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Abstract

Problem Statement: Recent research and evaluation reports show that
students are not learning geometry efficiently. One identifier of student
understanding related to geometry is teachers’ knowledge structures.
Understanding what a proof is and writing proofs are essential for success
in mathematics. Thus, school mathematics should include proving
activities. Proofs are at the heart of mathematics, and proving is complex;
teachers should help their students develop these processes in the early
grades. The success of this process depends on teachers” views about the
essence and forms of proofs. Hence, it is necessary to investigate the
classroom teachers’ perceptions related to proofs.

Purpose of the Study: The purpose of this study is to determine the proof
scheme of pre-service teachers when proving a geometry theorem. In this
sense, the study is oriented by the research question: which proof schemes
do pre-service teachers use when making proofs in geometry?

Method: The current case study is a detailed examination of a particular
subject. Firstly, an open ended question was asked, and then semi-
structured interviews were conducted. The three students investigated in
this study were selected by considering their Basic Mathematics scores.
Two girls having maximum and average scores and a boy having a
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minimum score voluntarily participated. The students were asked to proof
“the sum of the interior angle measurements of a triangle is 180°”. After
proving this, each student was interviewed about what they think about
proofs and proving,.

Findings: The findings of the study reveal that pre-service classroom
teachers have difficulties related to proving. Also, the participants’
attitudes are not parallel to their achievements in the lesson. Another
result of this study concerns using proofs in teaching and learning
processes. When students are asked about their opinions regarding proofs,
it is understood that they have the common idea that the lessons should be
made with proofs.

Conclusion and Recommendations: The results of this study and other studies
in the field reveal that pre-service teachers are not able to prove even a
simple geometry theorem. What underlies this is that pre-service teachers
are thought to have insufficient knowledge about the definitions of
geometric concepts as well as the misconceptions concerning the topic.
Another reason can be that participants do not experience any proving
processes in previous education. Hence, students should realize how
valuable proving and acquiring knowledge is through the counsel of a
teacher.

Keywords: Teaching mathematics, proving, teacher candidate

Introduction

According to the needs of the 21st century, mathematics education aims to
construct the real life connections of mathematical concepts. When viewed from this
aspect, geometry is the study of space and shape, which helps students represent and
make sense of the world (Clements, 1998). NCTM (2000) emphasized the importance
of geometry by stating “geometric ideas are useful in representing and solving
problems in other areas of mathematics and in real-world situations” (p.41). The
study of geometry helps students develop the skills of critical thinking, deductive
reasoning, and logical argument. Thus, it helps students efficiently solve the
problems they face in daily life (Van de Walle, 2004; Driscoll, 2007). Herewith,
geometry is one of the bridges between concrete objects and abstract thought.
Regrettably, international and national reports execute that students are not learning
geometry meaningfully and efficiently (Yildirim, Yildirim, Yetisir, & Ceylan, 2013;
TEDMEM, 2014; Buyukozturk, Cakan, Tan, & Atar, 2014a; Buyukozturk, Cakan, Tan,
& Atar, 2014b). One of the determinants influencing students’ learning of geometry is
teachers” knowledge structures, which play a fundamental role in student learning.
When considered from this point of view, classroom teachers’ geometric
understanding and thinking becomes crucial.
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Geometry becomes meaningful within geometric thought. According to van
Hiele, a student who is learning geometry progresses through levels in geometric
thinking: recognition, analysis, order, deduction, and rigor (Van Hiele, 1986; Van
Hiele Geldof, 1984). The geometry curriculum students have up to the end of high
school contains an almost ordered level (Crowley, 1987). As geometry is not taught
through reasoning and is not proof based in primary and secondary schools, this
situation is far from beneficial to student thought processes and is, instead,
restrictive.

One of the substantial components of geometric thought is proof. Van Hiele
levels focus on geometrical understanding and reasoning, and thus on proofs (Burger
& Shaughnessy, 1986; Senk, 1989). The deduction level of geometric thinking is
concerned with the axiomatic structure of mathematical understanding (Crowley,
1987). As to the van Hiele model, only if/when the student reaches the deduction
level (the level at which the student understands the meaning of deduction and the
roles of axioms, theorems, postulates, and proof) can s/he be able to write formal
proofs (Senk, 1989). Development of geometric thought is directly associated with the
proof process.

As an outstanding part of geometric thought, proof plays a significant role in
terms of mathematics education. Numerous research shows that the concept of
proofs has an important place in geometry teaching (Hanna, 2000; Martin & Harel,
1989; Moutsios-Rentzos & Spyrou, 2015; Usiskin, 1982). Bell (1976) describes proofs
as an essentially public activity that follows the reaching of conviction, though it may
be conducted internally against an imaginary potential doubter. According to Harel
(2008), a proof is a product of our mental act; the particular argument one produces
to ascertain for oneself or to convince others that an assertion is true. As for Bell
(1976), a proof has three senses. The first is verification or justification, which is the
validation of the truth of a proposition; the second is illumination, which is an
explanation for why the proposition is true; the third and last is systematization,
which is the organization of results into a deductive system of axioms, major
concepts, and theorems. It is seen that a proof helps learners make sense of a result,
giving some insight into why it must be true, exhibits the logical structure of ideas,
and makes deductive chains of reasoning explicit (Coe & Ruthven, 1994). Through
this process learners scrutinize geometric concepts.

Researchers have classified the proving process in terms of different dimensions
(Bell, 1976; van Dormolen, 1977; Coe & Ruthven, 1994; Harel & Sowder, 1998). Of
these, Harel and Sowder (1998) put forward what is called a proof scheme, which
was taxonomized on the basis of students” work and historical development. A proof
scheme is a collective cognitive characteristic of the proofs one produces. The
taxonomy consists of three classes: external conviction, empirical, and deductive,
each group comprising subclasses. In the externally based proof scheme, what
convinces the student and what the student offers to convince others comes from an
outside source (Flores, 2006). The outside source may be an authority such as a
teacher or a book (the authoritative proof scheme); symbol manipulations, with the
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symbols or the manipulations having no coherent system of referents in the eyes of
the student (the non-referential symbolic proof scheme). Additionally, students may
remember the appearance of an argument that has been proved before (the ritual
proof scheme) (Harel, 2008). Empirical proof schemes include arguments in which
students appeal to specific examples or perceived patterns for validation (Martin,
Soucy McCrone, Wallace Bower, & Dindyal, 2005). Students may rely on either
evidence from examples of direct measurements of quantities, substitutions of
specific numbers in algebraic expressions, and so forth (the inductive proof scheme),
or they may use one or more examples to convince themselves or others of the truth
of a conjecture (the perceptual proof scheme) (Harel, 2008; Flores, 2006).
Psychologists have found that most natural human formation of concepts is based on
examples and often on just one specific example. Students also appreciate the
examples, either as a means of understanding the situation or as a way of checking
their understanding (Flores, 2006). The deductive proof scheme class consists of two
categories: the transformational proof scheme category and the modern axiomatic
proof scheme category. If a student deals with the general aspects of a situation and
the proof process is oriented toward the conjecture, then the student is at a
transformational proof scheme. In the axiomatic proof scheme, proofs depend on
new theorems, axioms, and undefined terms. According to mathematicians,
deductive proof schemes are appropriate types of justifications in mathematics
(Flores, 2006; Martin et al., 2005; Harel, 2008). When a student is at a deductive proof
scheme, he or she will be able to make a generality, an operational thought, and a
logical inference (Harel, 2008). Geometry teaching should not attach importance only
to geometric proofs. Proof processes in terms of proof schemes have a key position in
order to explain the meaning of learners’ configuration of geometric knowledge.

In order to teach geometry efficiently, integration of proof into geometry
curriculum comes into prominence. It is obvious that a proof-free ““geometry
curriculum” does not teach geometry (Harel, 2008). Understanding what proving
means and being able to write proofs are essential for success in mathematics (Senk,
1989). According to Aksu and Koruklu (2015), generating mathematical formulas and
creating generalizations will be promoted. Thus, school mathematics curricula
should include proving activities.

Teaching geometry should focus on geometric understanding instead of rote
learning. In Harel (2008), proofs are explained as ways of understanding associated
with the mental act of proving. Likewise, proof schemes are ways of thinking that
represent the collective mental characteristics of one’s proofs. This means the
methods of understanding one produces impact the quality of the ways of thinking
being formed, and the ways of thinking one has formed impact the quality of the
methods of understanding being produced.

Despite the importance of geometry in our school and daily lives, there have been
numerous studies concerned with the failure of students in geometry (Burger &
Shaughnessy, 1986; Mason, 1997; Gutierrez, Jaime & Fortuny, 1991; Yavuz Mumcu &
Cansiz Aktas, 2015). Since proofs are the heart of mathematics, and proving is
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complex, teachers should help their students develop these processes in the early
grades. The success of this process depends on the teachers’ views about the essence
and forms of proofs (Hanna et al., 2009). From this point of view, the purpose of this
study is to determine the proof scheme of pre-service teachers when proving a
geometry theorem. In this sense, the study is oriented by these research questions:
which proof schemes do pre-service teachers’ use, which difficulties do they
encounter, and what are their views about using proofs in lessons when making
proofs in geometry?

Method
Research Design

The purpose of this study is to investigate the proof schemes of pre-service
classroom teachers. Thus, this case study is a detailed examination of a particular
subject or event (Bogdan & Biklen, 1992). A case study was performed because it can
enable researchers to gain a deeper understanding of a phenomenon. Three pre-
service teachers were selected, so in this study multiple case design was used. In
multiple case designs more than one participant is selected in order to prescribe
resembling results throughout the cases (Yin, 2003). Firstly, an open ended question
was asked, and then semi-structured interviews were conducted.

Research Sample

The participants of this study were three freshman students enrolled in a
classroom teacher training program at a state university in Turkey. In Turkey,
classroom teacher training program students take two mathematics courses: Basic
Mathematics I and Basic Mathematics II. The rationale for selecting the participants
from the first year students is that they had just taken Basic Mathematics I and Basic
Mathematics II courses. Therefore, in this study the students were selected as a
purposive sampling procedure, defined by Fraenkel and Wallen (2006) as based on
previous knowledge of a population and the specific purpose of the research. Thus,
the three students investigated in this study were selected considering their scores in
the Basic Mathematics courses. Two girls having high (94 out of 100) and middle (76
out of 100) scores and a boy having a minimum (60 out of 100) score participated
voluntarily. It was assured that their identity would be kept confidential.

Research Instrument and Procedure

An open ended question was used in order to obtain the data. Students were
asked to prove that “the sum of the interior angles measurements of a triangle is
180°”. After proving the theorem, each student was interviewed in order to reveal
what they thought about proofs and proving. Each interview lasted for
approximately 30 minutes and was video recorded by the first author.

Data Analysis
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The data were gathered through students’ answer sheet responses and video
records. The video records were transcribed and then both the video records and
answer sheets were analyzed. Students’ responses to the theorem were investigated
to expose the proof schemes in the angles of a triangle concept. Predetermined
categories derived from related literature were identified and participants” written
and verbal responses were examined in terms of these categories. Three proof
schemes were distinguished as three analysis categories. While categorizing
students” answers, the proof schemes reported by Harel and Sowder (1998) were
used. In this way, students’ responses were categorized as externally based proof
schemes (sub-categories: authoritarian, ritual, or symbolic), empirical proof schemes
(sub-categories: perceptual or example based), or analytical proof schemes (sub-
categories: transformational or axiomatic). The researchers analyzed both records
and sheets separately and checked against the findings. As a result, their findings
were demonstrated to be compatible.

Validity and Reliability

Related to the ethical issues, participants were informed about the scope of the
study, the data collection process, and the privacy of their names; their consent was
received. All participants joined the study voluntarily. Participants were given
pseudonyms. Data were collected and transcribed by the first author of this study
and two other researchers verified the data collection process and made the
consistency checks between data and transcripts. Researchers did not confront any
problems within the data collection process. In terms of the reliability of examining
the participants’ responses according to three categories, the categorizing process
was repeated by all researchers.

Results

In this section, the students’ proof processes, video records, and answer sheets
were analyzed. These analyses were supported with direct quotations.

Ayse earned the highest average score in the Basic Mathematics course the
previous semester. She was an active participant in the class and interested in the
lessons. When she was asked to solve the problem, Ayse first read the question
aloud.

Ayse: “First of all, we have learned that two straight lines are one ray; and a circle
crosses this line segment; and we have proven that one circle is 360° and we have
learned that one straight line divides it into two. Like this...” (She draws a circle and
places a coordinate system in the circle, (0,0) point being at the center.) “We consider
it as a rope. We know that the center is 360° and these (upper part of the x-axis) are
180°. And here (center angles of 1st, 2nd, 3rd, and 4th regions of the coordinate system)
are 90-90. Then we form these parts of the triangle equally.” (She makes a triangle by
drawing a chord from points where the coordinate system crosses the circle.) “Then

here, we form a right-angled triangle, I just think a right-angled one. Here is 45-45,
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and here is 90-90. For example, let’s take this triangle, let's name it ABC triangle, and
shade it.” (She draws the triangle and shades near the circle again.) “We take the
right-angled triangle like this, and it is divided into equal parts, too. From there
90°+45°+45°=180°.”

Researcher: “How do you know that this angle (the surrounding angle facing the
diameter) is 90°?”

Ayse: “Hmm... First of all, I thought of a circle and we know that a circle’s
circumference is 360°. Let’s take it from that point. For example, you consider it not
as a straight line but as a rope. We are dividing the ropes into equal parts and we see
that a right angle is formed; and we know that a right angle is 90°...”

Researcher: “You said rope, where did you learn that?”

Ayse: “In primary school, our teacher first taught us that. Like, when we consider
it as a rope we can make it. We stretch the ropes; for example, let’s put a pen here,”
(she holds the pen perpendicular on the paper), “when we stretch the ropes, we also
stretch one at the bottom, like this.” (She shows it with her hand.) “We already
understand that these angles are 90° and we also show that the parts here are also
90°. I thought like that.”

Researcher: “Right, but how do you know that those angles (the base angles of
the isosceles triangle formed) are 45°?”

Ayse: “We took from here, in the same way, a straight line,” (showing the base of
the triangle), “and that line perpendicularly...”

Researcher: “Your thinking is correct but this is valid for an isosceles right
triangle.”

Ayse: “Yes. Then, let's draw another triangle. Hmm... Let's name these angles x,
y, and z angles. I am again thinking of a circle... Let’s use the parallels. For example,
let's name the straight line d1 and d2. Let’s draw a right angle to them...” (She gives
values to the angles formed.) “Here we have a new problem. The sum of these two
internal angles’” measurements equals here (shows this), but of course we have to
show it” (She wants to use the theorem that the sum of two interior angles’
measurements equals one exterior angle’s measure; however she shows an incorrect
exterior angle.)

Researcher: “How do you know that the sum of those angles’” measurements are
equal to there?”

Ayse: “Yes, we have to consider this, too, in fact...”

Ayse gives values to the new angles she formed. After a few steps she completes
the proof by depending on the fact that a supplementary angle is 180° and that the
sum of the interior angles of the rectangle she formed is 360°.

When Ayse read the question she remembered the example that her primary
school teacher gave, and she structured the proof according to that. Beginning to
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prove with the example of her teacher instead of using her own mental processes,
Ayse completed the proof on her second try. Ayse’s paper shows that it is very
disorganized and unsystematic (Figure 1).
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Figure 1. Ayse’s Answer Sheet

Ayse’s thoughts about making lessons with proofs are as follows. “I will not do it
again.” (She smiles.) “Well, it should definitely be done; first of all, I should say that
children must be taught like that. Without proofs, it doesn’t work. For example, I
haven’t thought of this problem before. I wish I had thought of it a little before I
came. For example, a lesson from last semester included all of these proofs. If we
hadn’t studied them, I couldn’t have shown these.”

Elif is a student who passed the Basic Mathematics course with an average score.
She was not active in the class and not interested in the lessons. When Elif was asked
to make the proof, she first repeated some of the operations, her voice low. Then she
was stimulated by the researcher to think out loud.

Elif: “THmm... how can we prove this is an isosceles triangle? I don’t know in fact.
How can we prove it? ...” (By the way she shows the interior angles with algebraic
expressions)

Researcher: “Why do you think it is an isosceles triangle?”

Elif: “Oh, I don’t know, because its sides are equal, it's equal to 180..., but it isn't
working. Or it’s an equilateral triangle, but how are going to prove it?”

Researcher: “Let’s say it is equal for an equilateral triangle; there is the possibility
that it’s not equal in other triangles.”

Elif: “That’s true, too. So, we cannot make it an isosceles triangle.”

Researcher: “What do you need to show?”
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Elif: “For example, we know that the sum of the exterior angles’ measurements is
360°.”

Researcher: “How do you know?”
Elif: “We don’t know it, too...”
(Elif makes drawings randomly and speaks in a low voice.)

Researcher: “You can use auxiliary drawings.” (The student, after thinking for a
long time, draws an internal bisectrix.)

Researcher: “Usually, we draw a straight line that is parallel to a side...”

Elif: “Where can we draw a parallel?” (She thinks, drawing an internal bisectrix
from all corners) “Hmm...” (She draws a straight line parallel to the base that crosses
other sides of the triangle. She then writes values of the corresponding angles and
after incorrect operations, she finds that it is an isosceles triangle.)

Researcher: “Why are those two angles” measurements equal?”
(She explains the operations she made.)

Researcher: “Well, how can you show that angle (the supplement of the
corresponding angle parallel to the base) in another way?”

Elif: “I can tell here a+b. Because, the sum of two interior angles” measurements
equals one exterior angle. Here it is also 180°. We can equalize these two.” (The
student, without realizing that she completed the demonstration, writes other
equations).

Researcher: “What are you trying to show?”

Elif: “That a+b+c is 180°. Hmm, err.... oh, with this equation, if we take c to the
other side, we will probably find it.”

(The student is not sure of what she makes.)
Researcher: “Did you really find it?”

Elif: “Did I? Here is a, here is b, and here is c. Their sum is 180. I don’t know, I
think I showed it.” (She pauses and thinks.) “If these angles are not corresponding
angles, it means I couldn’t show it. But these angles are corresponding and their
measurements are equal to each other.” (She tells the operation steps she made, she
hesitates at one interior angle to which she gave the unknown c and tries to find why
she gave it c). “We also need to show why we gave c here. In the small angle, the
sum of a, b, and c is 180° and then it must be 180° in the big angle, too. Yes, equal, I
showed it.”

As can be seen, Elif is not sure of her operations; she makes them a little bit
randomly. Investigating Elif’s answer sheet shows that she tried to solve the question
with scribbles (Figure 2).
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Figure 2. Elif's Answer Sheet

Elif’s thoughts about making lessons with proofs are as follows: “In high school
they told us, in the final class our teacher told us, but I didn’t listen because I wasn't
interested. I didn’t listen to anything; I just looked at the result.”

Researcher: “Well, do you think a lesson using proofs would be useful?”

Elif: “Of course it would be useful. You know, you force your mind, it isn’t
something idle. You know it can improve one’s intelligence. You know, it is more
useful to know where it comes from rather than doing it without any grounds.”

The third and last student is Ali. He got the lowest score in the Basic Mathematics
course. He was interested in the lessons a bit. Ali started the proof as shown below:

Ali: “We will show that the sum of the interior angles” measurements of a triangle
is 180°. When we draw with rays, it makes a triangle.” (He draws three straight lines,
intersecting in doubles). “If we call this x and this y, since x+y is half an angle,” (the
angle he shows is a supplementary angle), “it is 180°. And here is y from the opposite
angles. Later, what can we call this? If we draw a line from here, this will be y.” (He
draws a line parallel to the base, which passes from the other corner.)

Researcher: “Why will it be y?”
Ali: “Because I drew parallel to this side, it is an opposite angle.”

Ali goes on giving unknowns to angles. Since he gave z to the supplement of the
angle that he also gave z, after a series of operations, he gets an incorrect result. The
researcher emphasizes this and asks why the two angles are equal to z.

Ali: “Pardon, not here, from the internal opposite angles, here is z.”

Since Ali goes on with the incorrect unknowns he gave before, after a few
operations, he again gets a wrong result. Then he makes a new drawing. He draws
the triangle, with an intersection of three lines at three points.

Ali: “Now, if we call this x and this y, from half an angle,” (he means the
supplementary angle), “their sum will be 180°. Then if we draw a parallel to this ray,
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from corresponding angles,” (in fact, an internal opposite angle) “this would be y. If

W/

we add all of the angles, it will equal x+y. And we have already shown it is 180°.
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Figure 3. Ali’s Answer Sheet

As can be seen, in his second try Ali achieved the correct result. Furthermore, his
answer sheet shows that operation steps have been followed in a good order and the
demonstration is clear (Figure 3). However, Ali drew the triangle as an intersection of
three lines at three points.

Researcher: “Why did you draw the triangle like that?”

Ali: “I made it in order to show the corresponding angles or opposite angles.
Normally triangles are like this, is what I mean; we only give names to points.”

Researcher: “Normally how can we show a triangle?”
Ali: “Normally it is like this, too, but there are no extensions of the ray.”

When Ali was asked whether or not he was pleased that the lesson was made
with proofs, he answered, "It happens because we haven't seen proofs before. We are
not used to this. That's why we are not pleased with proofs.”

Researcher: “Didn’t you get used to it?”

Ali: “So so, but because the class is very crowded, it wasn’t gone into more detail.
It's only taught once and that’s all. But if the class had a smaller number of students
or these proofs were seen with mutual conversations, they would be understood
more easily. That's why I don’t understand. Also in the classroom, I hesitate to ask
questions.”

Researcher: “How should the lesson be made better?”

Ali: “In fact, when there is a proof, we understand better what comes from where,
but as long as it isn’t very difficult. Nothing is very difficult though. Err, how would
it be with the old style? If only rules were given, without showing what comes from
where, then it would be more enjoyable. If we solved questions, it would be better.
But that is because of high school, because we saw it all the time like that; we didn’t
see any proofs. But here, when there are details, it becomes difficult to understand.”
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Discussion and Conclusion

The results of the study show that participants’ attitudes are not parallel to their
achievements in the lesson. Ayse, contrary to her success in the class, failed to show
what was expected from her when answering the question. She started the proof
with an example to help her, and drew a circle and then an isosceles right triangle
inside the circle. When telling the operations steps she made, she used the example
that her primary school teacher had given. However, she failed to remember and
explain this example properly. Ayse’s beginning the proof with an example and
giving explanations through a remembered example from her teacher shows that she
is in Harel and Sowder’s (1998) inductive proof scheme. Her beginning with a circle
when answering the question supports this opinion. But Ayse made the proof with a
special example (an isosceles right angle); she could not generalize the proof. Then,
she made a second drawing and, using the auxiliary drawings, she completed the
proof. Housman and Porter (2003), in the study they conducted with students who
had a high average grade, found that students have analytic, empiric, and external
proof schemes. As a difference in categorization, Hoyles (1997), in the study he
conducted with the aim of finding the proof schemes that primary and secondary
school students use in algebra and geometry, asked students to show that the sum of
the interior angles’ measurements of a triangle is 180°. As a result of the study, he
found that students’ proof schemes can be categorized as empirical, enactive,
narrative, and visual.

Although an intermediate level student, when Elif started to answer the question,
she was mute for a long time and tried to remember something. Her drawing figures
randomly shows that she did not know what she had to do. Then, with the help of
the researcher, she used some known proving processes and in her second try she
completed the proof. That Elif was not sure of what she was doing and that she
completed the proof a little bit randomly is reminiscent of Harel and Sowder’s (1998)
non-referential symbolic proof scheme approach. Coe and Ruthven (1994), in their
studies, found that most students act in accordance with the empirical proof scheme
approach.

Although Ali was an unsuccessful student, he showed a better performance than
what was expected from him. Firstly, he drew the auxiliary element to the triangle,
and then he went on to give values to the angles formed. Furthermore, that Ali
formed the triangle with an intersection of three lines at three points is another
interesting issue. When the researcher asked why he drew the triangle like that, Ali
said he had been shown a triangle like that before. For these reasons, Ali acts in a
ritual proof scheme approach (Harel and Sowder, 1998).

Although Ali was an unsuccessful student, looking at his grade point average, he
nearly showed a similar performance to that of the other attendants. However, when
investigated, Ali had a more basic problem. Ali did not know the most basic concepts
in geometry, such as internal opposite angles and supplementary angles. Similarly,
there are studies that show that students have insufficient information and
misconceptions relating to basic concepts in geometry.
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Another result of this study concerns using proofs in teaching and learning
processes. When the students were asked for their opinions about proofs, they had
the common idea that lessons should be made with proofs. They thought that when
students, without memorizing the rules, understand its logic, mental processes start
to run and they gain different points of view. However, the students stated that they
had difficulty understanding the proof since during their primary and secondary
education they did not see proofs, which indicated that even if lessons were made
with proofs they would not be interested. Although the students stated that lessons
should be made with proof demonstrations, they preferred to have lessons with
traditional methods, where rules are taught and students solve the questions. There
are studies that have similar findings (Coe & Ruthven, 1994; Gokkurt & Soylu, 2012).
In these studies only a small number of students are interested in how rules and
patterns are established. Accordingly, Morali, Ugurel, Turnuklu, and Yesildere (2006)
state that pre-service mathematics teachers do not know the necessity of the proving
process in mathematics. The foundation of mathematical proof that students meet at
university is built on earlier experiences. If a student has never met proofs in the
previous learning process, he or she will have difficulty in understanding proofs. So
previous lessons (Tall, 2004) are essential in learning effectively. Curriculum builders
should consider that new mathematical structures are built on previous ones. In fact,
learning is a student building on his or her own personal previous lessons in ways
that may not fit with the intended new developments (Tall, 2005).

Proofs are the heart of mathematics; they help us see what is true as well as why
it is true (Rav, 1999; Hanna, 2000). Proofs help in the development of mathematical
concepts and lead to further mathematics (Thurstone, 1994). As with Rav’s analogy
(1999), proofs are a network of roads in a public transportation system, and
statements of theorems are the bus stops.

Proving is the establishment of truth by deductive means and reasoning. These
means distinguish mathematics from other subjects. The development of the ability
to construct a proof is an important goal of mathematics education. By this means
other mathematical competencies are developed. Therefore, it is strongly believed
that mathematics curricula should contain proofs (Porteous, 1990; Mariotti, 2006).

Although proofs and reasoning are fundamental aspects of mathematics, there
are researches concerning students’ failure in proving. There are many reasons for
this failure. Because students are not used to proving, they do not know the accurate
meaning of a proof. Thus, they are insufficient in understanding a theorem or a proof
and misapply it. Proving requires the coordination of a great deal of competencies.
For a student, learning to prove means making a transition from a computational
view of mathematics to a view of intricately related structures (Weber, 2001).

Another reason for students’ failure in proving may be the attitude of teachers
about proofs. When investigated, it is shown that school curricula is not sufficient in
terms of developing proving ability (Tall, 1995). What a teacher thinks about the role
of a proof in mathematical thinking is important in in-class training (Martin & Harel,
1989). As Hersh (1993) stated, due to restricted time, the subject being difficult for a
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student’s level, and the insipidity of the proving process, the expected importance of
a proof is not extended in the classroom.

The results of this study are limited to the proof schemes of three pre-service
teachers. Consequently, we cannot make a generalization with the proof schemes of
pre-service teachers. However, according to the results of this study and other
studies in the field, it is understood that pre-service teachers are not able to prove
even a simple geometry theorem. What underlies this is thought to be insufficient
knowledge in the students about definitions of geometric concepts, as well as the
misconceptions they have. Furthermore, another reason for this can be that they did
not experience any proving processes in their former education. Hence, students
should realize how valuable proving is and acquire knowledge through the
counseling of a teacher.
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Sinif Ogretmeni Adaylarinin Geometrideki Ispat Semalar1: Ug
Ogretmen Adayinin Durum Caligsmasi
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Ozet

Problem Durumu: Matematigin 6nemli bir parcasi olan geometri, okullarda ve gitinliik
yasamda onemli bir yer edinmistir. Geometri egitimine verilen tneme ragmen,
bircok kisi geometri karsisinda caresiz kalmakta, buna bagh olarak da basarisizlik
gostermektedir. Matematigi ezberlenmesi gereken kurallar biitiinii olarak goéren
ogrenciler, matematikten kag¢maktadirlar. Buda onlarin matematik derslerinde
basaris1 gosterememesinin nedenlerinden birini olusturmaktadir. Halbuki matematik
belli bir mantik icinde gelismis, kavramlarm bir biri ile uyum iginde oldugu bir
disiplindir. Matematigin bu uyumlu mantiksal iliskisini anlamanin yolu, kurallar1
ezberlemeden ziyade, kavramlarin nasil gelistigini gormekten ge¢mektedir. Bunun
anlamanin yolu ise onlar1 elde ederken yapilan ispatlar1 incelemekten gegmektedir.
Nasil kalp insana hayat verirse, ispatlarda matematige hayat vermektedirler. Fakat
ispatlar karmagsik goziikttigiinden, bircok Ogretmen tarafindan derslerde pek
kullamilmamaktadir. Oysaki egitimin ilk yillarindan itibaren, ©6grencilerde bu
becerinin gelismesi icin dgretmenlerin derslerde ispata yer vermeleri gerekmektedir.
Bu acidan bakildiginda 6gretmenlerin derslerde ispat kullanimina yonelik goriisleri
ve ispat yaparken ki siireclerinin incelenmesi 6nem arz etmektedir.

Arastirmanmin Amaci: Bu ¢alismanin amaci 6gretmen adaylarinin geometrik bir teoremi
ispatlarken, kullandiklar1 ispat semalarin, ispat yaparken karsilastiklar1 zorluklar: ve
derslerde ispat kullanimina yonelik goriislerini belirlemektir.

Arastirmanin Yontemi: Arastirmada nitel arastirma desenlerinden durum calismasi
kullanilmistir. Ctinkii bir konuda derinlemesine bilgi edinmek istenildiginde durum
calismasinin kullanilmast uygundur. Calismanin 6rneklemini, seckisiz desenlerden
amagch érnekleme yontemine gore belirlenen ikisi kiz, digeri erkek ti¢ 6gretmen aday1
olusturmaktadir. Calismada ilk once 6gretmen adaylardan bir {icgenin i¢ acilari
olgtileri toplaminin 1800 oldugunu gostermeleri istenmistir. Daha sonra yaptiklar:
ispata ve derslerde ispat kullanimmna yonelik yaklasik otuz dakika stiren yari
yapilandirilmis gortismeler yapilmistir. Yapilan gortismeler analiz edilmek {izere
kayit altina alinmistir. Ogretmen adaylarinm ispat semalarina belirlemek igin, elde
edilen veriler her bir arastirmaci tarafindan ayri ayri incelenmistir. Sonug olarak
arastirmacilarin uyum birligine vardiklar1 gorilmistiir.
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Arastirmamin Bulgulari: Arastirmadan elde edilen verilere gore, 6gretmen adaylar:
derslerdeki basarilarmni ispat yaparken gosterememislerdir ve temel geometrik
kavramlara yonelik bilgilerinde eksiklikler oldugu goriilmustiir. Ornegin Ayse
derste basarili olmasina ragmen kendisinden istenen ispati uygun sekilde
gostermekte zorlanmugtir. Ispati yaparken ilkogretim yillarindaki ©&gretmeninin
verdigi ornegi temel alarak ispati yapmaya calismistir. IIk denemesinde basarisiz
olan Ayse, ikinci denemesinde ise ispati 6zel bir durum tizerinde (ikizkenar dik
tiggen icin) gostermeye calismustir. Yani genellemeye gidememistir. Elif orta diizey
basar1 gosteren bir 6grencidir. Ispat yaparken rastgele cizimler yapmaya caligmistir.
Bu durum Elif'in tam olarak ne yapacagin bilmedigini gostermektedir. Ali derslerde
basarili olmamasina ragmen ispat yaparken iyi bir performans gostermistir. islemleri
diizenli bir sekilde yapmustir. Fakat temel geometrik kavramlara yonelik bilgilerinde
eksiklik oldugu goriilmiistiir. Bu ise Ali'nin tanimlar1 tam olarak 6grenemediginin
gostergesidir. Ayrica Ali'nin ticgeni olustururken isinlari kullanmasi farkli bir
bulgudur. Ali bunu daha 6nceki 6grenmelerine baglamistir.

Aragtirmanin Sonuglart ve Onerileri: Sonug olarak Ayse'nin ispati yaparken bir 6rnek
ile baslamas1 ve 6gretmenin verdigi ornegi temel alarak ispati yapmaya calismast,
onun tiimevarimsal ispat semasi yaklasiminda oldugunu gostermektedir. Elif'in
rastgele sekiller ¢izmesi, ne yapacagini tam olarak bilememesi onun sembolik ispat
semas! yaklasiminda oldugunu gostermektedir. Ali'nin ispati daha ©nceki
ogrenmelerine gore yapmasi onun ritiiel ispat semasi yaklasimda oldugunu
gostermektedir. Genel olarak bakildiginda Ayse deneysel, Elif ve Ali dissal bir
yaklasim gostermislerdir. Bununla birlikte Coe ve Ruthven (1994) calismalarinda
bir¢ok dgrencinin deneysel ispat semasi yaklasimina sahip olduklarini gormiistiir.
Ayrica Ogretmen adaylar1 derslerde ispat kullamiminin yararlh oldugunu
diisiinmektedirler. Boylece kurallarin ezberlenmeyip, mantiksal olarak 6grenilecegini
belirtmektedirler. Fakat ogrencilik yillarinda derslerde ispat kullanilmigsa da ilgili
olmadiklar1 goriilmektedir. Benzer sekilde Ceo ve Ruthen (1994) calismalarinda da
¢ok az sayida 6grencinin kurallarin nasil olustugunu 6grenmeye merakli olduklarin
belirtmislerdir. Matematigin kalbi olan ispatlar, bir teoremin dogru olup olmadigin
anlamaya yarar ve matematigin gelismesine onctilik eder. Rav (1999) yaptig1 bir
analojide ispatlar yollar agina, teoremleri de otobiis duragina benzetmistir. Ispatlar
matematigin temelleri olmasmna ragmen, birgok arastirmada 6grencilerin basarisiz
olduklar1 gértilmiistiir. Bunun bircok nedeni vardwr. Ogrencilerin ispati hig
kullanmamasi, ne anlama geldigini bilmemesi bunlardan bir kagin1 olusturmaktadir.
Bundan dolay1 6grenciler teoremleri anlamada ve uygulamada yetersiz kalmaktadar.
Tall (2004) ise {iniversite 6grenimine kadar ispatlar ile ilgilenmemis 6grencilerin,
ispat yapmada zorlandiklarmi belirtmistir. Ogrencilerin basarisizhigm bir diger
nedeni Ggretmenlerin ispata yonelik tutumundan olabilir. Ciinkii programlar
incelendiginde ispat yapma becerisini gelistirecek sekilde diizenlenmedigi
goriilmektedir (Tall, 1995). Programda ispatlara yeterince yer verilmediginden
dolay1 o6grencilerin ispat becerilerinin gelistirilmesinde temel kaynak smif
ogretmenleridir. Benzer sekilde Martin ve Harel (1989) 6gretmen adaylarinin
ispatlara bakis agisinin énemli oldugunu belirtmektedirler. Hersh (1993) ise derslerde
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smirli zamandan dolay: ispat stireglerinin g6z ardi edilmesine neden oldugunu
belirtmektedir. Bu ¢alismanin sonuclar1 ti¢ 6gretmen adaymn ispat semalar ile
sinirlidir. Bundan dolay1 genelleme yapmak miimkiin degildir. Bununla birlikte bu
calismanin sonuglarma gore, sinif 6gretmeni adaylarinin basit bir geometrik teoremi
ispatlama da bile zorlandiklar1 goriilmiistiir. Ogrencilerin geometrik kavramlardaki
eksik bilgileri ve kavram yanilgilar: ise goze garpmaktadir. Ogrencilerin onceki
egitimlerinde ispatlar ile ilgili yeterince tecriibe kazanmamalar1 ve kavramsal
bilgilerin gz ardi edilmesi buna neden olmus olabilir. Oysaki Ispatlar 6grencilerin
islemsel bakis agisindan kavramsal bakis agisina ge¢melerine yardim eder (Weber,
2001; Jones, 2002). Ogretmen adaylari da ispatlamanin bilgiyi elde etmede énemli
oldugunu belirtmislerdir. Sonu¢ olarak ispat yapabilme matematik egitiminde
gelistirilmesi gereken bir beceridir. Bundan dolayr matematik egitimi ispatlar:
icermelidir.

Anahtar Sozciikler: Geometri, matematik egitimi, 6gretmen adaylari, ispat semalar1



