is isomorphic

to Galilean 4-space, forms a commutative division
algebra under addition and multiplication [7].
Furthermore, using the dual quaternions, one can
express the Galilean transformation in one
guaternionic equation.

From a different viewpoint, the set of
generalized complex numbers (GCN'), the general
bidimensional hypercomplex system, is denoted by

C,, and defined by the ring [11-16]:

R[X] ~{z=x1+le:I2=Ic|+p,IeER,}
(X*—gX —p) Pa.%, % € R '
where | is the generalized complex unit. It is

isomorphic (as ring) to the following types
considering the sign of A=g*+4p: for A>0
hyperbolic system, for A <O elliptic system and for
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A =0 parabolic system. The canonical forms of
these systems are given by, respectively,

hyperbolic (perplex, split complex, double)
numbers C, [17-20],

complex (ordinary) numbers C, _, [20, 21],

dual numbers C , [20, 22, 23].

Specially, dual numbers have been widely used for
the search of closed form solutions in the fields of
displacement analysis, kinematic synthesis, and
dynamic analysis of spatial mechanisms.

In (Cq’p , the value

D, =77 = (% + %104 = %1) = X" —px,* +qxX,
is referred to as the characteristic determinant of z.
Considering this characteristic value, z is called

timelike for D, <0, spacelike for D, >0 and null
for D, =0 [12].

Number systems play a special role in defining
different types of quaternions. Combining
fundamental properties of numbers and quaternions
enables to determine new features. Considering the
numbers mentioned above, the quaternions with
different number components have been studied by
several authors in many points of view [24-30]. One
can see the combination of the dual numbers and the
real quaternions in the studies [27, 28, 30]. Moreover,
as an application, the representational method based
on quaternions with dual number coefficients related
to electromagnetism can be seen in [31, 32].

In this paper, we are interested in the combination
of dual quaternions and GCA . In Section 2, we
extend definitions and some universal known results
of dual quaternions to dual quaternions with GCN
components. Finally, we provide a complete
classification in conclusion.

2. Dual Quaternions with GCN° Components

This original section discusses an algebraic behavior
of dual quaternions with GCN" components. Also it

proceeds with the examination of several matrix
representations.

Definition 1. The dual quaternion with GCN
components is of the form:

q=a, +aji+aj+ak,

where the dual quaternion units satisfy equations in
(1). The set of these quaternions is denoted by QD
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Here, | commutes with the three dual
guaternion units. One can see that, the usual dual
operator distinct from the dual quaternion units for
q=0,p=0.

Throughout the paper,
q=a,+aji+aj+ak, p=b+bi+bj+bk
and f=c, +¢,i +C,j+ckeQ, are taken.

We firstly define the basic algebraic
operations on dual quaternions with GCN

components. For any § € QD Sq =3, is the scalar
part and V,=aji+a,j+ak is the vector part.
Equality is as follows: p=§< S;=5;, V; =V,.
The addition of § and P is defined as:

G+P=(ay+by)+(a +b)i
+(a, +b,)j+(a; +by)k
=3, +S;+V; 4V,
=5,.41V

P+

The quaternion §=a, —ai—a,j—ak = Sq—Vy is
called the conjugate of § . Furthermore, for c € (Cq'p,
the scalar multiplication of C and § is defined as:

c = ca, +Ca,i +ca,j+cak
=CS, +CV,.

The multiplication of § and p is defined as:

4P =aghy +(agh, +aby)i

(agh, +a,by ) j+(agh, +ash, )k
qu+Squ+Squ

g.

)

+
=S

ot

Additionally, N, = GG =66 =2aZ is called the norm

a

q
inverse of g for non-null N, that is DNq #0. As it

of §. Hence, the quaternion ()" = is called the

is seen many properties of dual quaternions with
GCN  components are familiar with the usual dual
quaternions.
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Standard elementary conjugate properties establish
the following proposition.

Proposition 1. For any (4, p € QD and ¢,C, eR,
the followings hold:

i) =4,

ii) C1p+czq:C16+C2a~:
iii) Gp=pg=ap,

iv) Ngg =N,

v) Ny, =N;N;=N;N,.

Proof: Considering the conjugate, properties i) and ii)
are quickly obvious.

iii) By using equation (2), we have:

G = ayh, —(agb; +ayb, )i
—(agh, +a,h, ) j—(ab; +a3h, k.

So, it is verified that ﬁ = _f)a = a_r) .

iv) By having property ii) and the norm, we have:
Noo =(c)(cd)=c/N,.
V) From property iii), we
Ngp =(qﬁ)(qﬁ)=q|@ﬁq= NgNy =N;N,.

get:

Proposition 2. QD is a 4 -dimensional module over
C

a.p
with bases {1,i,j,k} and {1,I,i,|i,j,|j,k,|k},
respectively.

and an 8-dimensional vector space over R

Definition 2. Forany G, p € QD the scalar product
is given by:

and the vector product is defined by:

x>y
(6.9) = Gx P= SV, + SV, =V,
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More specially, we examine some identities for the
scalar product.

Proposition 3. For any §,p and FeQ,, the
followings hold:

i) (qF, pr) =(rq, p) =(rq, pr) =(qr, o) ,
=N:(q.p),
i) (Fq, p)=(q,Fp)=<a,P)

Proof: Considering the scalar product and the norm,
the following proofs can be conducted:

i) (aF, PFY = (24, ) (0Cy ) = (<5 ) (29bs )
= Nf<q’ P),
i) (GF, P) = (ayC, ) by = a, (byc, ) = (4, BF).

We are now ready to prove the results based on matrix
approach.

Theorem 1. Every element § of QD can be
represented by a quaternionic matrix:

| }.

Hence 9, < ML, (Q,).

Proof: For quD, /J:Q~,D - &, 4 E, isalinear
a+ak ai+a]

map, where
ai+aj a +a3k}}

is a subset of MZ(QD). So, one can realize the

a,+ak ai+a,j

ai+a,j a,+ak ®)

= {Eq eM,(9,): E, {

correspondence between QD and £ by the map L.
So it is no surprised that 2x2 representation of § is
E, . The proof is completed.

Corollary 1. For all GeQ,, £(d) can also be
written as follows:

L(G)=a,l,+al+aJ+aK,

where LA =1, L£(j) =3I, L(k)=K
equations in (1).

satisfy
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Theorem 2. For (, E)GQD and AeR, then the
followings hold:

i) §=p<E,=E,,
i) Eg,=E,+E,,
iii) Eq=4(Eq),

iv) Eg =E.E,.

Proof:iv)For 4, p Q@ , using equations (2) and (3),

we can write:
£ | abr(abrab)k
a ; :
(b, +ab, )i+(agh, +a,h,)j
Moreover, we obtain:
{awask a1i+azj}{
aji+a,j a,+ak

aghy +(aob3 + a3bo)k
ah, +aby)i+(agh, +a,hy)j

(agb; +ayby )i+(agh, +a,h,)j
aghy + (a5, +agh; )k
b, +bk bji+b,j

bi+b,j b, +b3k:|
(a0b1 +aby)i+(agh, +azbo)j
agh, +(agb; +agb, )k

a—p

! |

It is clear that E,; =EE. The other properties can
be proved similarly.

Theorem 3. Every element § of Q@ can be
represented by the following matrix:

o
o o®d o

F =

q

(4)

N
o o o
D o o o

a
a;
So, QD is subset of M4((Cq’p). Moreover, for
G, peQO, and 1eR,

) p=q4==F =%,
) Foa=F+%
i) Fp = A(Fp).

V) Foqg =FoFe =TT,
V) 6F,6=F; where 5 =diag(L,-1-1-1),
and det(F,)=N3.

Proof: iv)For G, p € Q@ , using equations (2) and (4),
we obtain:
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a,h, 0 0 0
B ab +ab, ab, O 0
®lab,+ab, 0 ab, 0
ab;+ab, 0 0 &b,
Also, we have;
a, 0 0 Ofb, 0O O O
0 O b, 0 O
FoFo = oS % b
a, 0 a Oflb, 0 b O
aa 0 0 af|bp 0O 0 b
a,b, 0 0 0
| ab+ab, ab 0 0
ab,+ab, 0 ab, O
ab,+ab, O 0 ayb,
=Py
It is obvious that F; = F F, = F, F;.
V) Considering equation (@) and
6 =diag(l,—1,—1,-1), we get:
1 0 0 0]b, 0 0 0][1 0 0 ©
0 -1 0 0fb b 0 Ofl0 -1 0 0
5F,6 = ,
7o 0 -1 0lb, by 0J|0 0 -1 0
0 0 0 -1lbb 0 0 BJjlo 0 0 -1
bb 0 0 0]
|-b b 0 0
“|-b, 0 b, OFf
b, 0 0 by

One can see that the final matrix is the matrix ]-"5, S0
we can write 5.7-}) o= ]:B

The proofs of the other properties are straightforward
by considering 4 x4 real matrix representation of the
dual quaternions.

Definition 3. The column matrix form of p with
respect to {L,i,j,k} is p=[b, b b, b].

Corollary 2. Using the above definition, the
multiplication of § and P is also calculated as:

ap=7,P= Pq.



G. Y. Sentiirk, N. Giirses, S. Yiice / BEU Fen Bilimleri Dergisi 11 (2), 586-593, 2022

Corollary 3. For G € Q,,
Fi=al, +a3+a,+a;R,

where
0000 0000 0000
1000 0000 0000
3= E= R= .
0000 1000 0000
0000 0000 1000

The following theorem indicates how to calculate the
formula for matrix representation of the inverse of

GeQp.
Theorem 4. Let § € O, and §* be the inverse of g

1
Then, ]—“q_1 =—]—"a for non-null det(}"q)
,/det(]—"q)

that is Ddet(fq) #0.
Theorem 5. According to {1, 1,i, 1i,]j, 1j,k, Ik}, the
real matrix representation of
G=a,+ai+a,j+akK is:

[Xo1  PXop 0 0 0 0 0 0

Xogo  Xo1+qXp O 0 0 0 0 0

*11 PXp Xo1 PXo2 0 0 0 0

X2 XuataXp Xy Xop+dX 0 0 0 0
% = ><1221 1px22 N 82 ' 0 ” X o PXo 0 0 (5)
Xop X1 +0Xpp X2 Xort@%, O 0

0
0

0
0

PX32
X1+ (X3

Xo1 PXo2
Xo2  Xo1 +dXp2 |

0
0
0

o O o

where a =X, +X,l €C_ , 0<i<3. Moreover,

for G,peQ, and 1R,

a.p’

) pP=0G<=G; =6,
) Gpuq =Gy +G;.
iii) G,, = A(G,),

V) G =G5

Proof: Let us define the linear map f, from QD to
subset of M (R) such that f,(P)=Gp for every

peQ,.Bytaking a = X, +X,| eC,,,0<i<3,
we have the following equations:
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Xo1 + Xoz | + X1 + X li + Xoq ]

o

+Xop 1] + Xg1K + Xg5 1K,

fq(') = G = pXop + (Xor +WXop) 1+ Xl 4+ (g + 0 ) 1+ pXoy
+(Xop +%p0 ) 1+ PXgok +(Xgy + gz ) 1K,

fa(i) = @i = xui+xpli,

fa(li) = ali = pxopi+ (X1 + %)M,

f4 (J) = 0 = Xul+Xpli

fq (ll) = gl = pXeJ+(Xor +a%2) s

fq(k) = gk = XuK+Xgplk,

fq(lk) = gk = pXgK+(Xo; + %) IK.

Hence, by concerning the standard basis

{L1,i,1i,], 1j,k, Ik}, we have 8x8 real matrix

representation of § € QD is calculated as in equation

(5). The proof of the properties can be conducted by
considering the above linear map. Specially, for
property iv), by taking

a =X, +%,1, b=y, +y,leC_ , 0<i<3
for G, p eQD and using equations (2) and (5), the

multiplication of gq and gr, gives the matrix gqr,

quickly.

With an alternative thought,
d=a,+ai+aj+ak, a=x;,+x,l €C_, can
be written as {=q,+ql in QD where

Uiy =X +X;i+X,;j+%;keQ, for 0<i<3,
1< j<2. So, QD is a 2 -dimensional module over

Q, with base {1,1}. This consideration provides a
reformulation of the previous results.

Theorem 6. Let G=q,+ql,p=p,+pl €9,

and A eR. Every element of O, is written by a
2x 2 dual quaternion matrix:
Uo pa,

Ho {ql % +qu'
It means that O, is subset of ML, (Q,) . So, we have:

) P=qoH,=H,,
i) M, =H,+H,,
iii) H,, = A(H,),

V) Hoq =H T,
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and where

det(,) = g +d0,0, — Py det
corresponds the determinant of the quaternion

matrix’.  Moreover,  H, =q,l,+ql,  where
0 »p : : .
= 1 . (It is worth noting that there exists
q

1
different ways to take |, for instance: | = [q 0
p

},see

Definition 4. The column matrix form of p with

respectto {11} is p=[p, pl]T.

in [34]).

Corollary 4. By using above definition, we obtain
ap=",p= pd.

Definition 5. The matrix

q=[d
is called as the vector form of G, where

U1 =Xoi + X1+ %0+ X, ke
= T
and Qi :(Xop)ﬁpxzjixaj)T:[XOj STREY XGJ'}

are vectors (matrices) for 1< j<2.

4. Conclusion

Quaternions ([1-3]) have a deep mathematical
meaning with a long history dating back and are used
in physics to clarify the formulation of physical laws.
A milestone moment in the use of quaternions in
theoretical physic is the creation of special relativity,
which unifies space and time to form a 4-dimensional
space-time. By replacing real quaternions with
complex ones offers a valuable tool in creating
classical physical laws. Complex quaternions having
several properties allow the desirable theorems of
modern algebra to be applied. Furthermore, an
important extension of real quaternions are the
hyperbolic quaternions and the dual quaternions.

2 det@a bD:da—cb, [35].
c d
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Using the different types of quaternions are the way
to description of the classical and quantum fields and
reasonable to express space-time transformations. In
terms of the hyperbolic quaternion, the general
Lorentz space-time transformation can be discussed.
With similar thought, the dual quaternions can be
expressed for discussing the Galilean transformation.
In terms of the dual quaternions this transformation
with underlying algebraic features enables an
efficient form [7-9].

With the leading of the above discussions,
considering GCN' as components of dual
quaternions is the main motivation of this study. For
this purpose, we construct dual quaternions with
GCN  coefficients for real p,q. Moreover, we

examine the basic structures and algebraic properties
by writing them in two forms: a GCAN and a
quaternion. Additionally, we established 2x 2, 4x 4
and 8x8 matrix representations.

With this approach, we can easily write the dual
quaternions with elliptic, parabolic and hyperbolic
number components considering A<0, A=0 and
A >0, respectively, where A= q2 +4p. Bearing in
mind the special values p and g, we have several
types of dual quaternions with GCN° components.
For q=0, p=-1 dual quaternions with complex
number components, for q=p =0 dual quaternions
with dual number components and for q=0, p=1

dual quaternions with hyperbolic number components
are obtained.

Contributions of the authors

Every author contributed equally to this work.
Conflict of Interest Statement

There is no conflict of interest between the authors.
Statement of Research and Publication Ethics

The author declares that this study complies with
Research and Publication Ethics.



G. Y. Sentiirk, N. Giirses, S. Yiice / BEU Fen Bilimleri Dergisi 11 (2), 586-593, 2022

References

[1]
[2]
[3]
[4]

[5]
[6]

[7]

[8]

[9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]
[18]

[19]
[20]

[21]
[22]

[23]
[24]

[25]
[26]
[27]

[28]
[29]

W. R. Hamilton, Elements of quaternions. New York: Chelsea Pub. Com.,1969.

W. R. Hamilton, Lectures on quaternions. Dublin: Hodges and Smith, 1853.

W. R. Hamilton, “On quaternions; or on a new system of imaginaries in algebra,” The London,
Edinburgh and Dublin Philosophical Magazine and Journal of Science (3rd Series), Xxv-xxxvi, 1844—
1850.

W. K. Clifford, “Preliminary sketch of bi-quaternions,” Proceedings of the London Mathematical
Society, vol. s1-4, no. 1, pp. 381-395, 1873.

J. D. Jr. Edmonds, Relativistic reality: A modern view. Singapore: World Scientific, 1997.

Z. Ercan and S. Yiice, “On properties of the dual quaternions,” European Journal of Pure and Applied
Mathematics, vol. 4, no. 2, pp. 142-146, 2011.

V. Majernik, “Quaternion formulation of the Galilean space-time transformation,” Acta Physica
Slovaca, vol. 56, pp. 9-14, 2006.

V. Majernik and M. Nagy, “Quaternionic form of Maxwell’s equations with sources,” Lettere al Nuovo
Cimento, vol. 16, pp. 165-169, 1976.

V. Majernik, “Galilean transformation expressed by the dual four-component numbers,” Acta Physica
Polonica, vol. 87, no. 6, pp. 919-923, 1995.

Y. Yayli and E. E. Tutuncu, “Generalized Galilean transformations and dual quaternions,” Scientia
Magna, vol. 5, no. 1, pp. 94-100, 2009.

I. Kantor and A. Solodovnikov, Hypercomplex numbers. New York: Springer-Verlag, 1989.

F. Catoni, D. Boccaletti, R. Cannata, V. Catoni, E. Nichelatti and P. Zampetti, The mathematics of
Minkowski space-time and an introduction to commutative hypercomplex numbers. Birkhduser Basel,
2008.

F. Catoni, R. Cannata, V. Catoni and P. Zampetti, “Two-dimensional hypercomplex numbers and related
trigonometries and geometries,” Advances in Applied Clifford Algebras, vol. 14, pp. 47-68, 2004.

F. Catoni, R. Cannata, V. Catoni and P. Zampetti, “N-dimensional geometries generated by
hypercomplex numbers,” Advances in Applied Clifford Algebras, vol. 15, no. 1, 1-25, 2005.

A. A. Harkin and J. B. Harkin, “Geometry of generalized complex numbers,” Mathematics Magazine,
vol. 77, no. 2, pp. 118-129, 2004.

S. Veldsman, “Generalized complex numbers over near-fields,” Quaestiones Mathematicae, vol. 42, no.
2, pp-181-200, 2019.

W. K. Clifford, Mathematical papers, R. Tucker, Ed., New York: Chelsea Pub. Co., Bronx, 1968.

P. Fjelstad, “Extending special relativity via the perplex numbers,” American Journal of Physics, vol.
54, no. 5, pp. 416422, 1986.

G. Sobcezyk, “The hyperbolic number plane,” The College Mathematics Journal, vol. 26, no. 4, pp. 268—
280, 1995.

I. M. Yaglom, A simple non-Euclidean geometry and its physical basis. New York: Springer-Verlag,
1979.

I. M. Yaglom, Complex numbers in geometry. New York: Academic Press, 1968.

E. Pennestri and R. Stefanelli, “Linear algebra and numerical algorithms using dual numbers,”
Multibody System Dynamics, vol. 18, no. 3, pp. 323-344, 2007.

E. Study, Geometrie der dynamen. Leibzig: Mathematiker Deutschland Publisher, 1903.

W.R. Hamilton, “On the geometrical interpretation of some results obtained by calculation with
biquaternions”, In Proceedings of the Royal Irish Academy, vol. 5, pp. 388-390, 1853.

Y. Tian, “Biquaternions and their complex matrix representations,” Beitrdge zur Algebra und
Geometrie/Contributions to Algebra and Geometry, vol. 54, no. 2, pp. 575-592, 2013.

E. Karaca, F. Yilmaz and M. Caligkan, “A unified approach: split quaternions with quaternion
coefficients and quaternions with dual coefficients,” Mathematics, vol. 8, no. 12, 2149, 2020.

A. P. Kotelnikov, Screw calculus and some applications to geometry and mechanics. Kazan: Annal.
Imp. Univ., 1895.

A. McAulay, Octonions: a development of Clifford's biquaternions. University Press, 1898.

M. Jafari, “On the properties of quasi-quaternion algebra,” Communications Faculty of Sciences
University of Ankara Series A1 Mathematics and Statistics, vol. 63, no. 1, pp. 1-10, 2014.

592



G. Y. Sentiirk, N. Giirses, S. Yiice / BEU Fen Bilimleri Dergisi 11 (2), 586-593, 2022

[30] L.Qi,C.Lingand H. Yan, “Dual quaternions and dual quaternion vectors,” Communications on Applied
Mathematics and Computation, pp. 1-15, 2022

[31] S.Demir and K. Ozdas, “Dual quaternionic reformulation of electromagnetism,” Acta  Physica
Slovaca, vol. 53, no. 6, pp. 429-436, 2003.

[32] S. Demir, “Matrix realization of dual quaternionic electromagnetism,” Central European Journal of
Physics, vol. 5, no. 4, pp. 487-506, 2007.

[33] F.Zhang, “Quaternions and matrices of quaternions,” Linear algebra and its Applications, vol. 251, pp.
21-57,1997.

[34] F. Messelmi, “Generalized numbers and their holomorphic functions,” International Journal of Open
Problems in Complex Analysis, vol. 7, no. 1, pp. 35-47, 2015.

593



