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Abstract

In the current paper, some existence and uniqueness results for a generalized proportional Hadamard frac-
tional integral equation are established via Picard and Picard-Krasnoselskii iteration methods together with
the Banach contraction principle. A simulative example was provided to verify the applicability of the
theoretical findings.
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1. Introduction & Preliminaries

We deal with the following generalized proportional Hadamard fractional integral equation (GPHFIE):

A

! =1 (Int—Ins) -1 ds
P(t) = (t) + <W(’Y)/a e’ (Int —Ins)" " G(s,%(s)) S tE€ [a, b],

= (1) + A TG(t,0(1)),

(1)

where the proportionality index § € (0,1], A € R, fIM denotes the left-sided generalized proportional
Hadamard fractional integral of order v (0 < v < 1), and the functions ¢ : [a,0] = Rand G : [a,0)] x R - R
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are continuous.

It is worthwhile to remark that the aforesaid problem has the advantage of generalizing many earlier
papers, for example, when § — 1, the GPHFIE is reduced to the Hadamard fractional integral equation

¢ S
V() = o)+ o5 [t =Ins) ™ Glow(e) T e fand]

which studied in several forms in recent papers, see [9, [10, 12, 20].
Newly, Jarad et al. [8] suggested a new definition concerning the generalized fractional proportional
fractional integral operator as:

Definition 1.1. Take § € (0,1] and v > 0. The left-sided generalized proportional fractional integral of the
function w € L'[a,b] of order v is defined by

((I0w)(t) = mrl(w / e (1 — )1 w(s) ds, € [a,bl. (2)

Inspired by the above definition, Rahman et al. [17] gave the definition of generalized proportional
Hadamard fractional integral as follows:

Definition 1.2. Take 6 € (0,1] and v > 0. The left-sided generalized proportional Hadamard fractional
integral of the function w of order v is defined by

1 ds

t
Hv,6 _ =1 (Int—Ins) - v—1 &o
(570 (1) ST / % (nt—tns)wls) ©, a <t 3)

The concept of these new operators was disseminated in many prominent areas previously with notable
contributions, see [11, 2, [3] 5l 7, 23].

On the other hand, the utilizing of iterative methods for finding solutions to nonlinear equations has
attracted the heed of many researchers. For instance, El-Sayed et al. [6] used Picard and Adomian decom-
position methods for the following fractional quadratic integral equation:

t— gyl
z(t) = a(t) +g(t,x(t))/0 (tr@)[)

where a : [0,1] = R™ and the functions f, g : [0,1] x RT — R* are continuous.

f(s,z(s)) ds, t€][0,1], « € RT,

In [13], Marasi et al. proved an extension of the Picard-Lindel6f existence and uniqueness theorem for
the fractional differential equations with Caputo-Fabrizio fractional derivatives:

CEDay(t) = g(t,u(t)) ds, te[0,1], u(0) = up,

where $F'D* is the fractional Caputo-Fabrizio derivative of order a € (0,1).

In [14], Micula used Picard iteration method for approximating solutions of fractional integral equations
of the second kind of the form:

0= o

/Ot b(s)(t —s)* ta(s) ds + f(t), te€]0,T], a€(0,1),

where the functions a,b, f : [0,7] — R are continuous. In [I5], Okeke and Abbas introduced the Picard-
Krasnoselskii hybrid iterative process which is a hybrid of Picard and Krasnoselskii iterative processes. They
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concluded that their newly introduced iterative process converges faster than all of Picard and Krasnoselskii
iterative processes. Furthermore, Abdeljawad et al. [4] proved strong and weak convergence results for a
class of mappings which is much more general than that of Suzuki non-expansive mappings on Banach space
through the Picard-Krasnoselskii hybrid iteration process. Using a numerical example, they proved that
the Picard-Krasnoselskii hybrid iteration process converges faster than both of the Picard and Krasnoselskii
iteration processes. It should be noted that the Picard iteration is the simple iteration for approximate
solution of fixed point equation for non-linear contraction mapping.

Some recent contributions on investigating fractional differential and integral equations via Picard itera-
tive method can be located in the papers [18, 21, 22].

Motivated by the consequences in the above-mentioned articles, our target in the current work is to give
more general results in a framework of the generalized proportional Hadamard fractional integral operator.

The main recency of the existing work could be listed as:

i) We propose a new category of fractional integral equations in terms of the generalized proportional
Hadamard fractional integral.

ii) From the choice of the proportionality index § = 1, we get the well-known Hadamard fractional integral
equations.

iii) With the aid of the Picard and Picard-Krasnoselskii iteration methods together with the Banach con-
traction principle, the mains results are established.

The following result will have a pivotal role in proving one of the main findings in the current paper.
Lemma 1.3. (Lemma 2, [19]) Let {z,} be a non-negative sequence with the property
Znt1 < (1 — 1) 2n.
If {nn} € (0,1) and Y o7 np = co. Then lim, o0 2, = 0.
Going forward, we will introduce these assumptions.
(A1) The function ¢ : [a,b] — R is continuous on [a, b].
(A2) The function G : [a,b] x R — R is continuous and bounded with

M= £ )]
L 1G(t,v)|

(A3) There exists a constant L > 0 such that

‘g(t71/]1) - g(ta ¢2)’ < ijl - 1/}2’7 vt € [a’a b]7¢i71/)2 eR.

2. Uniqueness result via Banach contraction principle

Let C = C([a,b],R) be the Banach space of all continuous functions from [a,b] into R with the norm
|z = max;eqp) |2(2)]-

Theorem 2.1. If the assumptions (A1) — (A3) are fulfilled, provided that

LIA(Inb — Ina)?Y
NT(y+1)

Then the GPHFIE has a unique solution in C.

< 1. (4)
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Proof. Define the set
Qp:={xeC:|x—pl)| <k}

MM (Inb—Ina)”

where k = RINCESY

Clearly, the set €, is non-empty, convex and compact in the Banach space (C, || - ||).

Define the integral operator H : C — C by

ds

S

(Hy)(t) = o(t) +

A b5
Sr [T - G we) T e fatl veC ()
It obvious that the solution ¢ € C of the GPHFIE is equivalent to the fixed point of the operator H, i.e.
Hep = .

First, we show that H maps Q. into €.
For ¢ € Q and since ‘eé%(lnt*lns) <1, Vt>s, 6 €(0,1], using (A2), one has

() — ()] < < / eS| (1 ¢ — n sy G (s, ()| &
—0T(y) o ’ 5
M‘)\’ t 'y—l dS
< 5711(7)/61 (Int —1Ins) .
MIN(Inb—Ina)” i
ST (y +1) o

Which implies that H : Qp — Q.

Next, we show that # is a contraction. For 11,19 € Qy, using (A3), we get

A b osoa d
|(H1)(t) = (Hy2)(1)] < m'r('w / e’s M (It —Ins) "1 |G (s, ¥1(s)) — G(s, ¥a(s))] f
A t _ d
< 5V|I’(|7) /a (Int —Ins)" P Lj(s) — va(s)| ?S
Taking the maximum of the above inequality implies to
LIA|(Inb —1Ina)”
a1 — | < KR IO

N (y+1)

In the light of the condition , we infer that H is a contraction and consequently, H has a unique fixed
point which is the unique solution of GPHFIE (). O

3. Picard iterative process

The Picard iterative process [16] defined by the sequence {v,}>2 as follows:

o =¢€C,
"/}n :Hwn—h nZL

is used to examine the existence and uniqueness of solutions of the GPHFIE (). We begin with
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A b5y d 7
U () = Po(t) + 5T() /a e 5 (Int=Ins) (Int —In 5)771 G(s,n-1(5)) ?S, n>1. (7)
For n =1, reads
A b5 a d
0n(t) = () = s [ €O e - s G () L

which implies that
MM (Inb —Ina)?Y

[P1(t) — o(t)] < ST(y+1)

For n > 2, we get

W)n(t) - djnfl(t” <

< 7
— O(y
Putting n = 2, then using , we obtain that

LAl [ d
a(t) = 1 (0] < s [ e s )~ (o))
< MLIA?*(Inb —Ina)®
- T2 (y 4+ 1) ‘
Similarly, for n = 3, we get
LA [? d
a(0) = 0a(0)] < s [ e = s )~ a )]

< MLAM3(Inb —Ina)®
T D (y+1)
Repeating this technique, we get

|V (t) — Yn—1(t)| < ML <L|)\(lnb_ lna)’Y)"

N (y+1)

Since % < 1, then the infinite series 7 ; (¢n(t) — ¥p—1(t)) is uniformly convergent.

On the other side, since ¥, (t) = o(t) + > iy (¥i(t) — 1i—1(t)). Then the convergence of the sequence
{1hn}52 is equivalent to the convergence of the infinite series Y ;o (¢i(t) — ¥;—1(t)) and the solution will be

Hence, in accordance with the aforesaid discussion, we conclude that the sequence {t,, }2° is uniformly
convergent and the assumption (A1) implies

A b s ds
— T (Int—Ins) o -1 as
Wp(t) nlgrolo 57P(’Y)/a es (Int —Ins)”" " G(s,1¥n-1(s)) .
A bose _ d
= ST / ¢*5 (Int-lns) (Int —Ins)" "1 G(s,1(s)) ;5
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This proves the existence of a solution.

Next, we show that the uniqueness of the solution. Let ¥(¢) be a solution of (IJ). Then

mo:¢@y+MFWL/eﬁmm4mmmt—m@*4g@ﬁ@»i? t € [a,b].
Thus, we get
90 = (0] < ps [ [0 = s 1606 9() ~ Glss b ()]
< 5VLI|’?‘7) /a (Int —Ins)" 1 |0(s) — Pp_1(s)| %,
90) = a0 < s [t =17 005) — vmalo)]
900) = 2] < ity [ (ne =187 1006) = a0

M|X(Inb —Ina)”

[9(t) — ()] < 57T (7 + 1)

Hence, we get

LIA|(Inb — In a)7>n+1

[0(t) — vn(t)] < ML < ST (~ + 1)

Therefore,

This completes the proof.

4. Picard-Krasnoselskii hybrid iterative process

The Krasnoselskii iterative process [I1] is defined by the sequence {6,,}5°, as follows:

0, € C, (9)
Ons1 =1 — )0, + pHb,, n>1,

where p € (0,1).
Latterly, Okeke and Abbas [15] initiated the following Picard-Krasnoselskii hybrid iterative process by

the sequence {wy, }° :

wy; =w € C,
Wnp+1 = Hun, (10)
up = (1 — pwy, + pHwy,, neN,

where p € (0,1).
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Theorem 4.1. If the assumptions (A1) — (A83) are fulfilled. Then the GPHFIE has a unique solution
w* (say), and the Picard-Krasnoselskii hybrid iterative process @ converges to w*.

Proof. Let {w,}52 be an iterative sequence created by the Picard-Krasnoselskii hybrld iterative process
. 10) for the operator H defined by (5)) and w* be a fixed point of the operator H, i.e. w* = Hw*.
We show that w, — w* as n — oo. For ¢ € [a,b], one has

i — |
— 11 = ) + Mo, — |
< (1= )llwn — " + [ Hup — Hoo'|
— (1— ) wn — |
n A 'S nes) (1t 1 s B . ds
s {2 e (it = 37 (@5 ()) ~ G5, () |}

d
< (1= ) w, wH+Mth{ (i - msvlweﬂ%e»—geﬂwe»|s}

N ds
< (1= p)||wn — w||+ﬂt€[ab]{&F /mt Ins)" ! Jwy(s) — w*(s)] 5}

. (Inb —In a)'Y
< (1— _
< (1= wllun — v+ p PR s, |
B LI (Inb—1na)? .
—<1 Q ) ) =l (11)
Using , we get
[wni1 —w*|| = [[Hun — Huw'|
= max A /teaél(lntlns) (Int —Ins)" 1 (G(s,un(s)) — G(s,w*(s))) ds
tefa,b] | |0T(Y) Jq T ’ s
t
LA [ - ooy ds
< trél[aa?g] {57F(7) /a (Int —Ins)" " |up(s) — w*(s)| .
LN (Inb—1na)? .
< - .
It follows, from and (12)), that
. LA (Inb—1na)” LA (Inb —1na)” .
- < 1—(1- — . 1
funis ) < 2 NI ) o — ] (13)
Since %ﬁl < 1, then we obtain that
. LA (Inb —1na)” .
— <(1-(1- — w*.
s =l < (1= (1= ZEHEEED) ) - ) (19

OV (v+1)

Note that 1 — (1 - M) p=n, <1and ||w, —w*|| = z,. Thus, all the conditions of Lemma
are satisfied. Hence, lim,,_, ||w, — w*|| = 0. The proof is finished.
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5. Example
In this section, we give an example to examine the applicability of the theoretical findings.

Example 5.1. Consider the following GPHFIE:

o Laga (b, st WO

Here, v = %, 0 = %, A= %,go(t) = %t?’, and G(t,v) = %4— Si?t%ﬂ‘“. It is clear that ¢ and G
are continuous functions on [1,e] which imply that the assumptions (A1) and (A2) are satisfied and

M = & + 52¢ ~ 1.368625949.

Further, for each t € [1, €] and 1,12 € R, we get

sine

5

G(t,91) = G(t, )| < |th1 — ol

Thus, the assumption (A3) holds true with L = Si2¢.

In view of the above parameters, the condition can be obtained as:

LIX|(Inb—1Ina)”  2sine
NT(y+1)  250(3/2)

~ 4.28108 x 1073 < 1.

Therefore, all the conditions of the Theorem hold true. Hence, the GPHFIE (5.1) has a unique
solution on [1, €].

6. Conclusions

Based on Picard and Picard-Krasnoselskii iteration methods with the Banach contraction principle, novel
existence and uniqueness results for a new category of generalized proportional Hadamard integral equations
are established. In order to illustrate the obtained results, an example is proposed.

References

[1] M. I. Abbas, M. A. Ragusa, On the hybrid fractional differential equations with fractional proportional derivatives of a
function with respect to a certain function, Symmetry 13(2) (2021), Article ID:264.

[2] M.I. Abbas, Controllability and hyers-Ulam stability results of initial value problems for fractional differential equations
via generalized proportional-Caputo fractional derivative, Miskolc Mathematical Notes 22(2) (2021), 1-12.

[3] M.I. Abbas, Non-instantaneous impulsive fractional integro-differential equations with proportional fractional derivatives
with respect to another function, Math. Meth. Appl. Sci. 44(13) (2021), 10432-10447.

[4] T. Abdeljawad, K. Ullah, J. Ahmad, On Picard-Krasnoselskii Hybrid Iteration Process in Banach Spaces, J. Math. 2020
(2020), Article ID: 2150748, 5 p.

[5] D. Boucenna, D. Baleanu, A. Makhlouf, A.M. Nagy, Analysis and numerical solution of the generalized proportional
fractional Cauchy problem, Appl. Numer. Math. 167 (2021), 173-186.

[6] A. M. A. El-Sayed,- H. H. G. Hashem, - E. A. A. Ziada, Picard and Adomian decomposition methods for a quadratic
integral equation of fractional order, Comp. Appl. Math. 33 (2014), 95-109.

[7] S. Hristova, M.I. Abbas, Explicit Solutions of Initial Value Problems for Fractional Generalized Proportional Differential
Equations with and without Impulses, Symmetry 13(6) (2021), Article ID:996.

[8] F.Jarad, T. Abdeljawad, J. Alzabut, Generalized fractional derivatives generated by a class of local proportional derivatives,
Eur. Phys. J. Special topics 226 (2017), 3457-3471.

[9] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential Equations, Elsevier B. V.,
Amsterdam, 2006.

[10] A.A. Kilbas, Hadamard-Type Integral Equations and Fractional Calculus Operators, Operator Theory: Advances and
Applications 142 (2003), 175-188.

[11] M.A. Krasnosel’skii, Two observations about the method of successive approximations, Usp. Mat. Nauk 10 (1955), 123-127.



M.I. Abbas, Adv. Theory Nonlinear Anal. Appl. 6 (2022), 538-{546| 546

[12
113
[14]
[15]
[16]
[17]

[18]
[19]

[20]
[21]

22]

23]

Ch. Li, Uniqueness of the Hadamard-type integral equations, Advances in Difference Equations 2021 (2021), Article ID:40,
doi:10.1186/s13662-020-03205-8.

H.R. Marasi, A.S. Joujehi, H. Aydi, An extension of the Picard theorem to fractional differential equations with a Caputo-
Fabrizio derivative, J. Funct. Spaces 2021 (2021), Article ID:6624861.

S. Micula, An iterative numerical method for fractional integral equations of the second kind, J. Comput. Appl. Math. 339
(2018), 124-133.

G. A. Okeke, M. Abbas, A solution of delay differential equations via Picard-Krasnoselskii hybrid iterative process, Arab.
J. Math. 6 (2017), 21-29.

E. Picard, Memoire sur la theorie des equations aux derivees partielles et la methode des approximations successives, J.
Math. Pures Appl. 6 (1890), 145-210.

G. Rahman, T. Abdeljawad, F. Jarad, A. Khan, K. S. Nisar, Certain inequalities via generalized proportional Hadamard
fractional integral, Advances in Difference Equations 2019 (2019), Article ID:454, doi:10.1186/s13662-019-2381-0. operators
A. Sahin, Some Results of the Picard-Krasnoselskii Hybrid Iterative Process, Filomat 33(2) (2019), 359-365.

S. M. Soltuz, D. Otrocol, Classical results via Mann-Ishikawa iteration, Revue d’Analyse Numérique et de Théorie de
I’Approximation 36(2) (2007), 195-199.

J. Wang, Z. Lin, Ulam’s Type Stability of Hadamard Type Fractional Integral Equations, Filomat 28(7) (2014), 1323-1331.
J. Wang, M. Feckan, Y. Zhou, Weakly Picard operators method for modified fractional iterative functional differential
equations, Fixed Point Theory 15(1) (2014), 297-310.

J. Wang, Y. Zhou, M. Medved, Picard and weakly Picard operators technique for nonlinear differential equations in Banach
spaces, J. Math. Anal. Appl. 389 (2012), 261-274.

Sh. Zhou, S. Rashid, E. Set, A.G. Ahmad, Y.S. Hamed, On more general inequalities for weighted generalized proportional
Hadamard fractional integral operator with applications, AIMS Math. 6(9) (2021), 9154-9176.



	1 Introduction & Preliminaries
	2 Uniqueness result via Banach contraction principle
	3 Picard iterative process
	4 Picard-Krasnoselskii hybrid iterative process
	5 Example
	6 Conclusions

