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Abstract
keywords In the literature; extensive work on the q and (p,q)-calculus has contributed greatly to describing the

Gamma type operator;  different generalizations of many operators involving the q and (p,q)-integers. In this study, we will

The weighted modulus  present to you, that we define Gamma type operator based on (p,q)-integer. We get some direct output
of continuity; Local including asymptotic formula and error estimation in terms of modulus continuity. In addition, as a

approximation; (p;q)- result of the research, we estimate the convergence rate of these operators in a weighted space.

integer

Gama Tipi Operatoriin (p,q)-tamsayi ikililerine Dayali Yaklasim

Ozellikleri

0z

Literatlirde; q ve (p,q)-hesabi lizerindeki kapsamli ¢alisma g ve (p,q)-tamsay ikililerini iceren birgok
operatorin farkli genellemelerinin tanimlanmasina buytk o6lgide katkida bulunmustur. Size
sunacagimiz bu c¢alismada (p,q)-tamsayi ikililerine gore gama tipi operatori tanimlayarak streklilik

moduil agisindan asimtotik formil ve hata tahmini iceren bazi dogrudan sonuglar elde edecegiz. Ayrica,

yaklasim; (p;q)- bu operatorlerin agirlikli bir uzayda yakinsakligini arastirarak ve yakinsaklik oranini tahmin ediyoruz.
Tamsayi ikilileri

Anahtar kelimeler
Gama tipi operator;
Agirhkh streklilik
moduli; Lokal
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1. Introduction My, . (f ;%)

Recently Karsli (2007,2010) defined and studied 0 o0
some approximation properties following gamma = f f g(n_k)(x ,wWgn(x, )f (). dt
type operator; 00

Lo(f; %) @n—k+Dx™D [ @0
o o =T k! @+ penrs/ (O

= [ [ guate gute00. 5 °
5 b Karsli et al. (2015) introduced stancu type
modification of the qg-type of general Gamma
_(2n+3)! X3 operators as follows:

n! (n+ 2)! 6[ (1 + t)2n+4 f®)dt

ap .
Later Mao (2007) introduced following My q (%)

generalized Gamma type operatér; (n+1)

2n—k+1
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( £k [n]g.t+a
f 2n—k+1 2n—-k+2 f< [n]q Iy >dqt.
0 (q 2 x+ t)

They also present Voronovskaja type theorem and
established some direst results.

These days, in the field of approximation
theory one and two variable quantum calculus and
its applications seem to have created a new field
of study with different results.

Major work on the g and (p, q) —calculus
has played an important role in arriving at
different generalizations of many operators
involving g and (p, q) —integers. As a result, some
researchers have examined many positive linear
operators based on g and (p,q)-integers and have
brought them to the literature by giving their
definitions (Karaisa 2015, 2016), (Gupta 2006,
2018), (Acar 2016, 2018), (Mursaleen 2015),
(Khursheed and Karaisa 2017), (Sadiang 2018).

In this article motivated by these studies in
the literature, we introduce the approximation
properties of Gamma type operator based on
(p, q) —integer.

Since the (p,q) —calculus has been the
most intrusting area of research, this motivated us
to introduce (p, g) —analogue of the generalized
Gamma operators. First, let's start by examining
some definitions and notations of the
(p, q) —calculus concept.

The (p, q) —integer of the number n given
as follows:

n = , 0<g<p<l,
[ ]p,q ( p—q q<Pp
n=12,.
The  (p,q) —factorial  [n],,! and the

(p, q) —binomial coefficients are defined as:
[n] | = {[n]p'q' [n - 1]p.q """ [1]p,q; neN
p.q* 1' 0

n = Ihe 5o
[k]l"q B [k]p_q!.[n-k]p'qyo <k<n

Further the (p,q) —binomial expansions are
given as

(ax + by)} 4
“ k k
= Z p(n; ).q(z).a"‘k.bk.x"‘k.yk
k=0

and

(x = ¥)5 .4 = (&x —y). (px — qy).

(p%x — q*y) ... (™ 1x — g Ly).

Two different (p, g) —expansions named E,, 4 and

e, q of the exponential functions are given as
follows;

n.(n-1)
_ Yoo P 2 n
ep'q(x) _Zk=0 [n]p,q! x
and
n.(n-1)
Ep () = Ty t——x"
p.q k=0 [n]p 4!

We can easily deduce e, 4(x).E, 4(—x) = 1.

Aral and Gupta (2016) for any n,m € N,
proposed (p, q) —Beta, (p , q) —Gamma function
of second kind follows:

B,q(m,n) =
o xm-1
o g o @
and
v n.(n-1)
Fp,q(n) = f p 2 Ep,q(_qx)dp,qx;

0
I, q(n+1) =[n], 4.

Also they showed following relation of
B, 4(m,n)and T}, ,(n):
B, 4(m,n) =

(2-m.(m-1)) (-m.(m-1))

q z - P

Tp q().Tp q(m)
Tp q(m+n)

(2)

Now for 0< g < p < 1 we define (p, q)-
analogue of generalized Gamma type operator as
follows:

Ln,k,p,q (f ;%)

((n—k).(n—-k+1)-2) ((n—k).(n—-k+1)-2)
[2n—k +1], ;! x""q 2 D 2

[n], 4! [n—k], 4!
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©
J- tn—k

o (x+1t)

. f(pn—k+1qn—k+1). dp ,qt

(2n—k+2)
p.q

Lemma 1.1.
LPA™, x)
(-m(@m-1)) (-m@(m-1))
2

[n—k+m], l[n—m], ! p 2 q

[n], ' [n— k], 4!

Proof. By (1) and (2), we have
Lo kp,g @™ %)

((n—k).(n—k+1)-2) (n—k).(n—k+1)
2 2

_[2n—k+1], o'x™q D
[n], 4! [n = k], 4!
—k+
_pmn—km+m_ qmn—km+m f t" n}: dp,qt
2n—k+2
(x+0)3%

0

(n—k).(n—-k+1)-2 (n—k).(n—k+1)
2 2

p

2n—k+1],4'x" g

[n]pq!n —Kklpq!

. t (n—k+m)
_p(mn—km+m)q(mn—km+m)_f (E) d (E)
p\@n—k+2)  PTx
o (1+3)
X/p.q
((n—-k).(n—-k+1)-2) (n—k).(n—k+1)
[2n —k + 1], 4!x"*q 2 p 2

[n]p ¢! n —klp 4

pmn-kmim) g(mn-kmim) p  ((n—k+m+1),(n—m+ 1))

—m(m—1) —-m(m-1)
_[n— k+mlqlln—ml,,! p 2 q 2

[l [ — Kl g! X

The completes the proof.

From Lemma 1.1. we obtain that.

Corollary 1.2.
Ln,k.p,q 1;x)=1

. _ [n—-k+1]p q
Ln,k,p,q(t ; X) = W 5

[n—k+2]p _q.[n—k+1]p q .2
p.q.[nlp q[n-1lp q

Ln,k,p,q (tz ;X)) =

’

[n—k+3]p qIn—k+2]p g[n-k+1]p q 3
ps-qs-["]p qn—1lp q[n-2]p q

Ln,k,p,q (ts ;X)) =

’

Ln,k,p,q(t4 ;)

_n—k 4y gkt 3l g k42 g k1,

xm

p8.q8.[nlp q-In—1lp q-[n— 2] 4

By linearity of L’,’l'q we get.

Lemma 1.3.

In—k+1ly, 1) x
(nl, 4
n—k+1],,

[n]p 4

Ln,k,p,q ((t - x) ;x) = <

Lypq((t =2)? ;%) =

([n— k+2],q.In—k+1],,
p-q. [n]p,q- [Tl - 1]p,q

+1>.x2

2. Local approximation properties of L, ,, , (f ; x)

In this part of our work, we will examine
the Korovkin's approximation property Altomare
(1994) order of convergence under the usual
modulus of continuity and Peetre's K-functional,
and the rate of convergence if it is a member of
the class Lipy (a), etc.

Theorem 2.1. Let (p,,), (q,) be sequences of real
numbers such that 0 < g, <p, <1 and 4> 0.
Then for each, f € Cpl0,00):={f €
Cnl0,00): |f()| <M.(1+t)™ for somem >

0and M > 0}, then sequence of operators
Ly p,.q,(f ;x) converges to f uniformly on any
finite closed subinterval [0,A] if and only if

lim p, =1and lim g, = 1.

n—-oo n—->oo

Proof. First, we assume that limp, =
n—->oco

1, lim g, =1. Now, we have to Show that
n—->oo

Lo(f,Pn Qn;x) converges to f uniformly on
[0, A]. From Corollary 1.2., we see that

Ln(1,pn, qn;x) = 1,
Ln(t' Pn» qn ;x) - X,
Ln(tz'pn' dn ;x) - le

uniformly on [0,4] asn — .

Property of the Korovkin theorem implies
that L,,(f, pn, @n; x) converges to f uniformly on
[0, A] provided f € Cp,[0, o).

Let's show the opposite with a
contradiction. Suppose that p,and g, » 1. Then
they must contain subsequences p,,, €
(0,1), qn, € (0,1), pp, — a €[0,1) and q,, —
b € [0,1) as k — o respectively. Thus,

1 _ Py —Any, 50 ask — oo

[nk]pnk Ang - (pnk)nk_(an)nk
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and we get;

Ln(tzi Pny» qny ;X) —x?
[n—k+ 2] n—k+1]

Py, Any, Dny, Any, 2

pnk.an' [n]pnk .an' [n - 1]pnk 'an
— x2
xZ

==——x2#0 ask — oo.
ab

This appears as a contradiction and like this
pn— land g, » lasn - .

Theorem 2.2. Let f € ([0, ),

q = qn € (0,1) and p = p,, € (g, 1] such that
pn—=land g, = lasn -0 and wy41(f,6)
be modulus of continuity on the finite interval

[0, (a+ 1)] € [0, ), where a > 0. Then
|L,(f, 0, g5 %) — f ()

< 4Mp(1 4 a®)675(x) + 2wa41(f, 6, (X)) where

8,(x) = /L, ((t —x)%,p,q;x) calculated in

Lemma 1.3.

Proof. For x € [0,a] and t > (a + 1) since (t —
x) > 1,
If () — FOl < Mf (2 +x* + t%)
< Mp(2 4 3x% 4 2(t — x)?)
< Mp((4 +3x2).(t —x)?)
< 4M;(1
+a?).(t —x)? 3)

Forx € [0,alandt < (a+ 1)
If (@) = fO] < waa (f, 16 —x])
< (1+54) . waas (£,6) with 5> 0

5
(4)

From (3) and (4) we may write

If(6) = fF(x)] < 4Mp(1 + a?). (t — x)?
H1+2) wain (f,8)

forx € [0,a]and t > 0.

()

Thus by applying the Cauchy-Schwarz’s inequality
we get,

IL,(f,p,q;x) — f(x)]
< L, (If@®) = fC)l,p.q;x)

< 4M;(1+ a®). Ly ((¢ — )%, p, ;%)

1
+ (145 VLG = 0%p, 430 - 0asa(,6)

< 4Mr(1+ a?). 87 (%) + 2041 (f, 6, (X))

on choosing 6 := §,,(x). This completes the
proof.

Now we will present to you the local
approximation theorem for the Kantorovich type
of (p,q) —Szasz operators. Let Cz[0, ) be the
space of all real-valued continuous bounded
functions f on [0, ), endowed with the norm

If1l = Sque[o,oo)lf(x)l-

The Peetre's K-functional is defined by

K3 (f,8) = infecapo,mllf — All + 8141}
where CZ[0,00) := {1 € C5[0,0):1",1"" €
Cp[0,0)}.

By Devore (1993, p. 177, Theorem 2.4 ) there
exists an absolute constant M > 0.

K, (f,8) < Mw,(f,V6), where § > 0 and
w,(f,8)

= SUPo<nssSUPxe[0,m) | f (X + 2h) — 2f (x + h) +
fl,

where f € Cz[0,)and § > 0.

Theorem 2.3.
Letf €(Cg[0,0),0<g<p<1, x €[0,0). We
have,

Ko (f,0,q;%) — FO)| < Mw,y(f ,[8,(x)) +
o(f, |(1 _ [n—k+1]p,q) .x|)'

[n]p q

where M is an absolute constant w is the usual
modulus of continuity and
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5, (x)=L,((t —x)%p,g:x) + (1 — [n—k+1]p 4

["( ) ] . b f (nlp.q ([n —k+1], 4 x

n—k+1lp gz o - —_—
[n]p,q ) X" X [n]p,q

- 9) A" (6)de.

Proof. We consider the auxiliary operators L;, is
given as follows:

Lo(f,p,q; %) In addition to this since
1
=L,(f,p,q;x) — f(W g-x) + f(x) 9),,1”(9)(19‘
(6) f|t—9| 1266 < ]2 f It — 60146

< (t—x)2||2"|| and
From Lemma 1.3. L;,(f,p,q;x) are linear and

[n—k+1 ]p
reconstructs linear operators. Thus, f ] ([n k+1], a 9> A (0)do
x [nlp 4
i [n—k+1],, 2
L ((t=0,p,q;0) s(—————ﬁﬁx—e)¢u|L
]y 4
=L,((t—x),p,q;x)
We conclude that,
([n —k+1],, )
—||———— x| —x .
[nlp q Ly(A,p,q ;%) — Alx)
t
= Ll tp.q32) ~2.Ln(1p.q32) - = lql<fﬂ(t—-9>.A"(9)d9,p,q:x>
[n—-k+1lp 4 ) _
(—[n]p'q X)+x=0. Ikl .
f My 4 (n—k+1] .
x [n]p q '
let x € [0,00) and A € C3[0,). Using the
Taylor’s formula )A”(Q)d@
A1) = 2(x) + ' (x0)(t —x) + fxt(t — < A" L, ((t = x)%,p, q :ch)
n—k+1
)1 (8)de. + <g.x - x) A2
[n]p 4
Applying L7, to either side of the given equation = 5,00 1Al (7)

and using (6) we have,
Keeping in mind the boundedness of Ly, by (6) we

Ly(Ap,q;x) — Ax) have,
= (e =0.20p.:%) L (F.prq )]
t
+Ln <f (t—@).l”(@)d@,p,q;x> < |L,(f,p, g ;01 + 2If Il < 3lIf1l. (8)
=20). Ly ((t = x),p,q;x) Using (7) and (8) in (6) we obtain

t
L@ <f (t—6).2"(6)d6,p,q :x)
X
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IL,(f.p,q ;%) — f(x)l
<L, (f.p.q;%) — f(20)l

(In—k+1],, >|
f)—f (—[n]p,q X

L,((f = ,p,q;x)
—(f =D

B n—k+1],, )
f&)—f <—[n]p’q X

+1L;,(A,p,q;x) — A(x0)|

+

<

+

<L ((fF - Dp.q;ix)
—(f =D

B n—k+1],, )
+|f(x) - f (—[n]p,q X
+ K, (A p,q;x) — A0
<4lf - Al

_[n—k+1]p,q> >

+w(f,|(1 —[n]p’q X
+ 8,(x). ||l”||.

We have the following result;

IL,(f, 0, q ;%) — f(x)l
< 4Ly (f, 6,(0) + o (f, ‘(1

In—k+1,, x)
nl,q

By the definition of K — funcitional we get,

|Kn(f,0,q50) — f(0)
< Mw, (f,\/m) +w<f,|(1—w).x|).

[n]p .q

3. Concluding Remarks.

Karsli (2007,2010) investigated some
approximation properties of gamma type
operators for the first time in the literature and
gave important definitions. Then Mao (2007)
investigated the generalized case of this operator.
Recently, one and two variable quantum calculus
and its applications have been adopted by many
researchers as a new field of study. Karsli et all.
(2015) introduced the stancu-type modification of
the g-type of general gamma operators with the
help of gamma operators. These studies in the
literature have motivated us to investigate the

approach Properties of the (p,q)-integer-based
gamma-type operator.

The results we obtained above; as a continuation
of this study, it has contributed to our
investigation of the generalized form and
properties of this operator.
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