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APPROXIMATION PROPERTIES OF THE FRACTIONAL
g-INTEGRAL OF RIEMANN-LIOUVILLE INTEGRAL TYPE
SZASZ-MIRAKYAN-KANTOROVICH OPERATORS

Mustafa KARA

Department of Mathematics, Eastern Mediterranean University, Gazimagusa
99628 Mersin 10, NORTHERN CYPRUS

ABSTRACT. In the present paper, we introduce the fractional g-integral of
Riemann-Liouville integral type Szdsz-Mirakyan-Kantorovich operators. Ko-
rovkin-type approximation theorem is given and the order of convergence of
these operators are obtained by using Lipschitz-type maximal functions, second
order modulus of smoothness and Peetre’s K-functional. Weighted approxima-
tion properties of these operators in terms of modulus of continuity have been
investigated. Then, for these operators, we give a Voronovskaya-type theorem.
Moreover, bivariate fractional ¢- integral Riemann-Liouville fractional integral
type Szdsz-Mirakyan-Kantorovich operators are constructed.The last section
is devoted to detailed graphical representation and error estimation results for
these operators.

1. INTRODUCTION

Approximation theory is a subject that serves as an important bridge between
applied and pure mathematics. The approximation of functions by positive linear
operators is an important research area in general mathematics. Especially, it
plays an important role in mathematical analysis problems and in many fields of
science. One of its most important advantages is that it provides powerful tools for
application areas such as computer aided geometric design and numerical analysis.
One of the best known of these operators is the Szdsz - Mirakyan operator (see [9)
and [10]), which is generalizations of Bernstein polynomials to the infinite interval
and defined as
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9= nuate) (5).

where n € N, z € [0,00) and s, ;(z) = e~ (no) k,) In literature, there are a lot of
studies that involve Szasz operators, Szasz-Kantorovich operators and their gener-
alizations. For instance, see [1]- [§8] and [14]- [22]. Due to the rapid development

of the g-calculus, various generalizations of Szasz Mirakyan operators involving g¢-
integers have been introduced and approximation properties have been studied.
Several researchers introduced and studied different generalizations of the ¢-Szdsz-
Mirakjan operators in recent years ( (28], [29], [19], [30], [41]). In [28], Mahmudov
introduced and studied the following ¢-Szasz-Mirakjan operators.

n,q f’ ZS”k T (qq) )

where s, x(¢; ) =

About contributions on Kantorovich type modication modified many times ¢-Szész-
Mirakjan operators, so we refer to the papers [31]- [34]. Recently, Fractional calculus
and its applications have been paid more and more attention. fractional calculus
deals with the study of fractional degree derivative and integral operators on com-
plex or real fields and their applications (see [23]- [27]). Mahmudov and Kara,
introduced and discussed the fractional integral of Riemann-Liouville integral type
Szasz Mirakyan-Kantorovich operators as follows:

L k:+t

K(f52) gasnk / (1)

0

—nx (7l1)

where s, 1(x) =€ .The aim of the present paper is to construct the frac-

tional g-integral of Riemann-Liouville type Szasz-Mirakyan-Kantorovich operators
and discuss their approximation properties. The fractional g-integral of Riemann-
Liouville type ( [35]) is given by (I f) (t) = f(t) and

cpy_ L[ f®) .
(Ig f) () [(xqt)(l_o‘)dqt (a>0).

We start by reminding the basic concepts and notations about fractional g-calculus.
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2. PRELIMINARIES

For ¢ € (0,1),

[m], = T m e R

The g-analog of the power function (n — m)(k) with k € Ny :={0,1,2,...} is
k—1
(nfm)(o):l, (nfm)(k):H(nfmqi), keN,n,meR.
i=0
More generally, if v € R, then
oo i
(n—m)(’Y) = Hw n # 0.

n —mgYte’

i=0
Note if m = 0, then (n)(A’) =n7. We also use the natation 0(") = 0 for v > 0. The

g-gamma function is defined by

1— (t-1)
r,)=9"9 R\ {0,-1,-2,..}.
(1-q)
Obviously, I'y(t + 1) = [t], I'q(?).
For any s,t > 0, the g-beta function is defined by

1
By(s,t) = /u(sfl) (1- qu)(t_l) dqu.
0

The ¢-beta function can be expressed by using the g-gamma function as follows:

Ly(s)ly (1)
Te(s+1t)

The g¢-integral definition of the function h on the interval [0, b] is given as:

BQ(S’t> =

t

(I,h)(t) = / h()dys = t(1 — )S h(tg')g', te(0,b].
0 1=0

In g-calculus (see [36]) the following functions are well known as analogues of the
exponential function:

oo
T 1
eq(z) = Zi |lz| < T—¢ lq] <1,

and
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3. RIEMANN-LIOUVILLE TYPE SzASZ-MIRAKYAN-KANTOROVICH OPERATORS

Lemma 1. ( [28]) Let 0 < ¢ < 1. we have

Snqlthia) = 2+ (30424 1) g+ (36" + 302 +0) g + (5.

a2 q) Tnl, nl; * [n]}

Definition 1. Let g € (0,1) and a > 0. For f € C[0,00), Fractional q-integral of
Riemann-Liowville type Szdsz-Mirakyan-Kantorovich operators can be defined by

x 1 1-k k
K (fiw) =) lal, 5n7k(q;$)/f (W) (1—g) " Vd,t, (2
= 0 q

k=0
1 k(k—1) [n]k:ck
where s, (q; ) = WQ 2 W andn € N

if « =1 and ¢ = 1, then the operator reduces to classical Szasz-Mirakyan -
Kantorovich operators.

Due to the moments of the Kff‘q) operators plays significant role in our main
results, we derive the following formula to obtain them.

Lemma 2. Let g € (0,1) and a > 0. Then for x € [0,00), we have

™ I [Ck] [n]J Bq(m —Jj+1,0) .
K (™) = v\ 14 [y Balm = Sna(th: 2), 3)
;<] > ¢’ [nl,
where
- k
Sl = donalai) § (<”>H>
=0 q
and

1
By (a,b) = /x“fl (1—qa)? dgx, a,b>0.
0

Proof. From , we can write

T (a7 E, " .

[a], 8n.1(g; %) <qq> (1—qt) P
[ i,
>

a=Ri [ Y
(m)an}q/?”“”<1—qw””dﬁ
A

Kt ) =

n,q

[n
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_ Z <m) [Oé]q [n]q Bq(m;] +1, a) Zsmk(q; gg) [k]q

=07 @ Il k=0 m
& (m)\ [, [n]) By(m —j +1,0q) .
_JZ—:O('j) @ ]’ Sng(t'; 7).

For j =0,1,2,3,4 (Kﬁ"q(tj; x)),the following can be written immediately.
Lemma 3. Let g € (0,1),a > 0 and n € N. Then for xz € [0,00), we have

() Kifo) = 1,
.. ) (4. — 1
(i) K (tx) = T e+ ]
i g 2riori) o
ii) K (t%z) = : Ty
(i) Kng(#%5) o+ 1], [+ 2], [ ]q+ o+ 1,0, g
3], (2],
w (a =
(i) K5 (%5 ) [+ 1] a+2]q o+ 3], [n];
+ + 3 2+1 x
a+2] [y la+1], (0]
2¢% +¢q a
+<q a—i—l + [n]q>x2+q3;
(U)K(a)( ): q'

[o+1], [o+2], [a +3], [a+ 4], [n]]

q

4[3), + 6o+ 3], 2], + la+ 2]l + 3], {4+ [ +1], }
! o+ 11, o+ 2], [a+ 3, (o]} !

. < 6[2],! 4(2¢% +q) (3¢> + 3¢* + q)> 22
[o+1], [a+2], [0 ¢&la+1], 1) q*[n]2

q
N 4 N 3g+2+ % 5 xt
°+ —.
¢l le+1],  ¢*[n], q°
Proof. Since they have the same proof technique, we only give for K. 7(10‘,1) (t2; z). Using
recurrence formula and Lemma |1}, we get
al B,(3,« 2n] la] B,(2,«
ol BB o 2o, Ba(2.0)

ma T T ) g [n)’

Sn.q(t; )
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el Bt

q* [n],
= 2, + 2 T+ - +
[O‘Jrl]q [0‘+2]q[”ﬁ [a+1]q[n]q q [n]q
2, (2t+f+1,) 4

We are now ready to present the central moments of the operators Kr(Laq) .

Lemma 4. Let q € (0,1) and o > 0. For every x € [0,00), there holds

K,(L‘fq) (t—xx) =

@ ((t— 2% 2 T 22 1,
K5 (= 2)% ) [ + l]q [a+2]q [n]j * [n]q " (q 1)’

K2 ((t— )" )
_ [4],!
[0+ 1], [+ 2], [ + 3], [o + 4] [n]
< 6[2], A .
[a+1], [a+2],[n], |a+1], n]
6[2], 4(24 +q
+ ala+1], [a+2], [0l ' [a+1],

+3q3+3q2+q _ sl —12[0""‘2 .
7*[nl; [a+1] [a+2], [”]2

4 3¢+2++
Pt T m, q[a+1] [,
4(2¢%+q) (2+ [a+1],
73[n], [a+1], nq

1 4 6
tl s —=5+-- 3) z?
(q6 @ q
Proof. Since they have the same proof technique, we only give for K,(fq) (t—x)% ).
From the linearity property of Kr(fq) (t; z)and Lemma [3} we get
Kt — )% 2)

2+ [a+1 2
PSSPV

[0‘4‘1](1[@"‘2](1[”]3 [ +1], [n], q nlgloe+ 1,

+
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d

Lemma 5. Assume that the sequence (qn) satisfy 0 < g, < 1 such that g, — 1
and ¢ — b €[0,1] as n — oo. For every a > 0 and x € [0,00), there holds

1

Jim (o], K5~ o)) = — (4)
Jim [l K = 2)%0) =2+ 22 (1-D), )

and
Jim ], K5t =)' 2) = 0. (®

Proof. Using explicit formula for moments (Lemma [4]), we obtain as

KOt —a)i2) = :

nh—>rréo [TL] qn

lim [n],, K,7((t — )% )

n—oQ

I
8
_|_
8

]
—~

—

|
=

and

m

In 28], Mahmudov gave the following formula for the moments of S, ,(t"; ),

which is a g-analogue of result of Beker [37].

Lemma 6. [29/For 0 < ¢ <1 and m € N, there holds

Snq(t™;x) = Zam,j(Q)Tﬂ- (7)
j=1 [”}q
where
[.7] am,'(q) +am,'71(Q) .
am-‘rl,j(Q) = ! ! Y ’ ) m 2 07] 2 17

q]
aO,O(q) =1, am,O(Q) =0, m>0, amJ(q) =0, m < j.

In particular Sy, q(t™; x) is a polynomial of degree m without a constant term.

Now we additionally need to give the following definitions for our main results:
1. B, [0,00) = {f :[0,00) = R;|f(x)] < My (1+2™)},where My is constant
depending on the function f.
2. Cy [0,00) = By, [0,00) N C' [0, 00).
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&%ﬁmh{ﬁ%&myhmﬁﬁ<m}

|z|—o00
The norm on the space Cj, [0, 00) is showed as || f(z)]|,, = sup '1’;(;”27!
z€[0,00
Lemma 7. Let m e NU{0}, 0< ¢ <1 and a > 0 be fized. Then, we have
|K@a+am0)|| < Cuylaa), neN, (8)
where Cp, j(gq, @) is a positive constant. Morever, we have
K@) < Cnilaa) 1], neN, (9)

where f € C}, [0,00).Thus, for any m € NU {0}, K( : CF,[0,00) — CF, [0,00) is
a linear positive operator.

Proof. For m = 0, inequality is obvious.
Form > 1, combining Lemma and inequality @, we obtain as

K1 +tm,
o +1 (1+t";z)
1 1
= K (tm;
xm_|_1 +xm+1 n,q( ,iC)

Lo i[a]q[n]B(m y+1azam

™+ 1 a:erlj:O qJ[
< 1+ km,j(qv O[) = Cm,](Qa Oé).
Ch. (g, @) is a positive constant with depend on ¢, m, j and «. Moreover,
K@) <1,
for every f € C¥ [0,00) . Therefore, from (| ., we get

(K@) < Cnslaa) IF],

| n] Jo
Jo=

K (14472 H (10)

4. DIRECT RESULTS

Let Cg [0, 00) denote the space of all real-valued continuous and bounded func-
tions f on [0,00). The norm on the space Cp [0, 00) is showed as

1 llepo,00 = sup [f()].

x€ (0,00

Then, the modulus of continuity of f € Cp [0, 00) is given by

w(f,0) = sup  sup |f(z+h)— f(z).

0<h<d z€[0,00)
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Further, Peetre’s K-functional is defined by

Ko(f:0) = it {IIf gl +6]|o"|}  5>0.

where w? := {g €Cpl0,00):g,g €Cs [O,oo)}. By Theorem 2.4 in [11], there
exists an absolute constant L > 0 such that

Ka(f:6) < Lus (f:3) (1)

where § > 0 are absolute constant.
Here, ws (f; ) is the second order modulus of smoothness of f € Cp [0, 00) and
defined as

w2 (f;0) = sup sup |[f(z+2h)—2f(x+h)+ f(z)]
0<h<d z€[0,00)

Lemma 8. Let f € Cp[0,00), 0 < g <1 and a > 0. Consider the operators

K@ (fiz) = K (f:x x) — z;
K (fi) = KE) () + (@) f( +[n]q[a+uq> (12)

Then, for all g € w?, we have

K (giw) - g()| (13)

2], @ (1 1\
= \lort,lar2,m? 0" (i) (Mq o 11q> J
Proof. From we have
K@ (t - 2)30) = KE((t — o) 12) <x+ T x)
= fﬁg(t;x) - xK,(L‘f‘q)(l; x) — (:c + M) +x=0. (14)
Let o € [0,00) and g € w?. Using the Taylor’s formula,
a(t) = o) = (¢~ )’ (@) + [ (¢~ g @y (15)

x

Applying *Kfffq) and using , we can get
t

K (g5w) — g(@) =" K (- 2)g (@)iw) +* K2 /(t —u)g” (u)du;

x
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t

= g/ (x)*Kflaq) ((t—z);z)+ K,(L?‘q) /(t — u)g// (uw)du;

x

1
TF I a1,

1 "
-/ (”[mq[amq‘“)g(“)d“

On the other hand, since

"

g

t t
/\t—u\ ‘g”(u)’dug Hg”H/|t—u|du§(t—x)2’

and

2
<t ‘
“\#L o+,

we conclude that

"KL (g:0) — g()|

1
TF I, Ta 1,

"

<llg

2 (e=74)+ ()|

Finally, from Lemma [d we can write

K (g@) — 9(a)|
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2], x 5 (1 1 Ny
= ([a+1]q[a+2]q[n]§+[n]q” (q_l)+ ([n]q[a+1]q> ) A

O

Theorem 1. Let f € Cp[0,00), 0 < g <1 and o > 0. Then, for every x € [0,00),
there exists a constant M > 0 such that

KE)r50) - 10| < M (5 f60@) ) o (1360 @)

where
o [2]q x 9 (1 1 2 1
@) = ([a+1]q [+ 2], [n]’ T, (q_l) i <[n]q [a+1}q> ) I
and
o _ 1
&ﬂ“”'ﬁﬂﬁiﬂg

Proof. Tt follows from Lemma , that

(i) — f(a)|

g*Kﬁ%ﬂm—fmﬂ+

K)(f = gi0) = (f — 9)(@)|

+f(r)f< +

<

KNS - g,ﬂ+Kf gun

1

Since boundedness of the *Ké?q) and using inequality , we get
K (fi0) - f(@)]

1
ﬂ@—f<x+Mbbﬁih>

[2]q T 9 (1 1 ’ "
- ([aJrl]q[aJrQ]q[n]er[n]qux (q1)+<[n]q[a+1]q> ) Hg H

“K((giw) - gla)|.

<4lf —gll+
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ORESY )*‘55?)(””)

S4|f—gll+w<f;

Now, taking infimum on the right hand side over all ¢ € w? and using the property
of Peetre’s K. —functional., we can get

[KCf30) = f@)] < 4 (£:600@)) +w (£:80) (@)

< Mwy (f; (5510‘)(30)) +w (f;ﬁgf‘)(x)) .
U

Corollary 1. Let 0 < g, < 1, « > 0. For any A > 0 and f € Cp[0,00), then

((fq)n (f;x) converges to uniformly f on [0, A] if and only if ¢, — 1 as n — co.

Theorem 2. Let Kﬁaq) be the operators defined by (@, 0<g<1l,a>0,pe(0,1]
and D be any subset of the interval [0,00). if f € Cp[0,00) is locally Lip(p) on D,
i.e., if f satisfies the following inequality:

|f(t) — f(2)] < Cpplt — 2|, te D and x € [0,00), (16)

then for each x € [0,00), we have

K& (f50) - ()] < Cfp{(K(a) (t=27:2))

where Cy , is constant depending on f and p and d(z, D) is the distance between x
and D defined by

L
2

+ 2d”(x,D)} ,

d(z,D) =1inf{|t —x|: t € D}.

Proof. Let D denote the closure of D. Due to the features of infimum, there is at
least a point ¢y € D such that d(x, D) = |z — to|. By the triangle inequality

76— F@) < 1£0) — T +17() — (o).
Applying K to the above inequality and using (16), we can get
KL(f2) = £ (@)
< KLY () = fto)ls2) + K& (1 (2) — f(to)|52)
< Cpp { B (It = tol”32) + 2 — tol? }
< Cpp {KG) (1t = alf + 2 = tol”2) + 2 tol"}
— Cpp {KC) (1t = ol s2) + 2|0 — to]° }

Choosing a1 = % and as = ﬁ and applying Holder inequality, we have:

K)(fi2) = f(@)
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< 0p { (K e ol ) ™ (K2 (17252)) 7 4 20000, D)}
<Cy, { (K,(Lf“g ((t — ) :c))7 +2d°(a, D)} :

In [38], Lipcshitz type maximal function of the order p defined as

o, (fio)= sup O I@

(17)
z,t€[0,00), 27t |t — $|p

where z € [0,00) and p € (0,1]. In the next theorem we obtain local direct estimate
of the operators KT(Lq) by using .

Theorem 3. Let f € Cp[0,00), 0 < ¢ <1, a >0 and p € (0,1]. Then, for all
x € [0,00), we have

[ 50) — 1@)] < 6, () (K6 (- 30))

)

Proof. From the equation , we have
K (fi) = £(@)| < 6, (f30) KL2) (1t — o 5 2)
Applying the Holder inequality with a; =

KCfsw) = £(@)] < 0, (i) (KL (0 - )%3) )
O

Theorem 4. For0 < ¢ <1, a >0, f € C3[0,00), wat1 (f;0) is the modulus of
continuity of f on the interval [0,a + 1] C [0,00), a > 0. Then, we have

HK(a (I)’ o ANy (1+ @) 6n(2) + 2wata (f; W) -
’Ll}he’r'e \/K(Oé) t — gj)27{1;) gi’l}e’ﬂ by Lemma (lnd ||f||C[0 a - Z?Op ] |f( )|

Proof. For 0 <x <aand a4+ 1<t since 1 <t — x, we have
[f() = F(@)| < My (2° + 17 +2)
< My (2(6—2)° +2+ 30%)
< My (t—x)* (4 + 322)
<AM; (t —2)° (1 +a?). (18)
Also, for 0 <z <aand a+ 1 > t, we have

lf () = (@) < wayr (f; [t — )
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< <1+ t_éx>wa+1(f§5)a (19)
with ¢ > 0.
For 0 <z < a and t > 0, combining and gives
[f(t) = f(@)| (20)
< angye-ap (14 a) + (14 5 s (1),
Applying Cauchy-Schwarz’s inequality to the above inequality, we get
’K(a) (x)‘
SKn‘?‘q)(f; z) (£ () = fz)];2)
<AM; (1+a®) K ((t—2)% ¢an L) Wat1 (f30)
<4AMy (14 a®) K% ((t = 2)% 2) + 2way1 (3 0n(2))
on choosing ¢ := d,(z) = \/Kr(f‘q) ((t — )% 2). O

5. WEIGHTED APPROXIMATION

Theorem 5. Let ¢ = g, € (0,1] such that ¢, — 1 asn — oo and o > 0. Then for
each f € C310,00), we have:
lim K, (F30) = f(@)]|, = 0.

n— 00 2

Proof. e Since the Korovkin type theorem on the weighted approximation(
[12]), we need to verify

lim
n— o0

’K(“ ¢ me -0, m=01,2 (21)

e For m = 0, obvious.
e For m =1 and m = 2, using Lemma [3] we can write:

‘Kﬁaq)n (t;x) — w‘

i 84 60 -], <
o0 @)~ 2|, = s
1 1
= Ssu
vsol+ a2 |[n], [at 1],
1 1
= su
], [a+ 1], ss0l +a?
1
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and

lim HK @) ( x)f:vQHZ

‘Knagﬂ (t%;2) — xQ‘

:c20 1+ a2
1 2], +(2+[0‘+11> NELI
= sup T+ — —x
R a1, o2, W2, 0r 1, 0,
1 x? (2+ [O‘+1]qn) x
<|{——=1])su +
B (qn ) ngl + 22 la+1], [n], m>0]- + 22
2], 1
3~ SUD7 5
[a+1], [@+2], [n], s>0l+=
) (2++1,) 2]
S(—l)—l— + d 5 —0,n — o
4n [Oé + 1]‘171 [n]Qn [Oé + 1}qn [O[ + 2](]” [n]qn

which implies that

lim ‘K,(l‘f‘l;(tm;x)—xm‘L:O, m=01,2.

n— oo

]

In the next theorem, we present a weighted approximation theorem for f €
C5 0,00), where Dogru studied for classical Szdsz operators in [13].

Theorem 6. Let ¢ = q,, € (0,1] such that ¢, — 1 as n — oo and a > 0. For each
feC3[0,00) and B > 0, we have

) K0, (F30) = f(@) ;
B S T T

Proof. Let xy € [0,00) be arbitrary but fixed. Then
K82, (f2) = ()|

sup
z€[0,00) (1 + x2)1+ﬁ
Ki i) - 1@ K8 (i) = (@)
= sup sup
z€[0,z0] (1 + m2)1+ﬂ z€(z0,00) (1 =+ x2)1+ﬁ
K0, (1+ 352)|
= R F P

C[0,x 2€(xg,00) (1 +$2)1+B
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|/ ()]
+ su 1 A
we(wol?oo) (1 + x2)1+ﬂ

= Hy, + Hs + Hj.
Since |f(z)] < Nf(1 + 2?), we have
@l N N
z€(xp,00) (1 +.Z‘2) z€(xo,00) (1 —‘r.%'Q) (1 +$(2))
Firstly, From Theorem , we have

Hy =

H, goes to zero as n — oo.

Secondly, by Theorem
K (1+ ¢212)|

Hy =|f|ly im  sup
% n—oo z€(xp,00) (1 + $2)1+ﬁ

(1+2%)
= sup val
z€(xp,00) (1 + $2)1+B 2
. £l 1ifly

z€(x0,00) (1 + x2)ﬁ N (1 + x%)ﬁ -
Moreover, if we choose zy > 0 large enough, we can see that
H; — 0 and H3 — 0 as n — oo,

Combining, Hy, H> and Hjs, we get desired result. (|

In the next theorem we obtain direct estimation in terms of weighted modulus
of continuity. For every f € C%, [0,00) the weighted modulus of continuity defined

as
- |f(x+h) = f(2)]
Qu(f,0) = xzofgghgé TF@rh)m (22)

Lemma 9. [39/If f € C}, [0,00) ,m € N, then

(i) Qm(f,0) is a monotone increasing function of 0,
(i) lim Q,,(f,0) =0,
6—0*+
In the next theorem, we express the approximation error of K,(f,)‘) by using ,,.

Theorem 7. For f € C% [0,00) ,we have

| =1, < NOuls.(1/vam)).

where N is a constant independent of f and n.
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Proof. From (22) and Lemmal9] we can write

0= @l < @t ot le-al)™) (P51 ) 200

|t — |

<A+ Qz+t)™) < 5 1) Qi (¢, 0).

Then, we have
‘ Ke)(f x))
SKT(L“)I( (t)* f(@)];2)

Qn (£, 0) (K D1+ 2z +1)™);2) + K <(1+(2x+t)m)|t;$|;x>>.

(£, 0) (K(‘X 1+ 2z +1)™;2) +11) .
Applying Cauchy-Schwartz inequality to the Iy, we get

9 1/2
« m\2 . 1/2 @ |t_$| .
L < (K ((L+ 2z +0)™)52))Y (K},,,} (x)) )

Therefore,
K(C’)(f;x) - f(z) (23)
< Qu(f,O)KE) (14 2+ 1)™); )
Qo (f, ) (K (14 2w+ 1)) 2)/? (K(a) ('ta;'z;w>>l/2~(24)
By Lemma[f] and Lemmal]
K1+ 2z + )™ 2) < Cujlg,a) (1 +2™),

(K0 (L+ 2z +6)™)%52) 2 < Oy i(g,0) (L+2™). (25)
and
1/2
o (lt=2f 1 2], @ a1
<K< 5 )) <6J[a+uq[a+21q[n]§+[n}+ 2<q 1)
(2+2)
< 5 (26)
Combining..and. we have
’K(a :L')‘

(142™) (2—1—3:))

0 (£.0) (cm,m,a) (1) + Chyla.) O
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_ (L am)
= (f, ) <Cm7j(q,oz)(1—|—x )+ Ch (g, @ )015%?")’

where

o (2+2xm+x+2xm+1)
1= ig% 1 4 gm+1

if we take 6 = (1 /+v/q[n] q) in the above inequality, we obtain the desired result. [
Next result is a Voronovskaja type formula for the operators Kff‘q) (f;z).

6. VORONOVSKAJA TYPE

Theorem 8. Let ¢ = q,, € (0,1] such that g, — 1, ¢ — b asn — oo and o > 0.
For any f € C510,00) such that ', f " e C3 [0, 00) the following equality holds

nh_)rréo (], [ ( T) — f(x)}
1 ’ 1 g
= arp! @3+t A-0)f @,

Proof. By the Taylor’s formula, we can write

f@) = fa) + f (@)t —2) + %f”(ﬂﬁ)(ﬁ —2)? +r(t z)(t - 2)? (27)
where r(t, z) is Peano form of remainder, r(.,x) € C3 [0, 00) and }i_r)rglor(u x) =0.

Applying K,(Laq) to the both sides of , we get
0l [K8), (Fi2) = 1(@)]

’

= @y, KL —2)i2)+ 57 @), KL, (6 - )% 0)

+[nl,, K (r(tz)(t— )% ).

By Cauchy-Schwarz inequality, we have

K,(Laq)n (r(t,z)(t —2)° \/Kn an (12(t, ) \/Kn 0 ((t— )% ). (28)
Observe that r2(t,z) = 0 and r2(.,z) € C3 [0, 00) .
Then, it follows from that Corollary ,

lim[n], K©) (-2(t,2);2) = 1*(w,2) = 0. (29)
n— oo

Moreover, from @, and , we can obtain
lim K (r(t,2)(t —2)%2) =0 (30)
n— 00 vn
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Hence, combining (), (5) and (30)), we get
lim [n], [K(C) (fi2) = ()]

n—oo

1 ‘ 1
= Gl @Hz@+t1-0)f @,

7. BIVARIATE FRACTIONAL ¢-INTEGRAL
In this section, we introduce the bivariate fractional g-integral of Riemann-
Liouville integral type Kr(Laq) (f;2) as follows:
K352, g (f2,y)

ni1,1n2,41,92

= Z Z [al]ql [aQ]QQ Sna,k1 (quw)snz,]% (q2;y)

k1=0k2=0

11 1-k 1-k
Ik +1 2k +1

//f <q1 [[ 1]111 1aq2 [ 2]112 2) (1 7t1)a1_1 (1 7t2)a2_1dQ1t1dq2t2
n

00

1] q1 [nz] q2

where (z,y) € I? = [0,00) x [0,00) and a1, ag > 0.
Fractional g-integral of Riemann-Liouville integral type Kﬁ?},ﬁi}lm(-;x, y) can
be rewritten as
Knea) L Gay) = K0 (s2) < K22 (5 ).

mn1,Nn2,91,92 m1,91
Lemma 10. Let e;; (z,y) = 2'y/, 0 < q1,¢0 < 1, 0 <i+j < 2 and ai,az > 0.
For (z,y) € I? = [0,00) x [0,00), we have
Kono2)  (eogiz,y) =1,

n1,n2,q91,92

1

Kloves) (e op ) =g 4 ———————
( 10 y) [nl}ql [al + 1]q1

ni1,n2,491,92

Kv(z?,lﬁij)hqz(em; ny)=y+ [na]. oo +1] 7
q2 q2

2], 2+ a1 + l]ql) -2

+ x+
on + 1, [on +2],, [l laa+ 1], [, @

2+laa+1,) 4o

y+ = .
@2 + 1]% [n2]Q2 92

(a1,02) . —
Kmmm‘h#lz (eQO’x’y) - ?

(a1,02)

. 2],
Kn17n27¢117q2 (602, z, y) = + [

2
[012 + 1]‘11 [a2 + 2L12 [nﬂ(h
Remark 1. According to above Lemma (@, we get

1
K (@0 = w0,y) = prm
q1 q1



APPROXIMATION PROPERTIES OF THE FRACTIONAL ¢-INTEGRAL 1155

1
K(al,ag) . -
n1,12,q41,92 (o1 —y;2,y) = [n2] [ + H
[2] x 1
Kloe2) (e — )% 2,y) = “ + +at ( B 1)
n1,12,41,92 [og + 1}q1 [1 + 2]q1 [nl]i [n1]q1 q1
= 55101“)@1;@,
2] y 1
EKQnez) (e —y)? s, y) = - * ty ( - 1)
1,M12,41,42 [042 + 1] [a2 + 2]q2 [n2]32 [nZ]qQ q2
=4 az)(Q27 )

In the next theorem, we obtain the uniform convergence of the bivariate g-
Riemann-Liouville fractional integral type of ¢-Szasz-Mirakyan-Kantorovich oper-
ators to the bivariate functions defined on I? = [0, 00) x [0, 00).

Theorem 9. Let C(I?) be the space of continuous bivariate function on I? =
[0,00) x [0,00) and a1,z > 0. Then for any f € C(I?), we have

lim ‘vaaz) f—fH:O.

n1,ne—00 ni,n2,q91,92
Proof. Using lemma |1} we get
H (al az)

n1,n2,q1, Q2 00 — 600‘ =

ar,a
’ K’r(lhlnzfq)hfkem - elOH -0

(a1,02) _ (a1,02) _
HKm na.qr,q2 €01 ~ €01 —* 0, K’”l;”ZleaQQ (€20 + €02) — (€20 + €02)|| = 0
as ni,ng — 0O

As a result, by Volkov’s theorem [40], we get
lim ||, .~ 1| =0

ni,n.
N1 ,M2—00 1,M2,41,92

For bivariate real functions, modulus of continuity defined as
w(f;(;na(sm) = sup{|f(t,s) *f(xay” : (t,S),ﬂC,y € 123 |t*£L’| S 6na |S 7y‘ S 5m}

Theorem 10. Let f € C(I?), 0 < q1,q2 < land oy, a0 > 0. Then for all (z,y) €
12, the inequality

K0 (Frm) = 1 (,9)| < 4w (£3857) (a150), 0057 (0231) )

holds, where 553”((]1; )8 2‘)(qg, y) are as in Remark .

Proof. By the positivity and linearity properties of the K}S}ﬁ?i}l,qw we can write

K00 (Fimy) =  @p)| < KE52) 0, ((65) =  (@,9)]2,0)
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< w(fib62) (KL, (50) + 5-KE53, (e~ al0))
K@), (59) + £ K52, (15— 9l:0)
7L27<12 ’ 6 n2,92 $ Yy
Applying Cauchy-Schwarz inequality, we obtain

n1,91 n1,q1

1
Ko, (1t —also) < K@), (= 2)50)

SIS

K2, (s —yliw) < K22, (-9 3)
Choosing 61 = 5;‘?1)(111; x) and 6 = 5%2)((]2; y), we have desired result. O

Now, we are present some graphs and numerical results for K. ,(Lo‘q) and K. 7501‘71;&2,1)17(12
obtained by using Matlab.

8. GRAPHICAL SIMULATIONS
Example 1. Consider f(z) = 2® — 92% — 152 + 9 with x € [0,6]. Here we take the
value of ¢ € {0.75,0.85,0.95}, for K100 .q- The Figure 1 demonstrate the convergence
of operators K{O%q to f(x) for increasing values of q and fixzed a,n. Moreover,

absolute error function ElOO 4 (o) = K%Z)’q(f;x) — f(z)| is illustrated in Figure

2. Then, numerical values of Eloo,q (f;z) at some points on the interval [0, 6] for
{q €0.75,0.85,0.95} are given in Table 1.

TABLE 1. Estimation of the absolute error function E%é,q with
f(x) = 23 — 922 — 152 + 9 for some values of z in [0,6] and ¢ €
{0.75,0.85,0.95}.

E%Z} 0.75 E%% 0.85 E%E) 0.95
0.479 0.170 0.056
1.830 0.761 0.178
1.013 0.283 0.692
16.273 6.732 3.551
52.172 22.357 9.397
116.932 | 50.926 19.228
218.776 | 96.211 34.043

DU | WIN O 8

As we increase the value of q and fized o and n, the approximation is good, i.e
for the largest value of q, the error is minumum.
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FIGURE 1. Approximation to f(x) = z3 — 922 — 152 + 9 by
(f:z) for q € {0.75,0.85,0.95}.

(2
KlOE),q

FIGURE 2. E%z),q (f;x) for f(z) =2® — 922 — 152+ 9 and ¢

200

¢-INTEGRAL

150 |

—f(x)=x*-9x?-15x-9
- - Kl2) -
K0,0.75(fX)
-- Kl2) -
K00,0.85(1%)

- - Kl2) -
K00,0.95(1%)

150 -

100

KO
|K100,0.75
—
|K100,0.85

(5)
|K1 00,0.95

(fx)-f ()]
(fx)-f(x)]
(fx)-f(x)|
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= {0.75,0.85,0.95}.

Example 2. Let f(z) = 25 with z € [0,6]. Here we take the value of n € {10,100},
The Figure 8 demonstrate the convergence of operators

a =5 and ¢ = 0.95.
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Kfj%v%to f(x) for increasing values of n. Secondly, The absolute error function
ET(LE:()J.% (fiz)= Kfj()).gs(f;x) — f(x)| is dllustrated in Figure 4. Finally, numerical

values of ET(:%_% (f;x) at some points on the interval [0,6] for n € {10,100} are
given in Table 2.

x10°

_ 1(><)=><s

--K® -
Km.o o5(fX) N

= = K& 005 1
25 100,0.95 -

0.5

FIGURE 3. Approximation to f(z) = 2% by KS())_%(f;x) for n € {10,100}.

TABLE 2. Estimation of the absolute error function ET(LE”()).% with
f(x) = 25 for some values of x in [0,6] and n € {10,100}

Elg)O.QS ESO 0.95
8.57 3.06
401.68 164.39
4067.76 1758.63
21481.26 | 9566.43
78862.08 | 35778.98
229422.04 | 105421.79

SO | W N8

As we increase the value of n and fixed o and q, the approximation is good, i.e
for the largest value of n, the error is minumum.
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25

0.5

%10°

- - K&
Ki0.0.95
—
IK“UO.B 9!

(f:x)-f(x)]
5 (fX)-f(x)]
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FIGURE 4. ET(LE”()).% (f;x) for n = {10,100}, f(z) = 2.

Example 3. Let f(x) = 23 — 422 + 2 with x € [0,5]. Here we take the value of
a € {0.1,10}, n = 150 and ¢ = 0.95. The Figure 5 demonstrate the convergence of

operators Kgg,o.gs to f(x) for increasing values of . Secondly, The absolute error
function EY;&O_% (f;z) = Kr(fq)(f,x) — f(x)| is dllustrated in Figure 6. Finally,

numerical values of E§§3,0.95 at some points on the interval [3,5] for a € {0.1,10}
are given in Table 3.

TABLE 3. Estimation of the absolute error function Egg&&% with
f(x) = 23 — 422 + 2 for some values of z in [3,5] and « € {0.1,10}

z Eg'ol,z)‘gs Egg?o.%
3 6.682 6.472
3.5 1 9.853 9.388

4 13.944 13.161
4.5 | 19.081 17.917

5 25.388 23.780
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60 T T T T

—f(x)=x>-4x%4+2
- — k0.1 e
sl K5l osf) ,
p—il) .
K o .06(1) ,

FIGURE 5. Approximation to f(z) = 23 — 422 + 2 by
K£g3,0.95(f§$) for « € {0.1,10}.

2 r r . .
I /
oal- K'00,0.05(1X)-1X) .
P (1.0) oy 7 ya
IK{00,0.05(X)-F0X)I v
7 7
22 2,0
7 7/
7 7
"4 7
L . J
20 ,/ 7
aa
Ve Fa
18} P 1
.
7
// 4
16 v 1
7 7z
2 e
ey
ey
14 AR 1
.
7z //
< -
7 -
12} e ,
7 -
L P
7
7 -
10 - L 4
s s
P
-7
ol _” |
-7
277
s | | | | L ; : : :
3 32 34 36 38 4 42 44 45 48 5

FIGURE 6. E%?&O_% (f; ) for f(z) = 2® — 42% + 2 and « € {0.1,10}.

Now, we are present some graphs and numerical results for the convergence

of bivariate fractional g-integral Riemann-Liouville integral type Szész-Mirakyan-

Kantorovich operators Ky(fff;fij)h(p by considering the function f(x,y) =z +y.
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Example 4. Consider, f(z,y) = v +y with (x,y) € [0,4] x [0,4]. Here we take

the value of ni,ny € {5,150}, q1 = g2 = 0.75 and o1 = ag = 0.1 . The Fig-

ure 7 explains the convergence of the operators Kr(z?'j{g,'(l)‘)75,0.75 towards the func-

tion f(x,y) for increasing values of n1,ne. Secondly, The absolute error function
0.1,0.1 0.1,0.1 o .
Er(Ll,nz,o.)75,0.75 (fiz,y) = ‘K'r(zl,n2,0.)75,0.75(f;xay) - f(%y)’ is illustrated Figure 8.

Finally numerical values of Efl?"ln’g;é.)mo% at some points on the interval [0,4] x

[0,4] for ni,ng € {5,150} are given in Table 4.

Cfecy)=x+y
(0.1,0.1) .

l:lKS‘S,O 75‘0.75(f’X’Y)
(0.1,0.1) .

I:IK15U.|SU,O 75,0. 75(f'x'Y)

FIGURE 7. Convergence of the operators ng‘ﬁ;g;é?mo% to the
function f(z,y) =+ y.

As we increase the value of ny and no and fixed oy, s, q1 and qo, the approxi-
mation is good, i.e for the largest value of ny and ny and fixed a1, as,q1 and qo,
the error is minumum.

Example 5. Consider f(x,y) = = +y with (z,y) € [0,4] x [0,4]. Here we take
the value of ay,a1 € {0.1,10}, ¢ = ¢ = 0.75 and ny = ny = 5. The Fig-
ure 9 explains the convergence of the operators Ké%l’(’)of?g’o% towards the function
f(z,y) for increasing values of ay, s € {0.1,10} . Secondly, absolute error function
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0.55 \

0.5

0.45

Ky 07 0 75 XYY

—(0.1,0.1) .
‘K|50‘150.0 75.0.75EX YAV

0.5

FIGURE 8. Eg)l',lﬁg;(l)?75,o.75 with f(z,y) = x+zy+12y? for ny,ny €

{5,150} on the interval [0,4] x [0, 4].

TABLE 4. Estimation of the absolute error function E,(Lol'ln’g'é_)75 0.75

with f(x,y) = z + y for some values of (z,y) in [0,4] x [0,4] and
ni,Ng € {5, 150} .

£O.10.T) FO10T)

Ty 5.5,0.75,0.75 | £9150,150,0.75,0.75
0|0 |0.604 0.461
0]0.5|0.604 0.461
0|1 ]0.604 0.461
0| 1.5]0.604 0.461
0|2 |]0.604 0.461
0|25 |0.604 0.461
0|3 ]0.604 0.461
0|3.5]0.604 0.461
0|4 ]0.604 0.461

Eé"?’bc_“?g’o% (fiz,y) = Kﬁ?}ﬁ‘;izl,%(f;x,y) — f(z,y)| is illustrated Figure 10. Fi-

nally, numerical values of Eé)ogl’f?g’o.% at some points on the interval [0,4] x [0, 4]

for aq,a € {0.1,10} are given in Table 5.
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FIGURE 9. Convergence of the operators Ky

T fey)=xry
(0.1,0.1) .
D K5,5.0 75,0. 75(',X,y)

(10,10) .
IKs 5.0.75,0.75 1Y)

the function f(z,y) =z +y.

TABLE 5. Estimation of the absolute error function F
with f(x,y) = x + y for some values of (x,y) in [0,4] x [0,4] and

aj,ap € {0.1,10} .

(or1,002)

,5,0.75,0.75

50,50,0.75,0.75

€ Y Eégébobl.)?s,o.% Eééoééogjs,o.%
0.1 ] 0.1 0.461 0.131
0.1 {0.5]0.461 0.131
0111 0.461 0.131
0.1 (1.5]0.461 0.131
0.1]2 0.461 0.131
0.125]0.461 0.131
0.1]3 0.461 0.131
0.1(3.5]0.461 0.131
0.14 0.461 0.131
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As we increase the value of ay and ag and fixed qq,qs,n1 and no, the approx-
imation is good, i.e for the largest value of a and as and fized q1,q2,m1 and no,

the error is minumum.
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©.1,0.1) V)
‘KSO‘SO,OJS.O 75(1’X'Y) '(x’y”
0.5

‘K(s‘o?éé,g?75.o 75(xy)-xy)l

0.45

0.4

0.35 \

0.3

FIGURE 10. For some (z,y) points, error function Eégg&?)).%,o.?s
with f(z,y) =z +y.

Example 6. Consider f(x) =z +y with (z,y) € [0,4] x [0,4]. Here we take the
value of q € {0.35,0.75}, ny =ng = 10 and oy = a1 =5 for Ké?}ﬁgf,zh,qz. The Fig-

ure 11 demonstrate the convergence of operators K{g:%’qlm to f(zx,y) for increas-

ing values of q1 and qa. Moreover, function of absolute error E;g”%’ql,qz (fiz,y) =

K,(L?},;;“?)h,qz (f;z,y) — f(x,y)|) in is illustrated Figure 12. Then, numerical values

of Eig”%’qh% at some points on the interval [0,4] x [0,4] for ¢1,q2 € {0.35,0.75}are
given in Table 6.

As we increase the value of q1 and g and fized o, s, n1 and na, the approx-
imation is good, i.e for the largest value of ¢1 and qo and fized aq, 2,1 and no,
the error is minumum.
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\

9~ T xy)=xy

(5.5)
K{0.10,0.75,0.75

(fix.y)

FIGURE 11. Approximation to f(z,y) = = + y by K{g:%’qh%

q1,q2 € {0.3570.75}.

0.9

0.8

035X )0yl

K6 005,075 XY

FIGURE 12. E%:%,ql,qz (f;z) for f(z,y) =x+y and g1, = {0.35,0.75}.
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M. KARA
TABLE 6. Estimation of the absolute error functionEig”%’ 1,0, With
f(z,y) = x + y for some values of z in [0,4] x [0,4] and ¢1,¢2 €
{0.35,0.75}.

(5,5) (5,5)

Ty £1010,0.35.035 | £1010.0.75.0.75
00 |]0.847 0.161
01]0.5|0.847 0.161
01 0.847 0.161
0]1.5|0.847 0.161
0|2 0.847 0.161
0]25|0.847 0.161
0|3 ]0.847 0.161
0]3.5|0.847 0.161
04 |0.847 0.161
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