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Abstract
In this research, we develop some differential subordination results involving harmonic
means of f(z), fy(z) + z2f](2) and fp(z) + Zfibig)), where fi(z) = ﬁ, b>0;neN=

1,2, 3... is an n-fold symmetric Koebe type functions defined in the unit disk with f;,(0) =
0, f{(z) # 0. By using the admissibility conditions, we also study several applications in
the geometric function theory.
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1. Introduction and definitions

Harmonic mean is a particular case of the power mean and it is used where the average
rate is desired. It is Pythagorean mean, along with arithmetic and geometric mean. This
is always less than either of them. The harmonic mean denoted by H of positive reals
x1,%2,..., T, is defined as that the reciprocals of the arithmetic average or mean of the
reciprocals of x1, za, ..., x,, that is

1 1)
n=(ix)

2x122
r1+a2

mean G by G = v AH. For more information, we refer [1-7,9-12]. To obtain our major
results, we are introducing some preliminary notations. Let [E be the unit open disk in C
defined by |z| < 1 and let H{(E) represent the class of functions holomorphic or analytic in
E. Let A, be the subcollection of H(E) of functions f: f(0) = f/(0) — 1 = 0. A function

f € A, is represented by
f(2) = 24 anp12" T + any22" P + . 2 €E. (1.1)

A function f € A, is univalent, if it is one-to-one in [E. We denote this set by 8. For f, g €
H(E), we say that f < g, if there exists a well-known Schwarz function w : f(z) = g(w(z)),

For a special choice, we write H = . It is related to arithmetic mean A and geometric
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for z € E. If g € 8, then this < is equivalent to f(0) = ¢(0) and f(E) C ¢g(E). In the
following, we present some definitions. Let P be the collection of functions p : p € H(E),
p(0) =1, Rep(z) > 0 and

p(2) =1+ ce2® + ¢32° + ...,z € E.

Definition 1.1. For @ € C, n € N and h € Q, the set of admissible functions ¥, [, h]
consists of ¥ : C? x E — C that meet the admissibility conditions:

U(r, s,t,2) ¢ Q, for r=~h(), s =m&h' (&)

and

é.h// (f)
W (&)
where the set Q represents analytic or holomorphic and injective functions on OE\E(h) :

E(h) = {€ € OE : lim,_,¢ h(z) = oo}, such that h'(£) # 0 for £ € OE\E(h). If h € Q, then
h(E) is simply connected.

Ret—i—lsze( +1), ¢ e E\E(h),m > n,z € E,
S

An n—fold symmetric Koebe type function f; is defined by

z
z)=—b2>0;n=1,2,3....
fu(z) (1—2z7)°

The function f; becomes the Koebe function for n = 1 and b = 2. For the above
definitions, we refer [2] and [8] respectively.

2. Preliminaries

To discuss our prime theorems, we need the following useful lemma.

Lemma 2.1 ([8]). Let h € Q : h(0) = a, and p(z) = a + a,z™ + ... with p(z) # a and
n > 1. If p £ h, then for zo = roe? € E, & € OR\E(h) and m > n > 1, p(E,,) C h(E),

p(20) = h(&o), (&) =méoh' (&) and Re P12 41> mRe (S0 1 1).

3. Main results

Theorem 3.1. Let fp(z) = (1;”)!, be holomorphic or analytic in E with fy(z) # 1. If
25(2) [fo(2) + 2f3(2)]
Re e P, 3.1
{ 20n(2) + 25 )
then f, € P.
Proof. Let us suppose that
1l-(mb-1)z
h(z) = —— (3:2)

with h(E) = {w:Rew >0} and b > 1 such that h(0) = 1,E(h) = {1}, h € Q. Then,
from (3.1), we want to prove that f, < h. Assume that f, £ h. The Lemma2.1 shows
that there is a point 29 € E and & € OE\{1} such that f,(29) = h(&) and Re fy(z) > 0,
z € E|,j|=r- Thus Re fj(20) = 0. Therefore, we choose f;(z0) = iz, where x is real. Because
of symmetry, we consider that = > 0. Take h~!(2) = z_@:bl_l). Then

o 1— fiy(=0)
€0 =h""(fol=0)) = ﬁ—f:(zw
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el (o) = — (L= 0o(z0) Uo(z0) = (b= 1)) _ (1= fl=0)) (f(20) = (2Re fy(2) = 1))
2—nb 2 — 2Re fp(2)
_ () =D (A = Refo(z)) _ (1= fo(z0)) (Re fy(2) — 1)
2 —2Re fi(2) 2(1 —Re fi(2))
=) (T=5G) ) 1P ) =1
- 2(1-Refy(z))  2(1-Refi(z))  2Re(l-fi(2)

Since for Re fp(z) > %b,n >2and b>1,if 29 € E,& € OF and

Re fp(z0) = min {Re f,(2) : |2| < |20]},
then
20f3(20) o n_|fo(z0) = 17
fo(z0) — 2Re(1— fi(20))

20 ft! (20)
fitz) 120

or we can write

Re

Therefore, we see that

-m 20) — 1/?
20.fy(20) = m&oh' (§o) = 2 P‘{Je%((lo—)fb(lzl)).

For fy(z0) = iz, the above equation takes the form

m iz — 1|2 ma? 41 m(z? +1
20.f3(20) = m&oh/ (&) = _2R’e(1—l'x) =31 —~ ( 2 ) =y. (3.3)
By using (3.3), we thus prove that
Re 2/v(20) [fo(20) + 20f5(20)] | _ Re {m (ix + y)} _ 222y ~0
2f5(20) + 2z0.f{(20) 2ix 4y 4a2 42

This contradicts our hypothesis. Therefore f;, < h and this leads to the desired proof. [

From the above result, we have the following corollary as a particular case:

Corollary 3.2. If ¢(z) = @ such that %ﬂa) € P, then ¢ € P.

Theorem 3.3. Let f, be analytic in E with fy (2) # 1. Then 1;{22;);3;{&;?(2) € P implies
b b
that fp € P.

Proof. Following the procedure adopted by Theorem 3.1 and setting fj(29) = iz, x > 0,
20 f(20) =y, y < 0, we obtain

Re be(Z(]) + QZofé(Zo) ~ Re { 2ix +y } _ 2y
1+ fi(z0) + 20fu(20) f5(20) —x?+iry] (1 —22)? + 2292
This follows the required proof. O
Corollary 3.4. Let ¢(z) = @ Then
2071 (2) (8(x) +20/(2) _ 25 /l%) Jo(2)

671(2) +2(0(2) +2¢'(2)) 7555 + 2f(2) € P implies that == € P.

Theorem 3.5. Let f, be analytic in E and with f, # 1. Then
2fl(z
folz) + fbb((z))

)
2+ 70

€ P implies that f, € P.
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Proof. We just show that f, < h, where h is defined by (3.2). As done in the Theorem
3.1, we have a point zp € E : fy(20) = iz,z > 0 and 20 f}(20) = y, y < 0, so that we can

write
20 f;(20)

o fo(20) + To(20) ~ Re 1T+ % —0
2+ 20 f;(20) 2_Y ’
FHED) N
Hence the result follows. O

Corollary 3.6. Let f;, be holomorphic or analytic in E and i) _ o(z) with 1+ @)

/ Jo(z) fi(2)
Z(?(S) — ¢ (2). Then

$(2) (355 -6 (=)
29 ()
Theorem 3.7. Let f, be holomorphic or analytic in E with fy, (z) # 1. Then
2/ (2) + Z;:?b(ii)
L+ f2(z) + 2fi(2)

Proof. Following the procedure as in Theorem 3.1 and setting f(z9) = iz, x > 0,
z0ft(20) =y, y < 0, we obtain

ho [ 2PCOT IR Y 2wk )
2 / - . N\2 . -
1+ f§(z0) + 20f4(20) 1+ (iz)” +ixy

€ P implies that ¢ € P.

€ P implies that ¢ € P.

Hence the result follows. O
Corollary 3.8. Let ¢(z) = Z]f;é((zz)). Then
20%(2) (2 — 6 (=
<¢() ) € P implies ¢ € P.
24/ (2)

Theorem 3.9. Let f, be holomorphic or analytic in E with fy(z) # 1 and M € R*. Then

‘2fb<z> () +20(2))

2f(2) + 2f(2) < M implies that |1 — fy(z)] < M.

Proof. We suppose that

h(z) =14+ Mz, 0<M<1 (3.4)
with h(E) = {w: |1 —w| < M}, h(0) =1 and h € Q. Then (3.3) takes the form
2£p(2) [fo(2) + 2£3(2)]
2/(2) + 2f3(2)

Suppose that f; A h. Then Lemma 2.1 shows that there exist zg € E, &y € OE and m > 1,
such that

-1

< M which implies that f, < h.

fo(z0) = h(&o),
[fo(20) =1 < M, z€E_
and
| fo(20) = 1| = [h(&0) — 1| = M.
We can select fy(20) of the form fy(29) = 14 Me® where 6 is real. Using (3.4), we have

b0 = W™\ (folz0)) = P2 =1

% with zofi(z0) = m&h/ (&) = mMe®, m > 1.
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We can also write

2fp(20) [fo(20) + 20.f'(20)]

(o) + S z0)

m (Meie + 1)

= [M]

_ ’2f5<zO> + 220/y(20) fy(20) — 2fo(20) — 203(20) -

2fv(20) + 20f;(20)

2+ (24 m) Me®

For contradiction, we show that the last expression is greater than M which is equivalent

to
(1 + Mei0> m

—|>1
2+ (2+m) Met?

1+

or we observe that
2

)

‘2+(m+2)Meie+m(M€i9+1)’2Z ’2+M(2—|—m)6i0

which further implies that

m+ 4
3m+4

—(3m+4)< —M>(M—1)20.

For M > 0 and m > 1, (3m +4) ( mtd M) (1-—M) > 0 which contradicts the as-

3m+4
sumptions of the theorem. Therefore f, < h and thus the proof follows.

Corollary 3.10. Let fybe analytic in E and p(z) = @ alongwith

2(p(2) +2p'(2) _ 2fi(2)
zp(2) fo(2)

For 0 < M < 1, the inequality

zp' (2) + p(2)
zp’(2)
) 11

Corollary 3.11. Let p(z) = f}(z) and M € (0,1). Then

< M implies that |p(z) — 1| < M.

21(2) + 21, (2)

)
2+ T

— 1| < M implies that |fj(z) — 1| < M.

Corollary 3.12. Let p(z) = ZJf;’;((ZZ)) and 0 < M < 1. Then
2f1(2) 2, (2)  2(2)
27,6 {“ HONAC)

G 206

S (e e

2fy(2)

} — 1| < M implies that
fo(2)

—1‘<M.

O

Theorem 3.13. Let f, be holomorphic or analytic in E with f,(z) #1 and 0 < v < 1.

Then
2 /
arg fb(;}bgb)(j-)z—i_f;ﬁb)@)] -1 < ’yg implies that |arg fp(z)] < ’yg.
Proof. Let us suppose that
b—1)z—1]" b—1)z—177"" 2-nb
h(Z): |:(7’L Z_)f :| or h/(Z):’y|:(n Z_)f :| (1_7;‘)2
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with A(E) = {w: largw| <~5}, h(0) = a, and h € Q. Then the condition in (3.5) is
rewritten as
g 2 () + A1)
2fp(2) + 2f;(2)

Suppose that p £ h. Then, from Lemma 2.1, we have zy € E,{y € OE\{1} and m > 1,
such that

—-1| < 'yg implies that p < h.

fo(20) = h(&o) or zofy(z0) = m&oh/(&o).
This implies that
folz0) = h(éo) = (iz)” = 27’3, (3.6)

where = € R. Because of symmetry, we consider x > 0. We can write

b= h (fylzo)) = — el =1

[fs(20)]7 — (nb—1)

[(1—(nb—1)2)]""
(1—2)*t

W(z) =~

[2 — nb]

and

1 -1
fy<1—(nb—1)m> (2 — nb)
W (&) = L

P
ll_ [n(z)) 7 1 ]
)

By using (3.6), we see that

1

[t = 1] (ifo)?) (Ifz0))? = (mb—1))
(2 — nb)
~ iz — 1] (iz)" "t iz — (nb — 1))
(2 —nb)

&oh/ (&) =

or
20f(20) = m&oh' (§o)
my  (iz— 1) (iz)

2 (1~ 2) iz~ (nb— 1)
myz?e'3 0V iz — (nb — 1)) (iz — 1)
2(1-%
~ myz? [(nb— 1) — 2? — nbai] etz (=1

B 2x

We also see that

fb(Z()) 2 T

20fi(z0)  my |(nb—1) —a® — nbxi] . imy [(L’Z — (nb—1) +nbxi| .
2 T -
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Thus we can write

20 £} (#0)
g 2I0) stan) + 0fiCen)] [ _ | 2Pleo) [1+ S
2fp(20) + ZQfé(ZQ) 2+ 20, (20)
Jo(z0)
20 f1(20) 1+ iu
B fo(zo) | _ | T E
= |arg fp(20) + arg fe) | = |73 + arg il 272
2+ fv(20)
This is a contradiction to our hypothesis. Therefore p < h and we have the desired
proof. O
Corollary 3.14. Let fy be analytic in E and p(z) = be)' Then
2/o(2) fy(2) T fb(Z)’ ™
— | < vz lies that < y—.
arg ABESAE) 75 tmplies that |arg — 75

4. Concluding remarks and observations

In this research, we developed differential subordination associated with the harmonic

means of f;(2), fi(2)+2f}(2) along with fb(z)—sziéi((zz)), where f,(z) = m, b>0;n € Nis
an n—fold symmetric Koebe type function defined in E : f,(0) = 0, f/(z) # 0. By using the

admissibility conditions, we also studied some applications in geometric function theory.
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