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ABSTRACT

In this study, the coincidence degree theory has been used to determine new results on the existence and uniqueness
of T-periodic solutions for a type of Rayleigh equation as follows

') + LW O + g(tu®) = po).

Keywords: Rayleigh equation; Periodic solutions; existence; uniqueness; coincidence degree

1. INTRODUCTION

The dynamic behaviors of Rayleigh-type equations with
and without deviating arguments have been extensively
studied. It is still being studied because of its applications
in many disciplines such as mechanics, physics,
engineering and various other technical fields. In the
recent past, the Rayleigh equation and Rayleigh type
equations have been studied. These studies were focused
on existence and uniqueness of periodic solutions with
and without deviating arguments. (see [1-10]).

Recently, in 2008, Li and Huang [4] studied the
Rayleigh equation of the form

u'(0) + f(6, (@) + g(t, u®) = p(o). (1.1)

They established sufficient conditions for the existence
and uniqueness of T -periodic solutions of this equation.

The aim of this work is to determine sufficient
conditions for existence and uniqueness of T-periodic
solutions of the Rayleigh equation of the following
form

u"(0) + f(6 W ©)u'(©) + g(t,u®) = p(0)
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or an equivalent system

d_u = U(t)
i -
= = ~f(tv®)® — g(t,u®) +p(®)

where p:R > Rand f,g:R X R - R are continuous
functions, p is T-periodic, f and g are T-periodic in the
first argument with period T > 0.

2. PRELIMINARY RESULTS

First, assume an operator equation in a Banach space X
as follows

Lz = ANz, 1€ (0,1) 2.1)

where L: DomL N X — X is a linear operator and A is a
parameter. P and Q represent two projectors,

P:DomLNX - Xand Q: X - X/ImL.

For easy understanding, the continuation theorem [1,
p.40] has been explained as follows.

Lemma 2.1. Let X be a Banach space. Suppose that
L:DomL c X - X is a Fredholm operator with index
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zero and N:2 - X is L-compact on 2 with 2 open Let us denote

bounded in X. Moreover, assume that all the following r

conditions are satisfied. X = {Z = (u(®),v())

(i) Lz # ANz, for all z € 3 2 1 DomL, A € (0,1); € C(R,R®): zis T — periodic},

(i) QNz = 0,forall z € 3 Q N KerlL; which is a Banach space endowed with the norm ||. ||
defined by

(iii) The Brower degree

d[ON, Q@ N KerL,0] % 0. 1]l = [uleo + V] oo forall z € X.

. R We define a linear operator L:DomL c X - X b
Then equation Lz = Nz has at least one solution in (. P om - y

setting
Second, the Brousk theorem has been described as T
follows: Doml = {z = (u(®),v(t))
Lemma 2.2. ([2]). Suppose 2 © R™ is an open bounded €C'(R,R*):zis T — periOdiC}

set which including the origin and symmetric with

respect to the origin, if A:2 » R™is a continuous and z € DomL

mapping, and Lz =1z = (u'(t),v )T (2.2)

Az =—A(-z) # 0, z€JN, Also define a nonlinear operator N: X — X by setting

then d[4,2,0] # 0. Nz = (w(®), —f(t, v(©))v(t) — g(t, u(®)) + p(®)".

For ease of exposition, throughout this paper we will (2.3)

adopt the following notations: In the context of (2.2) and (2.3), the operator equation
T % Lz = ANz

lulic = (fo du(t)lkdt) ! is equivalent to the following system

[ulee = e [u(®)].

<u’(t)) = /1( v ) 1€ (0,1) 2.4
v(®) T M fev@)o - gtu®) +p©) * ¢ @
Again from (2.2) and (2.3), we can get

KerL = R?,
and

T
ImL = {Z € X:J z(s)ds = 0}.
0

Hence, the linear operator L is Fredholm operator with index zero.

Define the continuous projectors P: X — KerL and Q: X — X/ImL by setting

T

1
Pz(t) = ?J z(s)ds
0

and

T

1
Qz(t) = ?f z(s)ds.
0

Thus, ImP = KerL and KerQ = ImL. Moreover, the generalized inverse (of L) K,,: ImL — DomL n KerP is described

as
¢ T (ot
(Kp2)() = /f"tu(S)ds _ %Lr Lru@ds dt\ 0= ng
\L v(s)ds _Ffo fov(s)ds dt)

Therefore, from (2.3) and (2.5) it is easy to see that N is L-compact on &, where Q is any open bounded set in X.

) elmL. (2.5)
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Lemma 2.3. ([4]).Assume that the following condition holds.
(Hy) (gt uy) — g(t,up))(uy —uy) <0, forallt € R, uy,u, € R and uy # u,.
Then system (1.2) has at most one T-periodic solution.
3. MAIN RESULTS
Theorem 3.1. Let (H;) hold. Furthermore, assume that the following conditions ensure.
(H,) There exists a positive constant d*such that
u(g(t,w) —p(t)) <0 forallt €R,|ul =d".

(H3) There exists nonnegative constants r and K such that

1 K
r<T, |f(t,u)|£2r+m, forallt € R,u € R\{0}
Then system (1.2) has a unique T-periodic solution.

Proof. By Lemma 2.3, along with (H,), it can be easily seen that system (1.2) has at most one T-periodic solution. Therefore,
to prove theorem 3.1, it is enough to show that system (1.2) has at least one T-periodic solution. For it, we shall apply
Lemma 2.1. Firstly, we shall claim that set of all possible T-periodic solutions of (2.4) are bounded.

Letz = (u(t), v(t))T € X be an arbitrary T-periodic solution of (2.4). From (2.4), we get

1
u' + Af (t,iu’(t)> u'®) +2[g(tu®) -p®] =0, 21€(0,1), (3.1)
Set
u(ty) = rpee}zxu(t), u(ty) = I%’leilgl u(t),wherety, t, €R.
Then, we get

u'(t;) = u'(ty) =0, u''(t) <0, and u''(t;) = 0.
It is follows from (3.1) that
gty u(ty)) —p(t1) = 0 and g6z, u(tz)) — p(tz) < 0.
In the context of (H,), we obtain
u(ty) < d*and u(t,) > —d*.
Since u(t) is continuous function on R, for the following inequality there exists a constant £ € R
[u(®l < d. (3.2)
Let & = mT + &, where & € [0,T], and m is an integer. Then, we have

lu(®)| =

u(é) +fgu’(s)ds

t
<d +J: |u'(s)|ds,t €[0,T],
3

and

g
lu(®)| = lu(t—-T)| = u(f—) Iu (s)ds| <d* + f [u'(s)|ds,t € [f_,f_-l— T].
t-T

Bringing together the above two inequalities we ascertain

lul = max|u(t)| = max |u(t)|
telo,

te[&E+T)

< 7[?%35 {d* (f | (s)lds+-f; Tlu (s)Ids)}

1 T
<dr +—f |u'(s)|ds
2Jy
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1
<d +§\/7|u'|2. (3.3)
Set
Q ={t:t €[0,T], [u@®)| >d"},Q ={t:t €[0,T], [u(®)| < d"}
Multiplying u(t) and Eq. (3.1) and then integrating it from 0 to T, by (H,), (H3), (3.3) and schwarz inequality, we get

T
N2 — _ " d
F fou ®u(t)dt
T 1
=f {lf (t’iu,(t)> u'®) + 22[g(tu®) —p(t)]}u(t)dt
0
T 1
= f Af (t.zu'(t)) w' (Hu(t)dt + A% J [g(t, u(®)) — p(O]u(t)dt
0 Q,
HZ[ [9(t,u®) — p®O]u(t)dt
Q,

f [2r+| ’(t)l] [/ (0| (D) |de
+/12f lg(tu®) — p@®|lu(®)ldt
Q,

< 2r|ule fTIu’(t)Idt + |ulo T(max{lg(t,u) — p(t)|:t €R,|ul < d*} + K)
0
< r(VTIW |, + 2d")WT ',
+ T(max{|g(t,u) —p(®)|:t €R,|ul <d*}+K) (%ﬁlu’lz + d*) (3.4)
Since 0 <r < % , (3.4) signifies that there exists a positive constant D, such that

[u'|, <Dy and |ul, < D;. (3.5)

Sett; € [0, T] such that [u(ty)| = tr&oajrc]lu(t)l’ then u'(t;) = 0. In the context of the first equation of (2.4), we have

v(ty) = 0.

Then we can choose a positive constant D, such that

¢
[lv(@®)| = |v(ty) +f v'(s)ds

t

< ()l + | [V (s)lds

ty

< .LTIV’(S)Ids

<f
0

T
sjo A[2r+ (t)l] |u(t)|dt+f [22[g(t, u(®) — p(®)]|at

Af <t,%u'(t)) u'(t) + 22g(tu®) - p(t)]| dt

T
< Zr.f [u'(t)|dt + T[K + max{lg(t,u) —p()]:t € R, |u] <D, }]
0

< 2rVTIW' (), + TIK + max{|g(t,w) — p(t)|:t €R, |x| < D, }]
<D, (3.6)

where t € [t;,t; + T1.
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Set
N={z=wv)T€X:|ulew+ |Vl <D; + D, +d* + 1 =D},

It is known that the system (2.4) has no solution on 82 as A€(0,1). Let z = (u, v)T € 82 N KerL = 002 n R?. z is a constant
vector in R% with ||z|| = D. From (H,), if v = 0, we get

lulo =D >d* +1

and

1 (7 1 (7
5[ gCww+ gew-pede =1 [ (gt - p@)de # o
0 0
Thus, in any case
T
QNz = (v, —%f (fe,v)v + g(t,uw) —p@)dt)T #0, z€dRnKerL. 3.7)
0

Define a continuous mapping A: 2 — R? by
Az = (v,u)7, forallz= (u,v)T €Q.
Clearly, 02 is symmetric with regard to the origin and
Az = —-A(-z) # 0, forall z € 002 N KerL
by applying Lemma 2.2, we have
d[A,Q n KerL,0] # 0. (3.8)
Like the proof of (3.7), it is easy to prove that
¢(z,A) = A4z + (1 — 2)QNz

T
= (Av +@A-Dv,Au—(1- A)%IT(f(t, vv+ g(t,u) — p(t))dt>
0

is homotopy mapping such that ¢(z, 1) # 0 on (02 N KerL) x [0,1].
Hence, by using the homotopy invariance theorem, we have
d[QN,2 nKerL,0] = d[A, 2 nKerL,0] # 0.

It is now known that 2 satisfies all the requirement in Lemmaz2.1, and then Lz = Nz has at least one solution in the Banach
space X, therefore, it is proved that system (1.2) has a unique T-periodic solution. Hence, the proof is completed. o

4. AN EXAMPLE
In this section, an example is provided to demonstrate the above ascertained outcomes.

Example 4.1. Let us consider the following forced Rayleigh equations:

1 ) 1 1
— sin(y’ cos(u' (1)) sin(u' (1)) - ] 1y < 2 (_ )) 2013
2014n [Sm(“ ©)e e cos(zt) |w'(t) — (13 + cos® (7] Ju™™ ()

= sin? G t). (4.1)

The equivalent system of (4.1) can be constructed as follows

u”(t) +

(d—u =

5= v®

d 1 . 1

d_ltj =~ S01ldn [sin(v(t)) ecos®) 4 es”‘(”(‘))cos(Z t)] v(t) (4.2)

1 1
+ (13 + cos? (— t)) u?013(¢) + sin? (— t) .
4 4
Since

flt,uw) = ; (sin(u) ecos 4 eSi“(“)cos(1 t))
’ 2014m 47)
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1
gt,u) =— (13 + cos? (Z t)) 42013,

p(t) = sin? (

1t>
3t)

One can easily check that the conditions (H;) and (H5) are provided. Now let show that (H,) holds. Choose d* = 1. For

allt € Rand |u| = d* =1, we have

4
1 1
= (—12 — cos? (Z t)) u20t4 — (uzo14 + sin? (Z t) u)

Since |u| = 1 and sin? ( t) < 1, automatically (uzo” + sin? G t) u) > 0. As aresult

1
4

u(g(t, u) — p(t)) < 0.
So (H,) holds. Since (H;), (H,) and (H;) holds, by Theorem 3.1, system (4.2) has a unique 8m-periodic solution.

Therefore, Rayleigh Eq. (4.1) has a unique 8m-periodic solution.

5. CONCLUSION

Since f(tu) = 20;471 (sin(u) ecos) 4

esnWcos(Et)), it can be easily seen that all the results
4

in [1-10] and the references therein cannot be applicable
to Eq. (4.1) to obtain the existence and uniqueness of 87-
periodic solution. This implies that the results of this
paper are essentially new.
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