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Abstract

In probability theory, uniform integrability of families of random variables or random el-
ements plays an important role in the mean convergence. In this paper, we introduce a
new version of uniform integrability for sequences in normed spaces in the weak sense. We
study the relationship of this new concept with summability theory by considering statis-
tical convergence. We also define a new type of uniform integrability of random elements
taking values in topological vector spaces by considering weak integrals. Moreover, we
study the connection of summability theory with this new concept as well.
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1. Introduction

The notion of uniform integrability that has a crucial role in establishing probability
limit theorems is one of the main concepts of the probability theory. It is well known
that mean convergence of a sequence of pth order integrable random variables implies
convergence in probability of this sequence for p > 0. However, convergence in probability
is equivalent to mean convergence under the uniform integrability condition. Various types
of uniform integrability can be found in [1,4,15-18,20].

Throughout the paper, we assume that the triple (H, X, P) denotes a probability space.
Let (Xj) be a sequence of random variables and let I denote the indicator function. Then
(Xk) said to be uniformly integrable if

lim sup/H |Xk’ I{|Xk|>c}d:P =0

c—00 keN

where N denotes the set of all positive integers [4].

The notion of compact uniform integrability which is a generalization of the notion of
uniform integrability [6,18,21] in a separable Banach space has been generalized to the
notion of A-compactly uniformly integrable by Ordénez Cabrera [18]. Let (Y,||.||) be a
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separable Banach space, let (X%) be a sequence of random elements from H to Y and
A = (ank) be a summability matrix. Then (Xj) is said to be A-compactly uniformly
integrable if for any € > 0 there exists a compact subset K of Y such that

sup » |ank|/ [ Xkl x5y dP < e
n€N keN H

The concept of A-compact uniform integrability was generalized via Bochner integral by

Unver and Ulugay [20]. Let (Y,].||) be a separable Banach space. Then a sequence

(X%) of Bochner integrable random elements is said to be A-compactly uniformly Bochner

integrable if for any € > 0 there exists a compact subset K of Y such that

sup Z || / XkI{ngK}dipH <e
n€N peN =

where A = (ayk) is a summability matrix and the integral is the Bochner integral. On
the other hand, Godet-Thobie and Satco [11] introduced a version of uniform integrability
in terms of weak (Pettis) integral: Let (Xj) be a sequence of weakly integrable random
elements in a separable Banach space (Y,].]|). Then (Xj) is said to be weakly uniformly
integrable if for any € > 0 there exists 0 > 0 such that for any £ € N

‘ / XkIFdfP‘
H

whenever P(F) < § where the integral is the weak integral. It was also given in [11] that
(X)) is weakly uniformly integrable if and only if for any € > 0 there exists 6 > 0 such
that

<e€

sup / ‘thIF’diP<8
kEN,heB! JH
whenever P(F) < ¢ where B’ is the closed unit ball of the continuous dual Y of Y.
Moreover, the weak convergence of probability measures which is a different type of weak
convergence plays an important role in the probability theory [2] and Bochner’s theorem
deals with the Fourier transforms of probability measures [3]. Recently, introducing a
version of uniform integrability, A-uniform integrability, for scalar sequences, Khan and
Orhan [12] have brought the notion of uniform integrability to summability theory and
have characterized the notion of strong convergence by proving that a sequence is A-
strongly convergent if and only if it is A-statistically convergent to same number and
A-uniformly integrable.
A real sequence (zy) is said to be A-uniformly integrable [12] if

lim sup > |2| |ank| =0

¢7neN ki|zg|>c
and (xy) is said to be A-strongly convergent to a number L if (see e.g., [9])

Jim Z |z — L||ank| =0
keN

where A = (ay)) is a summability matrix.

A real sequence (xy) is said to be A-statistically convergent [8,10] to a real number L
if for any € > 0 we have

dm, D awe=0
k:lxi—L|>e

where A = (ay)) is a non-negative regular summability matrix.

Indeed, the notions of statistical and A-statistical convergences have been given in
general Hausdorff topological spaces. Let (Y,7) be a Hausdorff topological space, let
A = (ank) be a non-negative regular summability matrix and let (xj) be a sequence in Y.



Weak uniform integrability 93

Then (z) is said to be A-statistically convergent to z € Y (see, e.g. [7,14]) if for any open
set U such that x € U we get

dim, >, ane =0,

k:xp¢U
Considering the open sets of a norm topology we obtain the following definition of A-
statistical convergence in a normed space (Y,].||). Let A = (a,x) be a non-negative

regular summability matrix and let (z3) be a sequence in Y. Then (z) is said to be
A-statistically convergent to x € Y if for any ¢ > 0 we have
Jim > an =0.
killzy,—x|| >e
This definition can be found in [13] for Cesaro matrix.

Furthermore, Connor et. al. [5] introduced the concept of weak statistical convergence
in a normed space. A sequence (zy) is said to be weakly statistically convergent to z € X
in a normed space (Y,].]]) provided that, for any g € Y, the sequence (g(xp — z)) is
statistically convergent to zero. This concept can be given with general summability
matrix: Let A = (a,x) be non-negative regular summability matrix. Then (zy) is said to
be weakly A—statistically convergent to x € Y, if for any € > 0 and g € Y’ we have

T}Lrgo z ank = 0.
kilg(zp—z)|>e
Note that weak A-statistical convergence is linear.

In this paper, we introduce the concept of weak uniform integrability and weak strong
convergence of a sequence in a normed space with respect to a summability matrix in
the functional analysis sense. We investigate the relationship between these concepts
and statistical convergence in the weak topology. We also define versions of these three
concepts for sequences of random elements taking values in a topological vector space by
using weak integrals. We investigate the connection between these concepts and some
previous ones in the literature.

2. Weak uniform integrability
2.1. Weak uniform integrability of sequences of vectors

In this subsection we define the concepts of weak strong convergence and weak uniform
integrability of sequences of vectors with respect to a non-negative regular summability
matrix and investigate the relationship of these concepts with weak statistical convergence.
Throughout this subsection we assume that (Y, ||.||) is a normed space and it is equipped
with the Borel sigma algebra of the norm topology, A = (an) is a non-negative regular
summability matrix and (z) is a sequence in Y unless we indicate converse.

Next proposition proves that weak A-statistical convergence is more general than A-
statistical convergence.

Proposition 2.1. If (zy) is A—statistically convergent to x € Y then it is weakly A—statisti-
cally convergent to x.

Proof. Let € > 0 and g # 0 € Y. Using the fact that |g (z — 2)| < ||g]| [[(xx — )| we
have

€
{hslg (@ =) > e} (ke =) > 1o}
Since A is non-negative we can write

0< Z Ank < Z Ank-
ki|g(zr—z)|>e k:ll(zn—2) 1> 5
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Hence, from the A—statistical convergence of (xy) to z, we obtain that
dm D awe=0.
k:|g(zp—z)|>e

0

Now we prove that weak A-statistical convergence is actually A-statistical convergence
of the weak topology.

Theorem 2.2. Let Y be a topological vector space. Then (zy) is weakly A-statistically
convergent to x € Y if and only if (x) is A-statistically convergent to x in the weak
topology.

Proof. If (x1) is weakly A-statistically convergent to x, then we have for any ¢ > 0 and

g €Y that

Jim > ang = 0. (2.1)
k:|g(zk)—g(x)|=e

Let U be a weakly open set such that x € U. Then, there exist some r € N and
G1,92, ..., gr € Y such that

U= U($,91,92, "'797‘75)
where
Uz, 91,92, 9r.6) ={y €Y :|gi(y) —giz)| <e,i=1,...r}.
If 2, ¢ U, then there exists ig € {1,2,...,7} such that |g;, (zx) — gi, ()| > €. On the other
hand, by (2.1) we obtain
nlLH;O Z ang = 0. (2.2)
k:| 9ig (2k)—gio ()| 2

OS Z Ank < Z Ank

kx,gU ki’!]io (xk)_gio(x)’2€

Therefore we have

which yield with (2.2) that

n11_>1fr010 Z ang = 0.
2 ¢U

Hence, () is A-statistically convergent to = in the weak topology.
Conversely, assume that for any weakly open set U such that x € U

nh_{l;o Z ang = 0.
z@U

Let g € Y and e > 0. Consider the set

Ug={yel:lgly) —g(z)| <e}
which is open in the weak topology such that x € U,. Since

Z Qnk = Z Ank
z¢Uqg kilg(zr)—g(z)| =€

we have from the hypothesis that

Jim > an = 0.
kilg(zk)—g()|>e

Now we define the concept of weak A-strong convergence of a sequence.
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Definition 2.3. (zy) is called weakly A-strongly convergent to = € Y, if for any g € Y’
lim > an |g (z — 2)| = 0.

n—
keN

Next theorem gives a connection between the concepts of weak A-strong convergence
and weak A-statistical convergence with the help of weak A-uniform integrability. We
omit the proof since it can be proved like the ordinary case.

Theorem 2.4. i) If the sequence of (xy) is weakly A-strongly convergent to x € Y, then
it is weakly A-statistically convergent to x.

it) If the sequence of (xy) is bounded and weakly A-statistically convergent to x € Y, then
it is weakly A-strongly convergent to x.

Now we define a new version of uniform integrability in the weak sense which is called
weak A-uniform integrability.

Definition 2.5. Let A = (a,;) be a summability matrix. {x;} is said to be weakly
A-uniformly integrable if for any g € Y’

imsup S Jawel g (ax)] = 0.

Cc—r 00
nEN kil g(ag) [ >e

The following theorem is a characterization of the concept of weak A-uniform integrabil-
ity which is an analogue of the characterization of A-uniform integrability that was given
n [12]. We omit the proof since it can be proved like the ordinary case.

Theorem 2.6. Let A = (an) be a non-negative summability matriz whose each row is
adding up to 1. Then (xy) is weakly A-strongly convergent to zero vector 0 if and only if
(xg) is weakly A-statistically convergent to 6 and weakly A-uniformly integrable.

2.2. Weak uniformly integrability of sequences of random elements

In this subsection we define A-uniform integrability, A-statistical convergence and A-
strong convergence of sequences of random elements taking values in a topological vector
space by using the weak integral. Then we investigate the relationship of these concepts
and some existing concepts in the literature. Throughout this subsection we assume that
(Y, |I-1) is a topological vector space and it is equipped with the Borel sigma algebra of the
topology, A = (a,) is a non-negative regular summability matrix and (Xj) is a sequence
of weakly integrable random elements taking values in Y unless we indicate converse. First
of all we recall the weak integral of a random element.

Definition 2.7. [19] A random element X taking values in Y is called weakly integrable
if

i) gX is Lebesgue integrable for any g € Y/,

ii) There exists a vector z € Y such that for any g € Y’

g(z):/Hng‘.P.

In this case, the vector z is called the weak integral of X and denoted by

/ XdP.
H

Definition 2.8. Let A = (a,j) be a summability matrix. Then (Xj) is said to be weakly
A-boundedly uniformly integrable if for any ¢ > 0 and g € Y there exists a subset
K, := Ky(¢) of Y such that g (Kj) is bounded and

sup Z lank| g </H XkI{Xkng}dfPN <e.

neN peN
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Following two propositions show that the concept of weak A-bounded uniform integra-
bility generalizes the concepts of weak uniform integrability of [11] and A-compact uniform
Bochner integrability of [20], respectively.

Proposition 2.9. Let (Y,||.|) be a separable Banach space. If (Xy) is weakly uniformly in-

tegrable and sup [y |hXy|dP < oo, then it is weakly A-boundedly uniformly integrable
kEN,heB’
where A is the identity matriz.

Proof. Let ¢ > 0 and let ¢ # 0 € Y. If we define f := W then f € B’. Now for an

arbitrary C' > 0 let us define
Dy (C):={se H:|fXy| >C}.
Then from the Chebyshev’s inequality we get
M

7fH|ka’dfP 1 sup /|th|dfP:6

P (Xl > C) < C - C keN,heB’

M

where sup [y (|hXg])dP =M < o0. Soif C' > 5 then P (Dy (C)) < ¢ which imply
keN,heB’

with the hypothesis that

sup / ‘th|IDk C)dCP<
keEN,heB’

Since f € B’ we get
Sup/ |fXk| I, (c)dP < H I

Therefore we have

sup/ ‘ngIDk(C)‘ dP <e. (2.3)
keN JH
On the other hand if we define K, := g~! [-C, C], then we obtain

‘g (/H XkI{ngKg}dﬂ?N = /H (ngI{ngKg}) d?‘ < /H ‘ngIDk@ ‘ dP. (2.4)

So from (2.3) and (2.4) we have

su X1 d?)‘ <e
keIN) 9 (/H kX gKy}

Furthermore, it is obvious that g(K,;) C [-C,C] is bounded. Hence {X}} is weakly
A-boundedly uniformly integrable. O

Proposition 2.10. Let (Y, ||.||) be a separable Banach space and A = (ani) be a summa-
bility matriz. If (Xy) is A-compactly uniformly Bochner integrable, then it is weakly A-
boundedly uniformly integrable.

Proof. Let g #0 € Y. Since (X}) is A-compactly uniformly Bochner integrable for any
€ > 0 there exists a compact subset K of Y such that

sup Y _ |an| /XkI{XkQK}d?H
neNkeN

[lgll’

Since g is a continuous and the sequence { X} } is weakly integrable whenever it is Bochner
integrable, it is easy to check that

’g (/H ka{xkgK}dﬂ’)’ < gl H/H ka{xkgk}dfPH-



Weak uniform integrability 97

Thus we have

sup Z |ank|

neN keN

g </H ka{xkgK}d?)‘ < |lgllsup Y [ank| ‘/H ka{xkgK}dTH <e.

neN peN
On the other hand compactness of K and continuity of ¢ imply that g (K) is bounded.
Hence (X}) is weakly A-boundedly uniformly integrable. O

Now we introduce the concepts of weak A-statistical and weak A-strong convergences
of sequences of random elements.

Definition 2.11. (X}) is said to be weakly A-statistically convergent to a weakly inte-
grable random element X if the sequence of vectors ([;; Xj) is A-statistically convergent
to the vector [,; XdP in the weak topology, i.e., for any ¢ > 0 any g € Y’

M2 am =0
lo( [, (Xk—X)dP)|>¢

Definition 2.12. Let A = (a,j) be a summability matrix. Then (X}) is said to be weakly
A-strongly convergent to a weakly integrable random element X if for any g € Y’

1im > Jan |g (/H(X,c - X)d?)’ 0.

keN
Definition 2.13. Let A = (a,;) be a summability matrix. Then (Xj) is said to be
Lebesgue weakly A-strongly convergent to a weakly integrable random element X if for
any g € Y’

n—oo

tim 3" laul [ 1o (X~ X)|dP = 0.
keN H

Since for any weakly integrable random element X

([ )| v <
H H H

we get a sequence of random elements is weakly A-strongly convergent whenever it is
Lebesgue weakly A-strongly convergent.

Following examples give the relationship between the new concepts for sequences of
random elements and for scalar sequences.

Example 2.14. Let (Y,].]|) be a normed space, let (zx) be a sequence and = € Y. Now
for each k € N let us define the random element Xy, : (J,0(J),\) — (Y,].]]) as

Xk(s) =z,

where J = [0, 1], o(J) is the Borel sigma field of J and A is the Lebesgue measure. Now
define the random element X : (J,0(J),\) — (Y, .]]) by

X(s) ==.

Then it is easy to see that
([ 0= x0a) | = [ lox - 01 dr =g (zx )

for g € Y'. Thus weak A-statistical convergence and weak (or equivalently Lebesgue weak)
A-strong convergence is a generalization of weak A-statistical convergence and weak A-
strong convergence of scalar sequences to sequences of random elements, respectively.
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Example 2.15. Let A = (a,x) be a summability matrix and let = (x) be a scalar
sequence that is weakly A-uniformly integrable. Take g € Y'. Then for any € > 0 there
exists L = L (g, g) > 0 such that

sup Y |g(zk)| |ank] < &
PEN L lg (@) [>e

whenever ¢ > L. Now consider the set Ky = {z € Y :|g(z)] < L} C Y and the sequence
of random elements (Xj) in Example 2.14. Then we have

sup [ank|

neN keN

g(/JXkI{ngKg}dAN =sup Y |%k|/J|9(%)|dA

PEN ki lg(w)[> L

= sup Z |lank | |g (zx)] A (J)
nEN kil g(ay) > L

=sup > |g (@)l ank|

nEN kilg(ag)[> L
< E.

Since g (K,) is bounded, weak A-bounded uniform integrability is a generalization of weak
A-uniform integrability of scalar sequences to sequences of random elements.

Now we deal with the relationship between the concepts of weak A-strong and weak
A-statistical convergences of sequences of random elements and give some necessary and
sufficient conditions for sequences of random elements to be weakly A-boundedly uniformly
integrable in topological vector spaces.

Theorem 2.16. Assume that A = (ank) is a non-negative regular summability matriz
whose each row adds up to 1 and X(s) =0 for all s € H. Then the following statements
hold:

i) If (Xx) is weakly A-statistically convergent to X and weakly A-boundedly uniformly
integrable, then it is weakly A-strongly convergent to X.

1) If (Xy) is weakly A-strongly convergent to X, then it is weakly A-statistically convergent
to X.

Proof. i) Suppose that (Xj) is weakly A-statistically convergent to X and it is weakly
A-boundedly uniformly integrable. Then for any ¢ > 0 and g € Y  we have

lim > ank =0 (2.5)

n—0o0
kil g( [, XkdP)|>e/2

and there exists K, C Y such that g (K) is bounded and

sup [ank|

neN peN

g (/H XkI{ngKg}dgp)‘ < 6/2. (2.6)
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On the other hand we have for any ¢ > 0 and g € Y that
Sanfo ([ xav) = X aule( [ xua)
= " telo( [, Xud?) 522 "
+ > ank |9 (/ XWCP)‘
ki|g( [, XrdP)|<e/2 a
< Z Qnk |9 (/ XkI{XkQKg}dgp)‘
keN
+ Z Ank |9 </H XkI{Xkng}diP)‘ +¢e/2. (2.7)
k:\g(fH XpdP)|>e/2
Since g (Kj) is bounded there exists M > 0 such that for all x € K, |g (z)] < M. Thus
for any k£ € N we have from the definition of weak integral that
g </H ka{xkng}dfP) = ‘/Hg (XkI{Xkng}) d?‘
< /H ’g (XkI{Xkng}) ‘ dP
< MP(H)
=M. (2.8)
Now from (2.7) and (2.8) we can write for any ¢ > 0 and g € Y that

lim sup Z Qnk |g (/ Xkd‘.]’>’ < sup Z Ank |9 (/ XkI{ngKg}diP)‘
H H

N0 LN neN peN

+ Mlim sup Z ank +€/2. (2.9)
n—oo
k:|g fH XpdP|>e/2

Thus by (2.5),(2.6) and (2.9) we get for any e > 0 and g € Y that

lim sup Z ank |9 (/ Xkdﬂ’>’ <e
H

which implies that (X}) is weakly A-strongly convergent to X.
ii) Assume that (X}) is weakly A-strongly convergent to X. Then we have for any ¢ > 0

and g € Y that
</ Xkdfp)‘ = ank |9 ( Xkdjj)’

> ank|g
v (] 5

H

>¢€ Z An k-
k:|g(fHXkdfP)|>s

+ Qnk
k: |g fHXk ‘<5

> Z apk

k:|g( [, XxdP)|>e

Thus we obtain

0< Z apk < — Z ank |9

k:|g( [, XrdP)|>e © ke

()
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which implies (X}) is weakly A-statistically convergent to X. O

Next theorem gives a sufficient condition for weak A-bounded uniform integrability of
a sequence of random elements.

Theorem 2.17. Let A = (ank) and X be as in Theorem 2.16 and assume that for all
g €Y and for each k € N, gXy(H) is bounded. If (X}) is Lebesgue weakly A-strongly
convergent to X, then it is weakly A-statistically convergent to X and weakly A-boundedly
uniformly integrable.

Proof. Assume that (Xj) is Lebesgue weakly A-strongly convergent to X. Then since
Lebesgue weak A-strong convergence of (X}) implies weak A-strong convergence, weak
A-statistical convergence of (X}) is obvious from (ii) of Theorem 2.16. Now let g € Y’
and € > 0. Since (Xj) is Lebesgue weakly A-strongly convergent to X there exists N =
Ngy(e) > 0 such that for all n > N

Zank/ g X5| dP < % (2.10)
keN H
Since
Zank/ |gXk| dP < o0
keN H
for n =1,2,..., N, there exists M = M, > 0 such that forn =1,2,..., N
3 ank/ 9%/ dP < . (2.11)
ke>M H

Now if we consider the subset K, = (J Xi(H) of Y, it is obvious that for
k<M
k=1,2,...M
{s: Xi(s) € K4} = @.
Thus we get for n = 1,2, ..., N that

> anklg (/H XkI{ngKg}dg))‘ =Y ank

keN k>M

g(/Hka{xkgng}dﬂ’)‘
= > am / g (ka{xkgKg}) dfp‘
k>M H

< 3 aw [ 1%l I ere, )27
k>M H

< 3 aw [ lg(X0)] 2. (2.12)

k>M

Also from (2.10) we get for all g € Y’

Sup Y ank |9 (/ ka{xkgKg}dﬂ’>’ < sup y ank/ 19Xk| I x, g5, dP

< sup Zank/ |9 Xx| dP
n>N keN H

3
—. 2.1
< (2.13)

By (2.11), (2.12) and (2.13) we obtain for all g € Y’
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Since
9K =g | UXe )] = U gXe (H)
k<M k<M
is bounded we have (X}) is weakly A-boundedly uniformly integrable. O

From Examples 2.14 and 2.15 and Theorems 2.16 and 2.17 the following corollary is
obtained immediately. State that it is actually Theorem 2.4.

Corollary 2.18. Let (xx) be a sequence in a normed space and A = (ank) be a non-
negative reqular summability matriz. Then (xy) is weakly A-strongly convergent to some x
if and only if it is weakly A-statistically convergent to x and weakly A-uniformly integrable.

Following proposition gives a sufficient condition for weak A-bounded uniform inte-
grability of sequences of random elements taking values in finite dimensional topological
vector spaces.

Proposition 2.19. Let Y be a finite dimensional topological vector space and
A = (ank) be a summability matriz. If

i) for any g € y’ sup Z lank| [5 19Xk dP < o0,
neNkEN

ii) for any e > 0 and g € Y there exists § > 0 such that

supz lank| |9 (/HXkIdeTP)‘ <e

neN keN
sup Z lank| P(Gr) < 9, (2.14)
neN keN

whenever G, € ¥ and

then (Xy) is weakly A-boundedly uniformly integrable.
Proof. By (i) there exists T' > 0 such that

sup Z \ank|/ lgXk| dP < T.
nE€NkeN H

Let ¢ > 0 and g € Y. Then there exists § > 0 such that (ii) holds. From Chebychev’s
inequality, for a fixed a > T'/é we have

J
sup Z lank| P (|gXk| > a) < 7 Sup Z |ank|/ |gX5|dP < 0. (2.15)
n€N ke €N keN i

Now consider the subset K; = {x € Y :|g(z)| < a}. Then from (2.15) for each k the
measurable subset G = X, ' (K ¢) realises condition (2.14). So we have from (ii) that

sup Z |ank\ g (/H XkI{ngKg}dfP>‘ = sup Z \ank| g <,/H XkIdefP)‘ < eE.

neN kEN neN keN
Since g (K) is bounded (X}) is weakly A-boundedly uniformly integrable. O
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