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ABSTRACT 

In this paper, we introduce 
*W -spaces which generalizes W -spaces introduced by Piao and Jin [10] and prove  

three   unique common fixed point theorems in it. Some illustrative examples to highlight the results are furnished.  
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1. INTRODUCTION 

 
 

In recent years many researchers have done much work 

in metric spaces, symmetric spaces[9, 3, 4], D -metric 

spaces[1, 2], 
*D - metric spaces[6, 7], G -metric 

spaces[12, 13], Partial metric spaces[5, 8] and so on. In 

this direction Piao and Jin [10] introduced the concept of 

W -spaces in 2012, which is weaker than the notions of 

metric and symmetric spaces and proved some fixed 

point theorems. 

In this paper, we introduce 
*W -spaces to generalize 

W -spaces and proved three unique common fixed point 

theorems in it. We also give examples to illustrate our 

theorems. 

First we state the following known definitions. 

  

Definition 1.1  Let X  be a non-empty set. If a function 

: [0, )d X X    satisfies the property that 

0=),( yxd  implies yx = , then ),( dX  is called a 

W -space. 

  

Definition 1.2 Let f  and g  be two self mappings on a 

non-empty set X .   

   (i) [11].  If gfxfgx =  for some x X then x  is   

                  called a  commuting point of the pair ),( gf .  

(ii) [11].  If gfxfgx =  implies gxfx =  for all x X   

                   then the pair ),( gf  is said to be converse   

                   commuting.  

 

  Now we give the following definition.  
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Definition 1.3 Let f  and g  be two self mappings on a 

non-empty set X . We say that the pair ),( gf  satisfy 

Property (K) if there exists u X  such that gfufgu =  

and gufu =  .  

  

Remark 1.4 Definition 1.2 ( )(i    and   )(ii ) imply the 

Property(K) but not the converse in view of the following 

example.  

  

Example 1.5 Let {0,1,2}=X , 0=0f , 2=1f , 

1=2f  and 0=2=1=0 ggg . Clearly the pair 

),( gf  satisfy Property(K). But 1=1 gffg  and 

1 1f g . 

 

     Piao and Jin [10] proved the following theorems. 

 

Theorem 1.6 )]10[  1,  (Theorem  Let ),( dX  be a W -

space and f  and g  be two converse commuting self 

maps which have a commuting point. Suppose that 

,x y X  with ( , ) 0d gx gy   satisfy 

 ( , ) ( , ), ( , ), ( , )d gx gy d fy fx d gy fx d gx fy  where 

3: R R    is such that ( , , )a b b a  implies ba <  

for all 0>a , 0>b . Then f  and g  have a unique 

common fixed point.  

  

Theorem 1.7 )]10[  2,  (Theorem  Let ),( dX  be a 

W -space and f  and g  be two self maps which have a 

commuting point. Suppose that ,x y X  with 

( , ) 0d fx gy   satisfy 

 ( , ) ( , ), ( , ), ( , )d fx gy d fx gx d fy gx d gx gy  where 

3: R R   is such that  

)i(    is monotone increasing for the first variable, 

)ii(  if 0>a , 0>b  then ( , , )a a b a  implies  

                ba < , 

)iii(  for any 0>a , there is ( , ,0) <a a a . 

Then f  and g  have a unique common fixed point.  

  

Theorem 1.8 )]10[  3,  (Theorem  Let ),( dX  be a 

W -space and 21 , ff  and 21 , gg  be four self maps. 

Also let ),( 21 ff  and )g,g( 21  be pairs of converse 

commuting self mappings which have a commuting point 

respectively. Suppose that ,x y X  with 

2 2( , ) 0d f x g y   satisfy 

1 1 2 1 1 2
2 2

1 2 1 2

( , ), ( , ), ( , ),
( , )

          ( , ), ( , )

d g y f x d g y f x d g y g y
d f x g y

d f x f x d g y f x

 
  

 


 

and suppose that ,x y X  with 1 1( , ) 0d g x f y   satisfy  

2 2 2 1 1 2'
1 1

1 2 1 2

( , ), ( , ), ( , ),
( , )

          ( , ), ( , )

d f y g x d f y g x d g x g x
d g x f y

d f y f y d f y g x

 
  

 


  

where
' 5, : R R      satisfy ( , ,0,0, ) <a a a a   for 

any 0>a  and 
' ( , ,0,0, ) <a a a a for any 0>a . Then 

121 ,, gff  and 2g  have a unique common fixed point.  

 

Now we define 
*W - spaces as follows. 

 

Definition 1.9 Let X  be a non-empty set. If a function 

: [0, )d X X X     satisfies the property that 

0=),,( zyxd  implies zyx == , then ),( dX  is 

called a 
*W -space.  

  

Example 1.10 Let = [0, )X   and 

},,{max=),,( zyxzyxd  o r x y z  . Then ),( dX  

is a 
*W -space.  

 

Throughout this paper, let  , , : [0, ) [0, )      be 

such that ( ) ( ) ( ) > 0t t t    for all 0>t . 

 

Immediately it follows that ( ) ( ) ( ) 0t t t      

implies 0=t .  

 
      Now we prove our main results which are 

different from Theorems 1.6,1.7 and 1.8.  

 

2. MAIN RESULT 

 

Theorem 2.1 . Let ),( dX  be a 
*W -space and 

, :f g X X  be satisfying  

 

( , , ), ( , , ),

( , , ), ( , , ),
(2.1.1) ( , , ) max

( , , ), ( , , ),

             ( , , )

( ,

                                         max

d fx fy fz d fx gy gz

d fx gy fz d fx fy gz
d gx gy gz

d gx fy fz d gx fy gz

d gx gy fz

d fx

  
  

     
      



 



, ), ( , , ),

( , , ), ( , , ),

( , , ), ( , , ),

             ( , , )

fy fz d fx gy gz

d fx gy fz d fx fy gz

d gx fy fz d gx fy gz

d gx gy fz

  
  

  
  
      

 

             for all , ,x y z X  with ( , , ) 0d gx gy gz    and  

     
(2.1.2)  the pair ),( gf  satisfies Property (K). 

Then f  and g  have a unique common fixed point.  

 

Proof. From (2.1.2), there exists u X  such that 

gfufgu =  and gufu = . 

Hence  

.=== ggugfufguffu  (1) 

 Suppose ( , , ) 0d gu gu ggu  . 
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Putting ux = , uy =  and guz =  in (2.1.1) 

and using (1), we obtain  

( ( , , )) ( ( , , )) ( ( , , ))d gu gu ggu d gu gu ggu d gu gu ggu   

which in turn yields that 0=),,( ggugugud .It is a 

contradiction. Hence guggu = . 

From (1), it follows that gu  is a common fixed point of 

f  and g . 

Suppose x  and y  are two common fixed points of f  

and g . Then ( , , ) = ( , , ) 0d x y y d gx gy gy  . 

Then using (2.1.1) with xx = , yy =  and yz =  we 

obtain  

( ( , , )) ( ( , , )) ( ( , , ))d x y y d x y y d x y y     

which in turn yields that 0=),,( yyxd . It is a 

contradiction. Hence yx = . Thus f  and g  have a 

unique common fixed point. 
 

Example 2.2 Let {0,1,2}=X  and 

( , , ) =d x y z x y z  . Let 1=20,=1=0 ggg  and 

2=2 1,=1 0,=0 fff . Let , , : [0, ) [0, )      

be defined by ( ) =t t , 
3

( ) =
4

t
t  and ( ) =

4

t
t . 

Then clearly (2.1.1)  and (2.1.2)  are satisfied and 0  is 

the unique common fixed point of f  and g .  

          
Next we give the following theorem without 

using the converse commuting condition.  

 

Theorem 2.3 . Let ),( dX  be a 
*W -space and 

, :f g X X  be satisfying  

 

( , , ),
(2.3.1) max

( , , )

( , , ), ( , , ),
max

( , , ), ( , , )

( , , ), ( , , ),
                      max

( , , ), ( , , )

d fx gy gz

d gx fy fz

d gz fx fy d fz gx gy

d gy fz fx d fy gz gx

d gz fx fy d fz gx gy

d gy fz fx d fy gz gx

  
  

  

  
   

  

  
   

  







 for all , ,x y z X  with 

max{ ( , , ), ( , , )} 0d fx gy gz d gx fy fz    

(2.3.2)  the pair ),( gf  has a commuting point in X . 

In addition to these, assume that   is 

monotonically increasing and   is monotonically 

decreasing.  

Then f  and g  have a unique common fixed point in X.  

 

Proof. Let u  be a commuting point of f  and g .  

ei.  gfufgu =  for some u X . 

Suppose that fu gu . 

From (2.3.1) , we have  





































































),,(

),,,(
max

),,(

),,,(
max

),,(

),,,(
max

gugufud

fufugud

gugufud

fufugud

fufugud

gugufud


 

which in turn yields that  0
),,(

),,,(
max 









fufugud

gugufud
 . 

 It is a contradiction. Hence .= gufu          (2) 

 Hence from (2), we have  

.=== ggugfufguffu             (3) 

 Suppose that fuffu . 

Putting fux = , uy = , uz =  in (2.3.1) , we have  







































































),,(),,,(

),,,(),,,(
max

),,(),,,(

),,,(),,,(
max

),,(

),,,(
max

gfugufudffufugud

gugfufudfuffugud

gfugufudffufugud

gugfufudfuffugud

fufugfud

guguffud







 

  

Hence  

 
( , , ),

( , , ) max
( , , )

( , , ),
max

( , , )
(4)

d fu ffu fu
d ffu fu fu

d fu fu ffu

d fu ffu fu

d fu fu ffu

 







  
  
  

  
  
  

 

 

 Put ux = , fuy = , uz =  and ux = , uy = , 

fuz =  in (2.3.1) , we have  

 

 
( , , ),

( , , ) max
( , , )

( , , ),
max (5)

( , , )

d fu fu ffu
d fu ffu fu

d ffu fu fu

d fu fu ffu

d ffu fu fu

 



  
   

  

  
   

  
 

   

  

 
( , , ),

( , , ) max
( , , )

( , , ),
max (6)

( , , )

d ffu fu fu
d fu fu ffu

d fu ffu fu

d ffu fu fu

d fu ffu fu

 



  
   

  

  
   

  
From (4), (5) and (6), using monotonically increasing and 

decreasing properties of   and   respectively, we get  
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),,(

,),,(

,),,(

max

),,(

,),,(

,),,(

max

),,(

,),,(

,),,(

max

),,(

,),,(

,),,(

max

ffufufud

fuffufud

fufuffud

ffufufud

fuffufud

fufuffud

ffufufud

fuffufud

fufuffud

ffufufud

fuffufud

fufuffud













which in turn yields that fuffu = . 

Thus fu  is  a common fixed point of f  and g . 

Suppose v  and 
'v  are common fixed points of f  and g . 

Taking 
'= vx , vy = , vz = ; vx = , 

'= vy , vz =  

and vx = , vy = , 
'= vz  in (2.3.1)  and using 

monotonically increasing of   and decreasing of   we 

can show that .= 'vv  

Thus f  and g  have a unique common fixed point. 

Finally we give a unique common fixed point theorem for 

two pairs of mappings satisfying Property (K).  

 

Theorem 2.4 Let ),( dX  be a 
*W -space and 

XXTSgf :,,,  be satisfying  

 





































































),,(

),,,(

),,,(

max

),,(

),,,(

),,,(

max),,( (2.4.1)

Tzgyfxd

Tzfygxd

Szfygxd

Tzgyfxd

Tzfygxd

Szfygxd

Szgyfxd





             for all Xzyx ,,  with 0),,( Szgyfxd  and  

(2.4.2)  the pairs ),( gf  and ),( TS  satisfy the  

               Property (K). 

Then Sgf ,,  and T  have a unique common fixed point 

in X .  

 

 Proof. From (2.4.2) , there exist u  and v  in X  such 

that ,= gufu
                                                       

(7) 

 gfufgu =
                                                          

(8) 

and ,= TvSv
                                                        (9) 

.= TSvSTv                                                           (10) 

 Hence ggugfufguffu ===
                         

(11) 

 and  

.=== TTvTSvSTvSSv                                    (12) 

 Now suppose that Svfu  . Then 0),,( Svfufud . 

From (2.4.1) , we have  

   

    (9)  (7),    ),,(),,(=

),,(

),,,(

),,,(

max

),,(

),,,(

),,,(

max

),,(=),,(

fromSvfufudSvfufud

Tvgufud

Tvfugud

Svfugud

Tvgufud

Tvfugud

Svfugud

SvgufudSvfufud












































































  

which in turn yields that 0=),,( Svfufud . Hence 

Svfu = . 

Thus  

.=== TvSvfugu                                              (13) 

 Suppose that fuffu . Then 0),,( fufuffud . 

From (2.4.1)  and (13), we have  

   

    (9)  (7),    ),,(),,(=

),,(

),,,(

),,,(

max

),,(

),,,(

),,,(

max

),,(=),,(

fromfufuffudfufuffud

Tvguffud

Tvfugfud

Svfugfud

Tvguffud

Tvfugfud

Svfugfud

Svguffudfufuffud












































































 

  

which in turn yields that 0=),,( fufuffud . Hence  

.= fuffu  (14) 

 Now from (11) and (14) we have  

.= fugfu  (15) 

 Also from (13) and (10), we get  

.=== SfuSTvTSvTfu  (16) 

 Suppose that Sfufu  . 

Again from (2.4.1) , we have  

   

    (9)  (7),    ),,(),,(=

),,(

),,,(

),,,(

max

),,(

),,,(

),,,(

max

),,(=),,(

fromSfufufudSfufufud

Tfugufud

Tfufugud

Sfufugud

Tfugufud

Tfufugud

Sfufugud

SfugufudSfufufud












































































 

  

which gives that 0=),,( Sfufufud . Hence  

.= fuSfu  (17) 

 Hence from (16) and (17)  

.= fuTfu  (18) 

 Thus from (14), (15), (17) and (18) fu  is a common 

fixed point of Sgf ,,  and T . 

If p  and q  are common fixed points of Sgf ,,  and T , 

by (2.4.1)  one can easily prove that qp = .  

Thus Sgf ,,  and T  have a unique common fixed point 

in X .  

Example 2.5 Let [0,1]=X  and zyxzyxd =),,( . 

Define 0== gxfx , 
8

=
x

Sx  and 
4

=
x

Tx , Xx  . 
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Let tt =)( , 
4

3
=)(

t
t  and 

4
=)(

t
t . Then clearly 

the pairs ),( gf  and ),( TS  satisfy the Property (K) 

respectively. 

Now consider for 0),,( Szgyfxd ,  

 























































































),,(

),,,(

),,,(

max

),,(

),,,(

),,,(

max

),,(

),,,(

),,,(

max
2

1

),,(
2

1
=

8
=),,(

Tzgyfxd

Tzfygxd

Szfygxd

Tzgyfxd

Tzfygxd

Szfygxd

Tzgyfxd

Tzfygxd

Szfygxd

Tzgyfxd
z

Szgyfxd







 

Hence the condition (2.4.1)  is satisfied and 0  is the 

unique common fixed point of Sgf ,,  and T . 
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