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ABSTRACT

In this paper, the complex g-Balazs-Szabados-Kantorovich operators are defined, and a convergence result and an
upper quantitative estimate of these operators are given.
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1. INTRODUCTION

The applications of g-calculus in the approximation theory have become one of the main area of research. Firstly, we
recall some basic definitions used in g-calculus. Details can be found in [1, 10, 2]. For any non-negative integer r, the g-
integer of the number r is defined by

1= if q#1
—_ 1
[rlg=91-gq 1

r if qg=1,
where q is a fixed positive real number. The g-factorial is defined by

[11,02], ... [r], @ =1,2,..
[r]q!={ ! f e 3: Tr=0,

For integers n, r with 0 < r < n, the g-binomial coeficients are defined by

[n] _ [n]g! .
rlg  [rlg!n—rly!
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The g-derivative operator is defined by

f@)—fqz) .
Dqlf ()] = {W if z#0
f'(0) if z=0.

It is not very difficult to see that lim,_,;Dq[f (2)] = f'(2) if the function f is differentiable at z. Suppose that0 < a <
b. Further we have

Dq4lf(2)g(2)] = f(qz)Dqlg(2)] + g(2) Dy [f (2)],
Dglf(2)g(2)] = f(2)Dq[g(2)] + g(qz)Dy[f (2)],

which is often referred to as the g-product rule. The definite g-integral is defined by
b b _ _
[ rodie=a-ab) flab)e
0 =

and

2 F@©dgt = [} f(E)dgt — [ F(D)dgt,
for0<qg<1.

Bernstein type rational functions are defined by K. Balazs [3]. K. Balazs and J. Szabados modified and studied the
approximation properties of these operators [4]. The g-analogue of Balazs -Szabados operators is defined by O. Dogru [6].

The rational complex Balazs-Szabados operators were defined by Gal in [8]. He studied the approximation properties of
these operators on compact disks. In [9], the complex g- Balazs -Szabados operators were defined as follows

1 i Ulg) [N i
R,(f:q,2) = oo n_ qiU-D/2f (%) []] (a,z)’ L)
s= n q

d(1+gSanz) <=

and the approximation properties of these operators were studied on compact disks. In [13] and in [14], complex bivariate
Balazs-Szabados operators and g- Balazs-Szabados operators of tensor product kind were studied on compact polydisks,
respectively.

2. CONSTRUCT OF THE OPERATORS AND AUXILIARY RESULTS

In this part, we define the reel and complex g- Balazs-Szabados-Kantorovich operators, and we give some results for these
operators.

Definition 1. We define the reel g- Balazs-Szabados-Kantorovich operators as follows

N Li+1lq
Ralfi0:0 = rreg ooy 0070 T[] () [, F©dge
n f,q,x _H?:_(:)l(l—l—qsanx) Oq q j q anx & f q~’
=

bn

where f:[0,00) > R is a continuous function, x € [0, ), a, = [n]g_l, b, = [n]g for g€ (0,1], 0<p Sg and
n € N.

The operators R,, are lineer and positive.

Lemma 1. The following equalities hold for the operators R,,

R,(L;q,x) =1, 2.1)
P x 1

Rn(8:0:%) = s T Bigbe @.2)
~ 1-9n qx?

R,(t*q,x) = (*-52) (a+[21q+[3]q)x 2.3)

(A+apx)(1+anqx) = [Blghp(1+anx)’

Proof. Using the results of following integrals
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f%n tdqt = W(l + [Z]Q[]]q);

n

i+1lq

S t2dat =51 ,,3{1+(q+ 21¢) /g + [314[/12}.

bn

after simple calculation, the desired equalities obtained.
Let g = (g,,) be a sequence satisfying the following conditions:
lim, e g, = 1and lim,_,, g = cfor0 <c < 1. (2.4)

Lemma 2. Let g,be a sequence satisfying the conditions 2.4 with g, € (0,1] for all n € N. If f:[0,0) > R is a
continuous function, then the sequence of the operators (ﬁn(f; an x)) converges f on [0, r] uniformly for ny > 2
nzngy

1-p
and <r <[”°] .

Proof. Using 2.1, 2.2 and 2.3, the lemma can be simply proved from Korovkin theorem (see [12]).
Definition 2. We define the complex g-Balazs-Szabados-Kantorovich operators as follows

[j+1]q

Ra(fi0.2) = = (1qu o )zq-qu(f 1)/2[] (an2)! f f(Odgt,

where f: Dg U [R, ) — C is uniformly continuous and bounded on [0, »0), D = {z € C: |z| < R} with R >0, z € C with
n—1,a, = [n]B b b, = [n]gforq € (0,1], 0 <BS§andneN.

n

The complex g-Balazs-Szabados-Kantorovich operators R,,(f; q,z) are well defined, linear, and these operators are
analytic for all n > ng and |z| < r < [no]é_ﬁ.

Let us denote with |||l = max{|f(z)| € R:z € D,.} the norm of f in the space of continuous functions on D, and with
1 lgjo,c0) = sup{lf(x)| € R:x € [0, 0) } the norm of f in the space of bounded functions on [0, o) .

Also, the many results in this study are obtained under the condition that f: D U [R, ) — C is analytic in Dy for r <R,
which assures the representation f(z) = Yy, cxz* forall z € C.

Lemma 3. Letbeny, >2,0< g < g If f is uniformly continous on Dy U [R, o), bounded on [0, ) and analytic in Dg,
then R,.(f; q,2) = Yo ckRn(ex; q,2) for all z € D,., where e, (z) = z*.

Proof. For any m € N, we define

(@) = S o cren (@ if 2] < 7 and fn(2) = f(2) if 2 € (r, 00).

From hypothesis on f, it is clear that each f,, is bounded on [0, o), that is, there exist My >0 with |f,,(2) | < Mg, , which
implies that

[]+1]q

~ by, j U=Dim
R 0.9] < e qalzl)zq a7 [}], @z j[, (Dt
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< b, . U-vj
= Mgt-gam 212014 ?

7] @ry

< ime SEod [ (5) =5 ()

Mf -1)j

S e 2=09" iq [] (@) ([11q + [ + 1g)

= Mfm Mrrnrq < OO’

1-p
forall |z| < r. Thatisall R, (f,n; q,2) Withn = ng, 7 < [ °]

, me N are well defined for all z € D,.. Defining

fnie(@) = By i € (2) i 2] < 7 and fre(2) = L2 i 2 € (1, 0),
it is clear that each f;,, . is bounded on [0, o) and that f;,(2) = XL, fin k(). From the linearity of R,,, we have
Ry(fn;q,2) = Yo ckRuler; q,2) forall |z| < 7.

It is suffices to prove that lim,,_,c Ry (fin; ¢,2) = R, (f;q,z). For any fixed n € N, n > n, and |z| < r. We have the
following inequality for all |z| < r

|§n(fm; q,z) — ﬁn(fi q, Z)| < fm— f”er,n,q; (2.5)
~ . U-nj .
where Mr,n_q:m 7:0 q_Jq ; 2 : [T]l]q (anr)J([i]q + [] + 1]11) < 00,

Using 2.5, limp, o |l i, — fll; = 0 and the || £, — fllg[0,0) < Ilfm — flI, the proof of the lemma is completed.

Lemma 4. We have the following recurrence formula for the complex g-Balazs-Szabados-Kantorovich operators

[k +1],(1+ q"anz)qz

R ;q,2) = ,
Tl(ek+1 q Z) [k+2]q b (1 +anZ) [ T‘L(ek q Z)]
[k+1]q qz i ~ .
+ [k+2]q {1+anz + bn} Ru(ex;q.2) + 5 [k+2 Rn(ek+1;9,2)

where R,, is q-Balazs-Szabados operators givenin 1.1, n € N,ze Cand k = 0,1,2, ....
Proof. Firstly, we calculate D, [R,,(ex; q,2)]

[ +1]

DalRa(eiq,2)] = [H (1+q 2 z)] Zq Jg/uvr [ |, Can Z)’f kgt

Tl

j+1lq
D - b
+1_[S"_1(1+—:;S+1az) 0q gV 1)/2[ ] (a2 ], f[;] notkd,t

(2.6)

From the fundamental theorem of calculus, we calculate

[+1lq
(B  Ulg(U + 15 - [15+)
Ul f% thdat = b+ [k + 1],

bn

_ Lilgli+alktt-[1k*?
bt k+1]4

[j+1lg-1 . .
LI gtk

bt k+1]4
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[]+1]k+2 []+1]k+1

. 52
- bk k+1],
U+ukt2 [1E+2 [jeagktt [j]’z;“,[j]’l;“ [+ 1k*t
___ 4 q q q ' q 1 q

brtk+1]q

_ Det2lq by D+l Ulk* 1 ettt (Gy)UIE gl

[k+1lg @  bE*2[k+2]4 a bE*k+1], b’,{+1[k+1]q
_ Det2lq by U+10§72 0162 1 D+ -0 o LIE

[k+1lqg ¢ bE*2[k+2]q g bktlk+1], abfk+1lq

Li+1lg +1lq
_ [k+2]g b qJ[j1E*
q nf bn tk+1d t— f bn tk _ — (27)
T [k+1lg Jl Ulq abf*k+1lq
bn

Applying 2.7 in 2.6, we obtain

b

DglRn(ex; q,2)] = — T¥qaz

Ruleiq,2) + {k +2]; by(1+ay2)

B .
k+1lgqz(1 4+ q"a,z) n(Cir1 0.2)

14+a,z - 1 b,(1+ a,z)

———— < Rulex;q,2) -
qz(1 + q"a,z) newia,2) [k + 1], qz(1 + q"anz

) n(ek+1' q, Z)

(2.8)
Arranging 2.8, the desired recurrence formula is obtained.

Lemmab5 ([9]). Letny =2,0< B < § and % <r<R< [no];_ﬁ. Foralln > ngy, |z| <rand k = 0,1,2, ..., we have
IR, (er; q,2)| < k! (207r)F.

Considering Corallary 1.10.4 in [5] (or Corallary 1 in [9]) and by the mean value theorem [7] in complex analysis, we
have the following corollary.

Corollary 1. Let f(z) = #ﬁz)a) where p; (2) is a polynomial of degree < k, and we suppose that |a,-| >R > 1forall
j=112-4;

j=12,..,k.1f 1 <r <R, then for all |z| < r we have

|Dlf (]| <

Lemma 6. Let ny =2, 0< B sg and §< r<R< [no];_ﬁ. For all n>ng, |z| <r and k =0,1,2,.., we have
|R,(ex; 9, 2)| < kk! (207)%.
Proof. Taking the absolute value of the recurrence formula in Lemma 4 and using the triangle inequality, we get

[k + 1], (1 + q"a,r)gr
[k +2]; bp(1—ayr) |

|Rn(ers1;q,2)| < Dy[Rn(er: q,2)]|

[k+1]q qr
ozl (o + 1) [Rneis 0,2 IRnein; 0,21
From the hypothesis of the lemma, we have 1 < 2r - < 2,14+ q"a,r <= and — < 1, which implies

|Ry(ex+1; . 2)| <3r|Dy[R,(ex; q,2)1| + 47| Ry (e 4, 2)|+IRn (ex 415 G, 2)| (2.9)
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o » —p ol P4r
Considering Corollary 1, under the condition r < [no]q , it holds []1—-B<3’ which implies
Nolg ©-r
~ 3k ~
|Dq (R, (ex; q,z)]| <= ||Rn(ek; q,.)”r. (2.10)

Applying 2.10 and Lemma 5 in 2.9, we get

|Ry(ex+1;q,2)| < 20r(k + 1)||ﬁn(ek;q,.)||r+(k + 1)1 (20r)**1,
Taking step by step k = 0,1,2 ..., we obtain

|R,.(ex; 9, 2)| < kk! (207)%,

which complete the proof.

3. CONVERGENCE RESULTS AND UPPER ESTIMATE

Now, we give the following convergence theorem and upper estimate for the complex g-Balazs-Szabados-Kantorovich
operators.

Theorem 1. Let (g,,) be a sequence satisfying the conditions 2.4 with q,, € (0,1] forall, n € N,and letny = 2,0 < g8 <
%and % <r<R< [no]éf. If f:Dg U [R,) - C is uniformly continuous, bounded on [0, ) and analytic in Dy and

k
there exist M > 0, 0 < A < % with |c| < M% (which implies |f(2)| < Me4?! for all z € Dg), then the sequence
(ﬁn(ek; Q- )) is uniformly convergent to f in D.
nzn,

Proof. Using Lemma 3 and Lemma 6, we have for all n = ny and |z| < r

[e5)

|RaFi 2] < )Lkl [Raeii g 2| < M) k(2074)%,
k=0

k=0
where the series Y, k(20rA)* is convergent for 0 < A < % From Lemma 2, since lim,,_, e Ry (f; gn, x) = f(x) for

all x € [0,7], by Vitali theorem (see [11], Theorem 3.2.10, p. 112), it follows that (En(f; qn,.))converges uniformly to f
in D, for n = n,,.

Theorem 2. Let (g,,) be a sequence satisfying the conditions 2.4 with g, € (0,1] foralln € N,and letny = 2,0 < g <
gand % <r<R< [no];ﬁ. If f:Dgr U [R,0) — C is uniformly continuous, bounded on [0, ) and analytic in D, and

k
there exist M > 0,0 < A < ﬁwith lex] < M'z— (which implies |f(2)] < MeAl#! for all z € Dg), then we have

|Re(fi an2) = F(D)] < G () (an + bl)

where C.(f) = €2 X2, (k — 1)k(20rA)<+t and i, (k — 1)k(20rA)<+! < o,

Proof. Using the recurrence formula in Lemma 4, we have

[k + 1], (1 + q"anz)qz
[k +2]; by(1+a,z)

[k+1]q qz
[k+2]q 1+anz

Rn(ek+1; q, Z) - Zk+1 = Dq [Rn(ek; aq, Z)]

qlk+1]q
bplk+2]4

[R,(ex; q,2) — 2] + R, (ex;q,2)

1 . k+1
+m[Rn(€k+1: 0,2) = 2" + S q(2),

where Sy, 4(2) = (ﬁ - 1) %;nzz"“. Taking absolute value for |z| < r, we obtain
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1+ q"a,r)qr

k+1| <
- b,(1—a,r)

|D,[Ry(ex; g, 2)]| + k|

_ qr .
|Rn(ek+1;q'z) —Z —|Rn(ek;q'z) - Z
—a,r

1

2a
k+1|+ n rk+2'

q ~
+E|Rn(ek; q;Z)|+|Rn(ek+1;qu) —Z 1-ayr

From the hypothesis of the theorem, we have a,r < % 1% <2and1+qta,r < ; using 2.10, we can write

anr

9(k + 1)
by

+|Ru(ers+1;q,2) — 2| + 4a,rkt?

k+1| S

|Rn(ek+1; q,Z) -z ”ﬁn(ek; QJ-)”r + zrlﬁn(ek; QJZ) - Zk|

Applying the following inequality given in [9] with (11)

|Ry(exs1;9,2) — 28+ < :—nk(k + D! Q201K + 2a,r?(k + 1)(2r)k,
and Lemma 6 in 3.1, we get
|Rulersns 4,2) — 2% < C (@, + i) k(k + 1)1 (20r)*2 + 27|R,(ex; 4, 2) — 2*|.
Taking step by step k = 0,1,2, ..., we arrive
|Ru(ex;q.2) — z¥| <cC (an + %) (k — Dk! (20r)k+1,

Choosing ¢ = (qx) and C,(f) = €% %, (k — 1)k(20rA)**1, we obtain

Rl 2) = F] < D leil [Rulersqn ) = 7]

k=0
< (an+ bin) CE ¥, (k — Dk(20rA)+,

which is the desired result.
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