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B-LIFT CURVES AND ITS RULED SURFACES

Anmil ALTINKAYA,! Mustafa CALISKAN?
L.2Faculty of Science, Department of Mathematics, Gazi University, Ankara, TURKIYE

ABSTRACT. In this paper, we have described the B-Lift curve in Euclidean
space as a curve obtained by combining the endpoints of the binormal vector
of a unit speed curve. Subsequently, we have explored the Frenet frames of
the B-Lift curves. Moreover, we have introduced the tangent, normal and
binormal surfaces of the B-Lift curve and examined the geometric invariants
of these surfaces. Finally, we have investigated the singularities of these surface
and visualized the surfaces with MATLAB program.

1. INTRODUCTION

Ruled surfaces have important applications in kinematics, computer science,
physics, etc. A ruled surface is defined by a straight line that is moving along
a curve [1]. Many mathematicians have studied the ruled surfaces [2-8]. E. Ergiin
and M. Caligkan [2] created ruled surfaces by accepting the natural lift of a curve
as the base curve and they characterized these surfaces. The natural lift curve
is described in an example in Thorpe’s book. Generally, the natural lift curve is
defined as the curve formed by combining the end points of the tangent vectors of
the curve [9].

One of the main purposes of classical differential geometry is to investigate some
classes of surfaces such as developable surfaces and minimal surfaces. Ruled surfaces
are developable surfaces with zero Gaussian curvature suach that these surfaces are
called minimal surfaces [10]. S. Izumiya and N. Takeuchi presented new results for
the Gaussian curvature and the main curvature of the ruled surface [3].

A point is called the singular point of the surface if the tangent vector at any
point does not lie in a plane. At the singular point, the surface intersects itself. If

2020 Mathematics Subject Classification. 53A04, 53A05, 53A10.

Keywords. B-Lift, ruled surface, minimal surface, developable surface, singular point.
1 @ anilaltinkaya@gazi.edu.tr-Corresponding author; 0000-0003-2382-6596

2B mustafacaliskan@gazi.edu.tr; @ 0000-0003-1354-4763

(©?2023 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

159



160 A. ALTINKAYA, M. CALISKAN

all points of a curve on a surface are singular, this curve is called a singular curve [1].
Recently, many studies have been done on the singularity of curves [11-16].

In this study, we define a new curve which is called B-Lift curve and we calculate
its Frenet vectors. Furthermore, we examine the integral invariants of the tangent,
principal normal and binormal surfaces of the B-Lift curve. Also, we study the
singular points of the ruled surfaces of the B-Lift curve. Finally, we give examples
of these situations and drawn our surfaces.

2. PRELIMINARIES

Let a vector ¥ = (z1, %2, 73) be given in R®. The norm of & = (21,72, 23) is

defined by
I1Z]= V2t + 23 + a3
A vector which its norm is 1 is called a unit vector. For the vectors ¥ =
(71,22, 23) and ¥ = (y1,y2,y3) in R3, the inner product <, >: R3 x R3 — R defined
as

< Z, Y >= T1Y1 + Tay2 + T3Y3

which is called Euclidean inner product. If 7/(5) £ 0, v : I =R3 is called regular
curve , for all s € I Let v : T =R3 be a curve, if |y (s)||= 1 then the curve is called
unit speed curve [1].

A curve « is called general helix in R? if tangent vector of the curve makes a
constant angle with a fixed straight line. M. A. Lancret discovered that the ratio
of curvatures of the general helix is constant in 1802 |17].

Let v be a regular curve in R3. The set {T'(s), N(s), B(s)} is called Frenet frame
given by tangent, principal normal and binormal vectors, respectively.

T(S):Vi,(‘s%
_ 7 (s)
() =p7

B(s)=T(s) x N(s),
Here T'(s), N(s) and B(s) are the unit tangent, principal normal and binormal
vectors of y(s), respectively. Frenet-Serret formulas are following as [10]:
T'(s)=r(s)N(s),
N'(s)==r(s)T(s) +7(s)B(s),
B'(s)=—7(s)N(s).

When a point moves along a curve with unit speed, the rotation is determined by
an angular velocity vector W that is called Darboux vector. The Darboux vector
W is presented as W = 7T + kB. Moreover, k = |[W| cos and 7 = ||| sin¢
are written. Here ¢ is the angle between Darboux vector and binormal vector of
+(s) [i0).

Let v be a regular curve and w be unit direction of a straight line in R3, then
the ruled surface ¢ is the surface formed by the continuous moving of w based
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on the curve . The parametric representation of the ruled surface ¢ is given as
follows [10]:

6(s,0) = 7(s) + ve(s).

For the ruled surface ¢(s,v), we can write

Py X P, = 7,(3) x w(s) + vw/(s) X w(s).

Hence (s0,vo) is a singular point of ¢(s,v) if and only if v (s0) x w(s0)+vow (s0) X
w(se) = 0. Ifw'(s) xw(s) = 0, the ruled surface ¢(s,v) is called a cylindrical surface.
Therefore, if w'(s) x w(s) # 0 the ruled surface ¢(s,v) is called non-cylindrical
surface [10].

The foot of the common normal between two consecutive generators is called the
striction point on a ruled surface. The striction curve formed by the set of striction
points is as follows [10]:

_ <7 (s),w () >
b(s) - 7(8) < w/(s),w/ (U(S).
The distribution parameter for a ruled surface is described as follows [10]:

det(',w,w")
P = -
b w12

A ruled surface ¢ is developable if and only if P, = 0 [10].
Let ¢(s,v) be a ruled surface. Then the Gaussian curvature of ¢(s,v) is given by

(det(y'(s), w(s), ' (5)))?

Kls.v) = =" oy

and mean curvature of ¢(s,v) given by

_ —2<y(s),wls) > det(y'(s), w(s),w (s)) +det(y () +vw (s),7'(5) + 0w (s), w(s))

H(s,v) = 2EG — F2)3/2

where E = E(s,v) = ||y (s) + vw' (s)||2, F = F(s,v) =< 7 (s),w(s) >,
G=G(s,v)=1|3].

Let v be a regular curve in R? and the set {T(s), N(s), B(s)} be the Frenet
vectors of the curve 7. Then the tangent, principal normal and binormal surfaces
of the curve «y are given in the following equalities [3]:

or(s,v) = A(s) +0T(s)
on(s,v) = (s) +vN(s)
¢p(s,v) = 7(s)+vB(s).
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3. B-L1IrT CURVES AND ITS RULED SURFACES

Definition 1. Let v : [ — M C R? be a unit speed curve, then vg : I — TM is
called the B-Lift curve and ensures the following equation:

V() = ((s), B(s)) = B(s)|4(s)- (1)

Proposition 1. Assume that vp is the B-Lift curve of a unit speed curve v. Thus,
the following equations are provided:

To(s) = —N(s),
Np(s) = g - T _p
e @ e

L) e )
Bols) = went @t mwen?

where {T'(s),N(s),B(s)} and {Tg(s), Ng(s), Bg(s)} are the Frenet vectors of the
curve v and vg, respectively. (In particular, the torsion will be considered greater
than zero.)

(i) Let vz be B-Lift curve of the regular curve . Then the tangent surface of
B-Lift curve is given as follows:

b1y, (5,0) = vp(8) +0TB(s). (2)
From (1) and Proposition 1, we have
¢ry(5,0) = B(s) + v(=N(s)). 3)
Now, we investigate the singular point of the ruled surface ¢,
(Dr5)s X (Dry)e = (B(5) x (=N(5)) + v(k(s)T(s) = 7(s)N(s)) x —=N(s)
= —vk(s)B(s).

Since for every (so,v0) € I x (R—{0}), (d1,)s0 X (d1,)v = —vok(s0)B(so) # 0,
the ruled surface ¢7, has no singular point. Since for every (so,vo) € I x (R—{0}),
w' (s0) X w(se) = K(s0)B(sg) # 0, the ruled surface ¢, is non-cylindrical surface.
The distribution parameter of the tangent surface ¢, is

_ det(B',-N,-N") _

Pr = 0.

T =N

The striction curve of the ruled surface ¢, is

<, s7T/ s) >
R D
< Tp(5), Th(s) >
< —7N,KkT — 7B >
= B — !
() <Kl —7B,kT — 7B >
= B(s).

bry(s) = vp(s)

(kT — 7B)
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The Gaussian curvature of the ruled surface ¢7, is
(det(—7N,—N, kT — 7B))?
(EG — F?)?

The mean curvature of the ruled surface ¢, is

K, (s,v) =— =0.

Hy (s.0) — det(kT — 7 N — 7*B+v(k' T + (k* + 72)N — 7 B, —~7N + v(kT — 7B),—N)
e 2(EG — F2)3/2
L)
~ 2(EG - F?)3/2°
Corollary 1. The ruled surface ¢, is developable.
Corollary 2. Let the curve v : I =R> be a general heliz curve. Then the ruled
surface ¢, is a minimal surface.
(ii) Let vz be B-Lift curve of the regular curve . Then the principal normal
surface of B-Lift curve is given as
Ony (5,v) =vp(s) + vNB(s). (4)
From (1) and Proposition 1, we get
k(s) 7(s)
Ony(s,0) = B(s)+o( T(s) - B(s)). ()
e W (s )|| W ()|
T2 KT— KT KT
(Dnp)s X (Ong)o = (=T + ;o ), =K+ o). (6)
Nole = Ny i [wip? il
The distribution parameter of the principal normal surface of the curve vp is
det(B', N, Np)
PNg AT
INBl
_ 7(— v + i)
(miem)? + Ctr)* + ()’
The striction curve of the ruled surface ¢y, is
< () Np(s) >
bng(s) = s) — - ; Np(s
NB( ) ’YB( ) <NB(S),NB(S) > B( )
— B(s)- < N7HWIIT+ AN - B > (BT
K/Q 7—2 Iﬁ}2 T‘Z W W
< T+ SN = e B e T+ N - e B> WIS IV

The Gaussian curvature of the ruled surface ¢y, is

_ (det(’}/Ba N37 ]\ZIB))2
(EG — F2)2

Kng(s,v) =

B).
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(= + e
(EG — F2)?

The mean curvature of the ruled surface ¢y, is

det(vg + vNp, 75 + Ny, Np)
2(EG _F2)3/2
V(BT ) (kT — KT ) + 02(%)(“7 — K T)+oT (Kﬁv;ﬁg )+ UT(W),

g
2(EG — F2)3/2

Hy,(s,0) =

Corollary 3. Assume that v : I —R3 is a general heliz curve. Hence the ruled
surface ¢, is a developable surface.

Corollary 4. Let vy : I —R3 be a general heliz curve. Then the ruled surface Oy
is a minimal surface.

(iii) Let v5 be B-Lift curve of the regular curve . Then the binormal surface
of B-Lift curve is given by

$p,(s,v) = 7p(s) + vBp(s). (7)
From (1) and Proposition 1, we know
S,V = S v T<8) S K(S) S
d)BB( ) ) B( )+ (||W(S)||T( )+ HW(S)”B( )) (8)
(¢BB)S X (d)BB)U = (_||W||’U( ||W||2 )7 HWH) (9)

From (9), the ruled surface ¢, has no singular point and since Bp x B;_E; #0, 05,
is non-cylindrical surface.

The distribution parameter of the ruled surface ¢, is
det(B', Bg, By)
Ppy = ——F5rn
| Bgl|

7 (= vye + i)
(7)2 + ()2
The striction curve of the ruled surface ¢, is

< g(s), By(s) > )
< By(s) By(s) > P

bpy(s) = 7p(s) -
= B(s).
The Gaussian curvature of the ruled surface ¢, is

(det(vy, Bp, By))?
(EG — F2)2

Kpy(s,v) = —
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(e + i)
(EG — F2)?

The mean curvature of the ruled surface ¢, is

det(v +vBp. v + vBy, Bp)
2(EG — F2)3/2
) ’ ’ 1" 1" 7_2 2 ’
II‘;W (—kT+7TKk+K T—KT )— ol (k? +712) — HV“{/HS(T K—K
2(EG — F2)3/2

Hp,(s,v) =

’

7)?

Corollary 5. Let vy : I =R3 be a general heliz curve. Then the ruled surface bB,
is a developable surface.

Example 1. Let us consider the unit speed general helix curve that is given as
following equality:

\/g 3 \/g S
—(Y23/2 VO g3/2 2
’y(s) ( 3 s ) 3 (]' S) 72)'
Then the curve vg is given as follows:
o Lap Ly e VB
18(s) = (—5%, (1 - )2, 22,
The Frenet vectors of the curve v can be calculated by
TB(S) = (_(1 _8)1/27_31/2a0)7
NB(S) = (51/27_(1 _5)1/270)a
Bgp(s) = (0,0,1).

From (3), (5) and (8), the tangent, normal and binormal surfaces are calculated as
follows:

¢TB(577)) = 7p(s) +vTp(s)

= (—%51/2,%(1—s)l/z,é)+U(f(1fs)1/2,—51/2,0)
Ong(s,0) = vp(s) +vNp(s)

= (%51/2’;(1 5)1/27§)+U(51/277(173)1/270)
bpg(s,v) = vp(s)+vBs(s)

. (—231/2,%(1—5)1/2,§)+v(0,0,1).

The distrubition parameters of the ruled surfaces ¢r,., ¢n, and ¢pg,_ are

p._ det(B.Tp Tp) _
e A
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FIGURE 1. Tllustration of the ruled surfaces ¢, , ¢y, and ¢, , respectively.

det(B',Np, Np)

Py, = —— 0Bl _g
7 INg|?
det(B', Bg, By)
Pg, = —— 12 Bl_,
? 1BgI?

Since Pr, = Py, = P, =0, the ruled surfaces ¢, ¢, and ¢, are developable.
The striction lines of the ruled surfaces ¢p,, ¢n, and ¢g, are given by

< p(9) Tp(s) >

bTB (8) = ’73(5) < Té(S),TIB(S) >TB(5)
= B(s)
= aen lao e )
_ < A5(s), Ng(s) >
bng(s) = vp(s)— > NZ(s),NZ(s) >NB(8)

= (hemlaogun B L e

2 2 )
= (o,o,?).
B < 5(s), By(s) >
bpy(s) = 73(8)_<B};(s),BZ(s)>BB(S)
= B(s)
1 1 V3
= (—581/2,5(1—5)1/277).

Gaussian curvatures of the ruled surfaces ¢, ¢n, and g, are given as follows:

(det(v, T, Ty))>?
(EG — F?)?

Kr,(s,v) = -
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=0

det(v, N, N3y))?

KNB(S3U) = 7( ((Eg— F2>QB))
=0

det(yy, Bg, By))?

KBB (S, ’U) _ _ ( (P)/B B B))

(EG — F2)?2
= o

Mean curvatures of the ruled surfaces ¢r,., ¢n, and ¢g,_ are calculated as

Hrp,(s,v) =
+
HNB (S,’U) =
+
HBB (S,’U) =

—2 <7 (5), T(s) > det(v (s), Ti(s), Tp(s))
2(EG — F2)3/2

det(y" (s) + vTp(s),7 (s) + vT;(s), Tn(s))
2(EG — F2)3/2

0

2 < +'(s), Ni(s) > det(y (s), N5 (s), Np(s))
2(EG — F?)3/2

det(~" () + vNp5(s),7 (s) + vNp(s), N (s))
2(EG — F2)3/2

0

2 < +'(s), Bo(s) > det(y (), Ba(s), By (s))
2(EG — F?2)3/2

det(y" (s) + vBjy(s), () + vBj(s), Bs(s))
2(EG — F2)3/2

0.

Since Hry(s,v) = Hyy(s,v) = Hpy(s,v) = 0, the ruled surfaces ¢p,, ¢y, and
¢p, are minimal surfaces.

4. CONCLUSION

In this study, based on Thorpe’s definition [9], we have introduced the B-lift
curve and calculated the Frenet vectors of the B-Lift curves. Furthermore, we have
given the tangent, normal, and binormal surfaces of the B-Lift curves and calcu-
lated the integral invariants of these surfaces.
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