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Abstract

The inequalities of Hermite-Hadamard-Fejer and Hemite-Hadamard are one of the most fundamental
inequalities of the concept of convex functions. New inequalities and results are obtained from applying
these inequalities to many convex functions. This paper deals with Hermite-Hadamard-Fejer type
inequality for the strongly s-n-convex function consisting of strong s-convex and strong n-convex
functions. Some new results related to the left-hand side of Hermite-Hadamard-type inequalities are
obtained such that the modules of the second derivatives of the functions are strongly s-n-convex.

Hermite-Hadamard-Fejer Tipi Esitsizliklerin Giiglii s-n Konveks
Fonksiyonlariyla ilgili Bazi Sonuglar

Anahtar kelimeler
Guglu s-n-Konveks;
Gug¢lu n-Konveks;
Guglu
s-Konveks; Guglu
Konveks; Hermite-
Hadamard Tipli
Esitsizlik; Hermite-
Hadamard-Fejer Tipli
Esitsizlik

Oz

Hermite-Hadamard ve Hemite-Hadamard-Fejer esitsizlikleri konveks fonksiyonlar kavraminin en temel
esitsizliklerinden birileridir. Bu esitsizlikler bircok konveks fonksiyonlara uygulanarak yeni esitsizlikler ve
sonuglar elde edilmistir. Bu makale gli¢li s-konveks ve gii¢lii n-konveks fonksiyonlardan olusan gtiglu
s-n-konveks fonksiyonu i¢in Hermite-Hadamard-Fejer tipli esitsizliklerle ilgilenmektedir. Fonksiyonlarin
ikinci turevlerinin mutlak degerleri gugli s-n-konveks olacak sekilde Hermite-Hadamard tipli
esitsizliklerin sol tarafi ile ilgili bazi yeni sonuglar elde edilmistir.

© Afyon Kocatepe Universitesi.

1. Introduction and Preliminaries

It is known that convex functions have resurfaced
today as from the time of Archimedes and Euclid.
The importance of convex functions in mathematics
cannot be denied. To date, the convex functions
have been developed by many researchers and have
been used in many branches of science. Since the
generalized convex functions are needed to have
new developments regarding convex functions,

many generalized convex functions and some forms
of integral inequalities for these functions have
been applied in recent years (Bayraktar and Gurbiiz
2020, Awan et al. 2017, Song et al. 2018). In 1964,
Polyak introduced the class of strongly convex
functions and made a significant contribution to
optimization development.
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A function such that ¢: A € R = R called strongly
convex function with modulus, g > 0, if

elkz+ (1 -kw) <kp(2)+ (1 —-k)eWw)

—Bk(1—k)(w —2)* (1)

forall,z,w € Aand k € [0,1].

Strongly convex functions attracted the attention
of many researchers and studies of augmented
generalized convex functions began to emerge.

Also, a function such that ¢:Ac R = R called
strongly s-convex function with modulus, 8 > 0,if

okz+ (1 -k)w)
<kp(z)+ (1 —-k)pWw)
— Bk(1 = k)(w — z)? (2)

forall, zzw € Aand k € [0,1] (Erdem et al. 2017).

In 2018, M. Awan introduced the strong-convex
functions class and demonstrated the Hermite-
Hadamard type inequalities for these functions.

A function such that ¢: A € R = R called strongly
n-convex function with modulus, § > 0, if

olkz+ (1 —kDw)
< o) + kn((2), p(w))
- Bk(1 = k)(w — 2)? 3)

forall, z,w € Aand k € [0,1] (Erdem et al. 2017).

In 2020, M. Cortez introduced the class of s — -
convex functions, which is a combination of s-
convex and n-convex functions.

A function such that ¢: A € R = R called strongly
s-n-convex function with modulus, > 0, if

plkz + (1 - k)w)

<o) +kn(e),ow)) (4
forall, z,w € Aand k € [0,1]
(Vivas-Cortez et al. 2020).
Inspired by these studies, we present the following
definition.

Definition 1. The function such that ¢: Ac R - R

called strongly s-n-convex function with respect to

n1:R X R — R and modulus 8 > 0, where 0 < s <

1, if

plkz + (1= K)w) < o(w) + k*n(p(2), p(w))
—Bk(1 — k) (w — 2)? ()

forall,z,w € Aand k € [0,1]
(Oglinmez and Toigombaeva 2021).

Remark 1. If z = w in (5), then we have
0(2) < 92 + k°n(p(2), ¢(2))
—Bk(1 = k)(z — 2)?
ksn(e(2),¢(2)) = 0.
If k = 1in(5), we get
¢(2) < ew) +n(p(2), (W)
¢(2) — W) < n(e(2), p(w)).
fn(@(2), (W) = p(2) — p(w) in (5) then we
also obtain
o(kz+ (1 —k)w)
<o) +k3(p(2) —ow))
— Bk(1 —k)(w — 2)?
=kfp(2) + (1 - k%)oWw)
- Bk(1 —k)(w — 2)?
< o) +in(e@), W) — k(1 — k) (w — 2)*

In (2013), M. E. Ozdemir et al. obtained some new
results for the left-hand side of Hermite-Hadamard
type inequalities for the s-convex function in the
second sense.

Lemma 1. Let ¢: A € R - R is a smooth map on 4,
where e,f €A and e < f. If " € L([e, f]), then
we state the following result

= oz - o (22
=%[—folk2q)” (k#+ (1= K)e) dk

+ fl(l — k2" (kf + -k #) dk]
0

(Ozdemir et al. 2013).
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Theorem 1. Suppose that ¢: 4 € [0,0) - R be a
twice smooth map on A° such that ¢"' € L([e, f]),
where e,f € A and e < f. If [¢"] is strongly s-n-
convex on [e, f], for some s € (0,1] with modulus
B > 0, then we have the following equality

|<p(e 2y —%ffw(z)dz

2 f
(f —e)?
“8(s+1(s+2)(s+3)
12} n e+f
{ ¢ ( 2 )|
He (DI} =1 -0 ()

(f —e)?
“8(s+1(s+2)(s+3)

{[1+ (s +2)2']lle" (@ + " (NI]

[+ Gs+ 11(25 +2)2179] B(F e)z}
B
—1eg f — &)

(Erdem et al. 2017).

2. Main Results

Theorem 2. Let @: A — R be a strongly s-n-convex

function with  modulus S >0. Let the
function y: A > R* be an integrable and suppose
that it is a symmetric function with respect to %

Then we have

e+f

) f w2z
f Y(z)dz + = p f 2z —e — )*YP(2)dz
< f o) dz ®)

_e@+e()
< f Y(2)dz

Z(f f (z —e)Y(z)dz

f
[ - -2

Here M, is the constant which is an upper bound of
the n-convex function.

Proof. Since @ is a strongly s-n-convex function,
then we get

e+f
‘p< 2 )
(ek+f(1—k)+fk+e(1—k)>

< o(fk +e(1— k)
1
+ o5 n(e(ek + F(1 = 1)), @(fk + e(1 = k)))
ﬁ 2
—3 Ukt+e(l—k)—ek—f(1-k)

= ¢ (fk +e(1- k) )

1
+55 n(@ek + f(1 = 1)), @(fk + e(1 — k)

Lar- 12 oy
1
< o(fk+e(1—1) + M,

—%(Zk — D2(f — )%

If we multiply both sides of (9) by

v,b(fk +e(l- k)) and integrate with respect to k
on [0,1], then we derive

© (e al f)f W(fk +e(1— k))dk
1
< f o(fk+e(1—k)Y(fk +e(1—k))dk
0

1
+f L My p(fk+e—10)dk  (10)
) 2
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f —(2k = D2(f — e)?P(fk + e(1 — k))dk.

Next, if we use the changing variables

z=fk+e(l—k) and fk=]%edz, then it

follows that
1
EENILY
1 f
<= PN i+ 5 f Y@z
_ 2 ,
_4(f—€) . sz—:l) (f—e) l,l)(Z)dZ
1 f
=]Te£ (p(z)lp(z)dz+25(f )f Y(z)dz
4(f f 2z — f —e)*Y(2)dz. (1D

Multiplying both sides of (11) by (f — e), we have

cp(e;f)f o(2)dz

f f
5[ w5 [ @z-e-pruea
f
< [ o@we)dz (12)

Now, we obtain the left hand side of the desired
inequality. By using the fact that ¢ is strongly s-n-
convex function and ¥(z) is symmetric, then we
have

plke + (1 =k)f) + @kf + (1 —k)e)

< @(f) + kn(e(e), o(f)) — Bk(1 — k)(f — e)?
+o(e) + kn(e(f), @(e)) — Bk(1 = k)(f — e)?
= [p(e) + ¢ ()] (13)

+e* (10, ) + (0 (). #()))

—2fk(1 - k)(f — e)?

< [p(e) + o(N]
—2Bk(1 — k)(f — e)2.

+ kM,

If we multiply both sides of the inequality (13) by
Y(kf + (1 — k)e) and integrate with respect to k
on [0,1], we deduce

1
f olke + (1 = WKf + (1 — k)e)dk
0
1
+f o(ke + (1 = O YPKS + (1 — k)e)dk
0
1
< [9(e) + 9(f)] f Wk + (1 — k)e)dk
4]
1
+M, f kSW(kf + (1 — k)e)dk
0

1
—2B(f — e)zf k(1= k)ekf + (1 — k)e)dk
0

By changing variables z = ke + (1 — k)f and
dz = (e — f)dk, we also get

2 f
— f e@Y(2)dz

- @(ej):cg(f)[lp(z)dz
+f"ine f: (;:i)slp(z)dz
_ZBj(ff__:)zf: (]Z‘:Z) (1 —ch:

e+ o) [
:ﬁL l/J(Z)dZ

Z) Y(z)dz

(14)

. f
e | @-erv@a

28
S f (2 - )(f - DP(2)dz.
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Then multiplying both sides of (14) by (f —e)/2,
we have

f f
[ o@()dz < LT f V(2)dz

z(f j (2 - )Y(D)dz (15)

f
—p f (2= &)(f — DP(2)dz.

This completes the proof.

Theorem 3. Suppose that @:4 € [0,0) - R is a
twice smooth map on A, where e, f € A and e< f.
If |@"| is strongly s-n-convex on [e,f] with
modulus, § > 0, then the following satisfies

’f fcp(z)dz cp( +f)‘

L Borelor ()
(s +1)(s -|1- 2)(s+ 3) (16)
x ((s 26+ (Jor (5D o)

2n(ie Ol (D)) -0 o

Proof: Taking modulus on both sides of Lemma 1.
Using the fact that |¢@"’| is strongly s — n-convex, we
have

L ) @(z)dz — (p( +f)‘

= z
(f e)Z [f kZ

f e

k—+(1 k)e)‘

kf+ (1- k)—f)|dk]

2
e) U e (19" @)l

enllor (3 wr)

— Bk =IO — )?) dk

e+f

f (a-02(

e n(lcp (f)l,\cp" (=)

— Bk(1 =) (f — e)z) dk] 17)

e IN e
st (o (S50)] b
— 31— K)(f - )7 dk
o (0=l (7))
st -0 (1oL o (S32))
~BR(L~ P~ 0)?).

)

By calculating the required integral in (17), we get

‘f fcp(z)dz cp(

e+f)

e)2

< HIKO!
+si3"(|@ (=
w3l ()

HCERC i 2 +3)" ("p”(f)l' |‘p” (#)D

—ﬁ(f—e)Z]

ST b+ or(20)

1
+ (s+D(s+2)(s+ 3)]

D) tor@n) - 25— or?
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X <(s +2)(s +3)n <|(p” (#N ) Icp"(e)|>

ren(io oo (59)))

B
~Teo ~ e)?.

This completes the proof.
3. Conclusion and Discussion

To obtain new results related to Hermite-Hadamard
inequalities, the generalized convex functions and
the generalized strongly convex functions are
needed. In recent years, some new convex functions
have been introduced by the combinations of
generalized convex functions such as s-h-convex, s-
m-convex, s-n-convex (Bayraktar and Gurbiiz 2020,
Oglinmez and Toigombaeva 2021, Obeidat 2019)
etc.

In our previous work, we introduced the concept of
strongly s-n-convex functions. This paper concerns
about Hermite Hadamard-Fejer type inequalities for
strongly s-n-convex functions. In future works,
researchers are able to derive new integral
inequalities using the strongly s-n-convex functions.
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