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ABSTRACT. In this paper, we research some properties of Codazzi pairs on almost para Norden manifolds. Let
(M3, ¢, g,G)be an almost para Norden manifold. Firstly, g-conjugate connection, G-conjugate connection and ¢-
conjugate connection of a linear connection V on M,, denoted by V* | V! and V¥ are defined and it is demonstrated
that on the spaces of linear connections, (id, *, T, ¢) acts as the four-element Klein group. We also searched some
properties of these three types conjugate connections. Then, Codazzi pairs (V, ¢) , (V, g) and (V, G) are introduced
and some properties of them are given. Let R, R* and R are (0,4)-curvature tensors of conjugate connections
V, V* and V', respectively. The relationship among the curvature tensors is investigated. The condition of N, = 0
is obtained, where N,, is Nijenhuis tensor field on M,, and it is known that the condition of integrability of almost
para complex structure ¢ is N, = 0. In addition, Tachibana operator is applied to the pure metric g and a necessary
and sufficient condition (M, ¢, g, G) being a para Kahler Norden manifold is found. Finally, we examine ¢-invariant
linear connections and statistical manifolds.
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1. INTRODUCTION

Codazzi tensors are an important issue encountered in various fields of geometry. The conditions of being Codazzi
tensors for various types of tensors and the properties of Codazzi tensors have been studied by many authors in [4-7,
10,12,13,18,23-29].

When we study this subject in the paper, we are inspired by two papers [10] and [13]. In the first paper [10], they
research Codazzi couplings of an affine connection V with a tangent bundle isomorphism L on smooth manifolds, a
pseudo-Riemannian metric g and a nondegenerate 2-form w. They consider Codazzi (para) Kahler structures which
are a generalization of special (para) Kahler structure, without requiring V to be flat. Moreover, they give some results
about w-conjugate, g-conjugate and L-gauge tarnsformations of V, along with identity, form an involute Abelian group.
Their findings indicate that any statistical manifold might admit a (para) Kahler structure in the condition that L which
is compatible to g and Codazzi coupled with V can be found. In the second paper [13], the authors first define conjugate
connections of linear connections regarding Norden metric g, twin Norden metric G and almost complex structure J.
They give relationship between curvature tensors of conjugate connections. Moreover, they prove conjugations along
with an identity operation together act as a Klein group. In addition, some properties of Codazzi pairs (V,J) and (V,G)
are given. They give a necessary and sufficient condition the an almost anti-Hermitian manifold (M, J, g,G) is an
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anti-Kéhler relative to a torsion-free linear connection V, assuming (V,J) being a Codazzi pair. Finally, they give some
results about statistical structures on M.

Based on all these studies, in this paper, we consider some properties of Codazzi pairs on almost para Norden
manifolds. In section 2, we give some basic definitions which we use later. In section 3, we first introduce three
types of conjugate connections of linear connections relative to ¢, g and G. These connections are called ¢-conjugate
connection, g-conjugate connection and G-conjugate connection and signed by V¥, V* and V' respectively. We obtain,
(id, =, T, ) acts as the 4-element Klein group on the space of linear connections. In section 4, we introduce Codazzi
pair of V with ¢, Codazzi pair of V with g , Codazzi pair of V with G and searched properties of these pairs. In section
5, we consider the relationship among the (0, 4)-curvature tensor fields of conjugate connections V¥, V*, VT and we
get R(X,Y,¢Z,T) = -R* (X, Y, T,¢0Z) = R (X,Y,Z,¢T). In section 6, we compute Nijenhuis tensor N, and obtained
N, (X,Y) = 0if (V, ¢) is a Codazzi pair. Later, ®-operator (or Tachibana operator) applied to pure tensors is applied to
the pure tensor g and found (®,G) (X, Y,Z) = (@,g) (X.¢Y. 2) = (VoxG) (Y, Z) - (Vxg) (¢Y.¢Z) if (V. ) is a Codazzi
pair. Moreover, the necessary and sufficient condition is obtained for the (M>,, ¢, g, G) to be para Kahler Norden. In
section 7, we study ¢-invariant linear connections. Under what conditions do we find that V* and V' are g-invariant.
In section 8, finally we investigate statistical manifolds.

2. PRELIMANIRIES

Let M;, be a Riemannian manifold with neutral metric, i.e., with pseudo-Riemannian metric g of signature (n, n).
In this paper we assume manifolds, connections and tensor fields to be differentiable and of class C*. The set of all
tensor fields of type (p, g) on M, is denoted by Sg (M»,).

Let M,, be a differentiable manifold. ¢ is called an almost paracomplex structure if ¢? = id for the an affinor field
pe S% (M>,) . The pair (M>,, ¢) is called an almost paracomplex manifold [14]. The metric g is an almost para Norden
metric relative to ¢ if

g (X, ¢Y) = g(X,Y)
or equivalently

8 (X, Y) = g(X, ¢Y)
forany X, Y € S(') (M>,) [21]. These metrics have also been called pure metrics, B-metrics and anti-Hermitian metrics
in ([9,11,15,19,30,31]). In this case, (M»,, ¢, g) is called an almost para Norden manifold. (M,,, ¢, g) is called a

para Norden manifold, if ¢ is integrable. It is known that the condition of integrability of almost para complex structure
@ is N, = 0, where N, is Nijenhuis tensor field on M,, defined by

Ne (X.Y) = [oX, Y] - @ [X. Y] - ¢ [X, Y] + [X, Y].

On the other hand, the paracomplex structure ¢ is intagrable if and only if V¢ = 0, where V is a torsion-free linear
connection.
Let (M3,, ¢, g) be an almost para Norden manifold. G is defined as

GX.Y)=(gop)(X,Y)=g(eX,Y)

by means of the para Norden metric g, is called almost twin para Norden metric for all vector fields X, Y € S(‘) (M»,)
[21]. From now on, we assign the quadruple (M>,, ¢, g,G) as an almost para Norden manifold. We can easily see
that:
GX.Y)=(gop)(X,Y) =g(eX.Y)
=g(X,¢Y)
=G (X)),

and
G (@X.Y) = (309) (9X.Y) = g (¢*X. Y)

=g (X, @Y) = (gop) (X, pY)
=G (X, ¢Y).
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The covariant differentiation of the Levi-Civita connection of g denoted by V,. In this case, we have

9,62 (Fug) oo 0 (Fis) = 35 (%)

and from Theorem 2 in [22], V,G = 0 is obtained.

3. ConIUuGATE CONNECTIONS

Let V be a linear connection on (My,, ¢, g,G). The conjugate connections of V with respect to ¢, g and G are
defined as the linear connections given with the following equations:

VE(X.Y) = VY = o7 (Vxg)),

Zg(X,Y)=g(VzX,Y)+g(X,V,Y), 3.DH

ZG(X,Y) = G (VzX,Y) + G(X,V}Y), (3.2)
for all vector fields X, Y,Z on M»,. These connections V¥, V* and V' are called ¢-conjugate connection, g-conjugate

connection and G-conjugate connection, respectively. The conjugate connections have been studied by many authors
in [1-3,8,10, 13, 17]. From the relationship among these connections of V, we can write the theorem below.

Theorem 3.1. Let (M>,,, ¢, g,G) be an almost para Norden manifold. ¢-conjugate connection, g-conjugate connection
and G-conjugate connection of a linear connection V are denoted by respectively V¢, V* and V'. Hence, (id, *,71,¢)
realizes a 4-element Klein group action on the space of linear connections:

LV =@ H = (@9 =7,

2.(VH? = (") = v,

3.V =(v) = Vi,

4. (v = (vH = v

Proof. i. The definition of conjugate connections leads to the statement.
ii. We calculate

G((VZX.Y) =G (¢'V ¢X,Y)
= G(Vz*¢x,¢y) = G<<pY, Vz*gox)
= ZG (pY, ¢X) — G (Vz¢Y, 0X)
=728 (Y, 0X) — g (¢Vz¢Y, ¢X)
=Zg (Y, X) — g (Vz¢Y, X)
= g (pY. V;X)
= G(VyX,Y)
which gives (VH)? = V*. From the definition of the G-conjugate connection given in (3.2), we compute
ZG (X,Y) = G(VLX.Y) + G(X. (V)}Y),
Zg (X, Y) = g (pVEX, ¥) + g(pX, (V)L ),
Zg (X.Y) = g (0™ V20X, Y) + g(0X. (VO)L Y,
Zg (@X.Y) - g (Vz0X.Y) = g(¢X,(V9)}Y),
g(@X. V,Y) = g(@X,(V)Y),

which gives (V¥)"=V*. Thus, we obtain (V))” = (v¥)" = v*.
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iii. We calculate

2 (@X. (V9),Y) = Zg (¢X.Y) — g (V5pX.Y)
=ZG(X,Y) - G(¢™'Vo¢X,Y)
=ZG(X.Y) - G (¢ (¢ (V2¢°X)).Y)
=7ZG(X,Y) -G (VzX.,Y)
=G (X V"'Z'Y) = g(¢X, V}Y)

which gives (V¥)*=V". Similarly,

g((VIEX.Y) =g (¢7' V20X, ¥) = g (¢¥, V7"¢X)
= Zg (¢Y, ¢X) — g (Vz¢Y, ¢X)
= Zg (¢Y, X) — g (¢V 0¥, X)
=ZG (Y, 0X) - G (Vz¢Y, X)
=ZG (oY, X) = G (Vz9Y, X)

=G (pY, ViX) = g(XV}X)
= g(VIX,Y)
which gives (V*)? = V'. Thus, we obtain (V¥)*=(V*)=V".
iv. From the definition of the g-conjugate connection given in (3.1), we compute
2(eX. (V1Y) = Zg (eX.¥) - g (VjX. Y)

= Zg (Y, ¢X) - (Y, VX)

= ZG (¢7'Y.9X) - Gly™ .V 0X)

= ZG (¢Y,¢X) - G(¢Y, Vi0X)

= G (V2Y,0X) = G (¢V,9Y, X) = G (¢ V0¥, X)

=G (VLY. X)
= g(@X, V5Y)

which gives (V) =ve. Similarly, from the definition of the G-conjugate connection given in (3.2), we compute

ZG (X,Y) = G (V3X,Y) + G(X, (V)L Y),

Zg (X, Y) = g (VX Y) + (X, (V)L Y),

Zg (@Y, X) - g (¢Y, V3 X) = g(@X, (V) Y),
8 (V20Y, X) = g(¢X. (V)L Y),
2 (#V2¢Y, ¢X) = g(@X, (V') Y),
2(¢7'V2pY, X) = g(eX, (V)}Y),
8(V5Y.¢X) = g(@X. (V) 1),
2(pX. VoY) = g(eX, (V) Y),

which gives (V*)' =V¥. Thus, (V)" = (V*)7 = v¥.
The proof is completed.
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4. Copazzi Pars

4.1. Codazzi Pair of V with ¢. Let V be a linear connection and ¢ be an almost paracomplex structure on M,,. We
demonstrate that the pair (V, ¢) is a Codazzi pair, if the identity is given below holds

(Vxp) Y = (Vyp) X,
for all vector fields X and Y on M,,.

Theorem 4.1. Let V be a linear connection and ¢ be an almost para complex structure on My,. If (V, ) is a Codazzi
pair, the followings are equivalent:
1. V and V¥ have equal torsions.

2. (V“’, <p’1) is a Codazzi pair.
Proof. 1. Let (V, ¢) is a Codazzi pair. The torsion of connection V¥ is given as follows;
SV (X, Y)=VEY - VEX - [X, Y.
Based on this, we obtain
SV (X, Y) =SV (X,Y) = V§Y — Vx¥ - VIX + VyX

= ¢ (VxpY) = Vx¥ = ¢ (VyoX) + Vi X
=@[(Vxp) Y + o (VxY)| = VxY — o [(Vyp) X + ¢ (VyX)| + VyX
= ¢[(Vxp) Y = (Vyp) X]
=0,

which gives SV = SV,
ii. Let (V, ) be a Codazzi pair. To show that (V‘p, 90‘1) is a Codazzi pair, it is necessary to show that (Vﬁgo*) Y -
(Vi) x =0.
(Vﬁ(pfl) Y - (V‘;i(pfl) X = (V§¢p> Y- (V‘;ga) X
= V5 (0Y) - ¢ (V5Y) = V4 (0X) + 0 (V4 X)
=07 (Vx¥) = (97 Vxe¥) = 07 (VyX) + o (97" VyipX)
=p(VxY) = [(Vx@) Y + o (Vx V)] = 0 (Vv X) + [(Vy@) X + ¢ (VyX)]

==(Vxp) Y +(Vyp) X
=0.

On the contrary, if (V¢, ¢™!) is a Codazzi pair, (V, ¢) is so.

The proof is completed. O
Theorem 4.2. Let V be a linear connection and ¢ be an almost para complex structure on M,,. (V¥,¢) is a Codazzi
pair if and only if (V, @) is so.

Proof. Let (V, ¢) be a Codazzi pair.
(V§¢) Y - (V;’icp)X = (V§<pY) - (V?}Y) - (V‘igoX) +o (V‘;X)
=7 (VxY) =067 Vxe¥) =7 (Vi X) + ¢ (97 VyeX)
=0 (VxY) = [(Vx) Y + ¢VxY] = o (VyX) + [(Vye) X + pVyX]
=—(Vxp) Y + (Vyp) X
=0,

which gives (V¥, ¢) is a Codazzi pair. On the contrary, if (V¥, @) is a Codazzi pair, (V, ¢) is so.
The proof is completed. O
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4.2. Codazzi Pair of V with g. Let V be a linear connection and g be an almost para Norden metric on M,,. We
demonstrate that the pair (V, g) is a Codazzi pair, if

(Vze) (X, Y) = (Vxg) (Z,Y) 4.1

holds for all vector fields X, Y and Z on M,,.
Let (V, g) be a Codazzi pair on M,. The (0, 3)-tensor field C defined as

CX.Y,Z) = (Vzg) (X, Y) = Zg (X, Y) - g (VzX,Y) — g (X, V2Y) (4.2)

and called cubic form of Codazzi pair (V, g). Since g is symetric, the tensor C is also symetric, i.e., C(X,Y,Z) =
CY,X,2).

In addition, the necessary and sufficient condition for g to be parallel with respect to V is that C = 0.

With the substitution of (3.1) into (4.2), we have

CX.Y,2)=(Vz9) (X, Y) =Zg (X, Y) =g (VzX,¥) - g (X, VzY) = g (X, (V' = V)z1).
Besides, (0, 3)-tensor field C* is defined as
C"(X.Y.Z) = (V) (X.Y)
and is obtained
CXY2)=(V8)(X.Y)=Zg(X, V) - g(V;X.Y) - g (X, V;Y)
=—gX, (V' =V)z¥) = -C(X, Y, 2).
If (V, g) is a Codazzi pair, from equation (4.1), we have C (X, Y,Z) = C(Z, Y, X).

Theorem 4.3. Let (M,,, g) be an almost para Norden manifold, V be a linear connection and V* be g-conjugate
connection. In this case, the followings are equivalent:

1. (V,g) is a Codazzi pair.

2. (V*, g) is a Codazzi pair.

3. C is totally symmetric.

4.8V =85V,

Proof. i. = 1ii. If (V, g) is a Codazzi pair, we have

(V2 (X, Y) = (V'x8) (Z,Y) = Zg (X, Y) — g (V,X,Y) — g (X, V,Y)
-Xg(Z,Y)+g(VYZ,Y) + g(Z,VyY)
=—g (X, (V' =V)zY) +g(Z,(V" = V)xY)
=-CX,Y,2)+C(Z,Y,X)
=0.

So, (V*, g) is a Codazzi pair.
ii. = iii. Due to symmetry of g,

CX.Y2)=(Vz)X,Y)=(Vz9) . X) =C(\, X, 2).
For (V, g) being a Codazzi pair,
CX.Y,2)=(Vz9)(X,Y) = (Vx) (Z,Y) = C(Z, V. X).
Also due to symmetry of g and for (V, g) being a Codazzi pair,
CX.Y.2)=(Vz0) (X,Y) = (Vz8) (X, X) = (Vy) (Z,X) = (Vy8) (X, 2) = C(X,Z,Y) .

That is, C is totally symmetric in all of its indices.
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iii. = iv. If C is totally symmetric, we have
CXYZ)-CXZY)=(Vze) (X, Y) - (Vyg) (X, 2)
=Z28X.Y)-g(VzX,Y) - g(X,VzY) - Yg (X, Z) - g (VyX,Z) - g (X, VyZ)
=gX, (V' =V) Y= (V' -V)y2)=0
=¢(X.8Y ZY) -5z 1) =0
=5V=5"
where, SV (Z,Y) = VY - V3 Z - [Z,Y].

The proof is completed. O

Corollary 4.4. Let (M,,,g) be an almost para Norden manifold, V and V* be connections respectively linear and
g-conjugate. For the tensors C* and C, we have C* (X, Y,Z) = —C(X, Y, Z). So, C* is totally symmetric if and only if C
is so.

4.3. Codazzi Pair of V with G. Let V be a linear connection and G be a twin metric on M»,,. We demonstrate that the
pair (V, G) is a Codazzi pair, if

(VzG) (X, Y) = (VxG) (Z,Y) (4.3)

holds for all vector fields X, Y and Z on M,,.
Let (V, G) be a Codazzi pair on M»,. ¥ is the (0, 3)-tensor field and defined as

FXY2)=(V6)XY)=2ZG(X,Y)-G(VzX,Y)-G(X,VzY). “4.4)

Since G is symetric, the tensor F is also symetric, i.e., ¥ (X,Y,Z) = F (¥, X, Z).
With the substitution of (3.2) into (4.4), we have

F(X,Y,2) = (V;G) (X, Y) = ZG (X, ¥) - G (V2X,¥) - G (X, Vz¥) = G (X, (V' - V) ¥).
Besides, (0, 3)-tensor field ¥ is defined as
71 (X.Y.2) = (V,G) (X.Y)
and is obtained
F1(X.Y.2) = (V,G) (X.Y) = ZG (X.Y) - G (V,X.Y) - G (X, V}Y)
=-G(X.(V' - V)ZY) = -F(X,Y,2).
If (V, G) is a Codazzi pair, from equation (4.3), we have ¥ (X, Y, Z2) = ¥ (Z, Y, X).

Theorem 4.5. Let V be a linear connection on (M,,, ¢, g,G). If (V,G) is a Codazzi pair, the followings are provided:
1. (V1,G) (X, Y) = (Vi4G) (Z, Y).
2.8V =S8V ifand only if (V*, ¢) is a Codazzi pair.
3.8 =gV

Proof. i. If (V,G) is a Codazzi pair, (VzG) (X,Y) = (VxG) (Z,Y). From here

ZG(X,Y) -G (VzX,Y) -G (X,V;Y) = XG(Z,Y) - G (VxZ,Y) — G (Z,VxY),
Zg (0X,Y) - g(¢VzX.Y) - g (0X, VzY) = Xg (0Z,Y) — g (¢VxZ.Y) — g (0Z,VxY),
Zg (Y, X) — g (¢VzX,Y) — g (VzY,0X) = Xg (Y, 9Z) — g (¢VxZ, Y) — g (VxY,¢Z),
g(V, V7 (9X) — g (VzX, ¢Y) = g (Y, Vx (¥2)) - g (VxZ,¢Y)
—Zg (X, 9Y) + g (X, V7 (¢Y)) + g (¥, V7 (¢X))
=-Xg(Z, oY) +g(Z,Vy (pY)) + g (Y, V (¢2))
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is obtained. Where ¢X, ¢Y and ¢Z are written instead of X, Y and Z,
—pZg (6X, V) + g (¢X, Vi, ¥) + 2 (9Y, Vi, X) = —pXg (9Z, Y) + g (¢2, Vi ¥) + g (Y, Vi Z),
—9ZG (X.Y) + G (X, V,,¥) + G (V. V,,X) = ~¢XG (Z.Y) + G (Z.Vyy ¥) + G (V. V4 Z),
~9ZG (X.Y) + G(Vy,X.Y) + G (X.Vi,Y) = —pXG (Z.Y) + G (Vy Z.Y) + G (Z.Vi,y Y ),
so that
(V:,G)(X.7) = (VixG) (Z.Y)

is obtained.
ii. If (V, G) is a Codazzi pair, (VzG) (X,Y) = (VxG) (Z,Y). From here

ZG(X,Y)-G(VzX,Y)-G(X,VzY)=XG(Z,Y) -G (VxZ,Y) - G(Z,VxY),
Zg(@X.Y) - g (¢VzX.Y) — g (¢X, V7Y) = Xg (¢Z,Y) — g (9VxZ,Y) — g (9Z, VxY),
Zg (Y, 0X) - g (VzY,9X,) - g (¢VzX.Y) = Xg (Y, Z) — g (VxY, ¢Z) — g (¢VxZ,Y),
gV, (¢X)) - g (¢V2X,Y) = g (Y, Vy (¥2)) — g (¢VxZ,Y),
(V7 (@X).Y) - g(¢VzX,Y) = g (Vx (92),Y) — g (¢VxZ,Y),
G ¢V (@X).Y) =G (VzX.Y) = G (¢Vy (¢2).Y) ~ G (VxZ.Y),
G (p{V;(eX) -V (92)},Y) = G(VzX - VxZY). (4.5)
Thus,
@{V7 (@X) = Vy (¢2)} = VzX - VxZ,
e{(VZo) X + oV X = (Vyp) Z — ¢V Z} = VX = VxZ,
e{(Vz) X = (Vxp) Z} + (VX = VyZ = [Z,X]) = VzX = VxZ — [Z,X],
ol(V20) X = (Vi) Z} + ST (2. X) =S¥ (Z.X),
is obtained. From the last equation, it is seen that the necessary and sufficient condition for SV = SV is that (V*, ¢)

must be a Codazzi pair.
iii. From equation (4.5), we have

G((VIEX = (VISZY) = G (VX - VxZY),
G ((V*)gx ~(VY%Z - [Z.X], Y) =G(VzX -VxZ Y -[ZX].Y),
GV (ZX),Y) =G (ZX),Y),

and can be seen that SV = §V.
The proof is completed. O

Theorem 4.6. Let V be a linear connection on (M,,,, ¢, g, G). The followings are equivalent:
1. (V,G) is a Codazzi pair.
2. (V',G) is a Codazzi pair:
3. F is totally symmetric.
4.8V =5V,
Proof. i. = ii. Let (V,G) is a Codazzi pair, then we have
(V;G)x.¥) - (ViG)(Z.Y) = ZG (X.Y) - G (V}X.Y) - G (X, V}Y)
- XG(Z.Y)+G(VYZ Y)+ G(Z V}Y)
- d t
= —G(X,(VI-V),¥)+G(z(V - V) ¥)
=0.
So, (VT, G) is a Codazzi pair.
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ii. = iii. Due to symmetry of G,
F(X.Y,2)=(Vz6)(X,Y) = (Vz0) (Y, X) =F (Y. X,Z).
For (V, G) being a Codazzi pair,
FXY.Z2)=(VG)X,Y)=(VxG)(Z,Y)= F(Z, Y, X).
Also due to symmetry of G and for (V, G) being a Codazzi pair,
FX.Y,2)=(Vz6)(X,Y) = (VzG) (Y, X) = (VyG) (Z,X) = (VyG) (X, 2) = F (X, Z,Y).

That is,  is totally symmetric in all of its indices.
iii. = iv. If ¥ is totally symmetric, we have

F(X.Y.2) - F (X.2.Y) = (Vz6) (X.Y) = (V4G) (X.2)
=ZG(X,Y) - G(V;X,Y) -G (X,V,Y) - YG(X,Z) — G (VyX,Z) - G (X, VyZ)
=G (X (V"‘ - V)ZY - (V"‘ - V)YZ) =0
= G(X,SV* Z.Y)-8¥(ZY) =0
=>s5V=s"
where SV (Z,Y) = V)Y - VZ - [Z,Y].
The proof is completed. O

Corollary 4.7. Let (M,,,g) be an almost para Norden manifold, V and V' be connections linear and G-conjugate,
respectively. For the tensors Ft and F, we have F7 (X, Y,Z) = -F (X, Y, Z). So, F' is totally symmetric if and only if
F is so.

Theorem 4.8. Let V be a linear connection on (M5, ¢, g,G), Vi bea G-conjugate connection and (V, G) be a Codazzi
pair. In this case, the necessary and sufficient condition for (V*, <p) to be a Codazzi pair is that (V, g) is so.
Proof.
G((Vie)X - (Vie)Z.Y) = G (V5 (9X) - 9VyX.Y) - G (Vi (¢2) — ¢V} Z.Y)
=G (Y, v} ((pX)) -G (@V;X, Y) -G (Y, vi (¢Z)) +G (¢V;z, Y)
=ZG (Y,¢X) - G (V;Y,0X) - G (w;x, Y) —-XG(Y,9Z) +G (VxY,0Z) + G (¢V;z, Y)
=ZG (X, Y) - G (¢X,V2Y) - XG (¢Z,Y) + G (¢Z,VY)
+G(p(ViZ - VX - [X.2]) + ¢ [X,Z].Y).
Because of (V, G) is a Codazzi pair, S vi= gV, Then, from the last equation, we obtain
ZG (¢X,Y) - G (¢X,VzY) - XG (9Z,Y) + G (¢Z, VY)
+G((VxZ-VzX - [X.Z]) +¢[X,Z],Y)
=Z8(X.Y) - g(X,VzY) - Xg(Z,Y) + g (Z,VxY) + g (VxZ,Y) - g (VzX,Y)
=(Vze) (X, Y) - (Vxg) (Z,Y).
The proof is completed. O

5. CURVATURE PROPERTIES

Let (M»,, g) a pseudo-Riemannian manifold. The curvature tensor field of a linear connection denoted by R is defined
as

R(X,Y)Z =VxVyZ - VyVxZ - Vixy|Z
Moreover, R is called the (0, 4)-curvature tensor field and is defined as
RX,Y,Z,T)=g(R(X,Y)Z,T)
for all vector fields X, Y and Z on M,,,.
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The curvature tensors of the V , V* and V¥ connections are R, R* and R? ,respectively, the relationship between these
curvatures is given by the theorem below.

Theorem 5.1. Let (M»,, ¢,g,G) be an almost para Norden manifold, V* ve V¥ be g-conjugate and ¢-conjugate
connections, R, R* and R¥ be curvature tensors of V, V* and V¥ connections, respectively. There is a relation between
these curvatures as follows;
RX,Y,¢Z,T)=-R*"(X,Y,T,pZ) = R* (X, Y, Z,¢T)
for all vector fields X ,Y and Z on M»,.
Proof. Using Lie brackets [X, Y] = [¥,T] = [T, Z] = 0 is written, where X ,Y, Z € {%, e % } From here, we
obtain
XYG(Z,T)=X(YG(Z,T)) =X (Yg(pZT))
= X (g(VypZ, 1)) + X (g (¢Z,VyT))
= g (VxVyeZ T) + g (VrZ ViT) + g (Vx¢Z Vi T) +g(9Z ViV, T), 5.1

YXG(Z,T) = (XG(Z,T)) = Y (Xg(¢Z,T))
=Y (g(Vx¢Z,T)) + Y (g (9Z,V¥T))
= g (VyVxpZ,T) + g (VxpZ,VyT) + g (VygZ ViT) + g (¢Z, VyViT). (5.2)
From the equations (5.1) and (5.2), we obtain
[X,Y1G(Z,T) = XYG(Z,T) - YXG(Z,T) = 0
= g (VxVypZ - VyVxZ T) + g (¢Z VyV;T - V3V T) = 0
> gRXY)pZ T)+gR (X, T, 0Z) =0
= R(X,Y,0Z,T) + R"(X,Y,T,¢Z) = 0.
That is,
R(X,Y,0Z,T) = —R*(X, Y, T, ¢Z). (5.3)
Similarly,
[X,Y1G(Z,T) = XYG(Z,T) - YXG(Z,T) =0
= g (VxVyoZ - VyVxZ.T) + g (¢Z. V3 VyT = V3 V4 T) = 0
= G (¢ 'VxVyeZ — ¢ 'VyVxpZ T) + G (Z Vi VyT - VyVyT) = 0
= G (¢ 'Vxe (¢ VipZ) - 7' Vyp(o ' Vx9Z), T) + G (2. V3 V3T = V3 V4T) = 0
= G (¢ 'Vxe(V5Z) - ¢ ' Vv (V%2). T) + G (Z. Vi Vy T = VyViT) = 0
= G(V{V9Z - VIVYZ T) + G (Z. V3 V3T - V3ViT) =0
= g(p(V§V9Z - V4VEZ).T) + g (9Z. VxVyT - VyV4T) = 0
= g((V4V9Z - ViV4Z).¢T) + g (ViVyT - VyVyT.¢Z) = 0
= gR* X, Y)Z,¢T) + gR* (X, )T, 0Z) = 0
= R (X,Y,Z,¢T) + R (X,Y,T,pZ) = 0.
So that,
R¢(X,Y,Z,¢T) = -R* (X, Y, T, ¢Z) (5.4)
is obtained.
From equations (5.3) and (5.4),
R(X,Y,¢Z,T) = -R" (X,Y,T,¢Z) = R*(X, Y, Z,¢T)

is obtained.
The proof is completed. O
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6. ®-OPERATOR AND NDJENHUIS TENSOR

Let (M5,, g) be an almost para Norden manifold. @ is called a Tachibana operator or ®-operator and applied to pure
tensors [20, 30]. If the ®@- operator is applied to the pure tensor g,

(Pyg) (X, ¥, 2) = (9X) (2 (Y, 2)) - X (g (¢Y, 2)) + g (Ly) X, Z) + g (¥, (L) X)
= (Lyxg - Lx (g 0 9)) (Y. Z) ©.1)

is obtained, where L is Lie derivative and X , Y and Z are vector fields on M, [20].
Twin metric G defined on almost para Norden manifold is also a Norden metric, so the ®- operator can be applied to
this metric and

(©,6) (X.Y.2) = (LxG ~ Lx (G 0 ¢)) (V.2)
= (Byg) (X.0Y.2) + g (N, (X, V). Z). 6.2)
(see [20]).

Proposition 6.1. Let V be a linear connection on almost para Norden manifold (M,,,, ¢, ). If (V, @) is a Codazzi pair,
N, (X,Y) =0.

Proof. The Nijenhuis tensor is as follows;
No (X, V) = [pX, ¢Y] - 0 [X, 0Y] - o [¢X, Y] + ¢ [X, Y]
= Vox¢¥ — VoroX — o (Vx@¥ = VorX) = ¢ (Vox¥ = VygX) + (Vx¥ = VyX)
= (Vox@) Y + 0V, i ¥ = (Verg) X — VX — ¢ ((Vxg) Y + @Vx¥ = Vyr X)
— ¢ (Vox¥ = (Vy@) X = gVyX) + (Vx¥ = VyX)
= (Vox) Y + 0V, ¥ = (Vorg) X — @Vor X — 0 (Vi) ¥ = V¥ + oV,r X
—oVoxY + o (Vyp) X + VyX + VxY — VyX
= (Voxe) Y = (Vo) X =0 (Vx) Y = (Vr9) X)
= -0 (Vex@) @Y + ¢ (Vore) X — 0 (Vx@) Y = (V) X)
= —¢{(Vex9) 0¥ = (Vore) X} — 0 {(Vx9) Y = (Vy) X}
That is, if (V, ¢) is a Codazzi pair, then N, (X,Y) = 0. m]
Theorem 6.2. Let V be a linear connection on (M,,, ¢, g,G). If (V, @) is a Codazzi pair, then
(9,G) (X, Y, 2) = (yg) (X, 0¥, Z) = (VoxG) (¥, 2) - (Vxg) (¢Y, 0Z) .
Proof. Since V is a torsion-free linear connection, VxZ — VX = [X, Z] is written. Using equation (6.1), we have
(Pgg) (X, ¢Y,2) = (Lyoxg — Lx (2 0 9)) (9¥.2) = (Lypxg) (9Y, 2) = (Lxg 0 9) (9Y, 2)
= pXg (9Y, Z) — g (Lox¢ V. Z) — g (Y, LyxZ) — Xg 0 0 (9Y, 2) + g 0 ¢ (LxY, 2) + g 0 ¢ (9, LxZ)
= eXg(pY.Z) - g ([¢X. Y], Z) - g(¢Y. [¢X.Z] = Xg 0 ¢ (¢Y. Z)
+8oo([X.0Y].Z)+gop(pY.[X.Z])
= pXg (9Y. Z) — g (VoxwY — VoyoX. Z) — g (0¥, VyxZ — Vz¢X)
~Xgop @Y. 2) + g0 p(VxpY = VerX, Z) + g 0 0 (¢Y, VxZ = V7X)
= X2 (9Y,2) = g ((Vox) Y + 9Vox ¥ = (Vorp) X — Vr X, Z) - g (9Y, VexZ = (V29) X — ¢VX)
~Xgo @ (pY,Z)+go¢((Vxp) Y +oVx¥ = VyyX,Z) + g 0 0 (Y, VxZ — V2X)
= X2 (9Y,2) = g ((Vox) Y + 9Vox ¥ = (Vorp) X — Vr X, Z) - g (9Y, VexZ = (V29) X — ¢V X)
- Xg (Y, 97) + g ((Vx@) ¥ + ¢VxY = Vyy X, 0Z) + g (9Y, ¢ (VxZ = VX))
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= pXg (¢Y.Z) - g ((Vox9) ¥.2) — g (9Vx V. Z) + g (Vo) X. Z) + (Y, X. Z)
— 8(6Y. VoxZ) — Xg (0¥, 9Z) + g (0¥, (Vz9) X) + 8 (Y, 9V7X) + g (V) ¥, 0Z)
+ 2 (@VxY,0Z) - g (Vor X, ¢Z) + g (9Y, 9VxZ) - g (¢Y, o7 X)
= oXg (¢Y.2) - g ((Vox9) Y.Z) - g (Vox Y. Z) + g ((Voree) X. Z) + g (9, X. Z)
-8 (soY, VSDXZ) +8(pY, (Vze) X) + g (0Y,¢VzX) — Xg (¢Y,¢Z) — g (QDVWX, Z)
+8((Vxp) Y, 9Z) + g (¢Vx Y. 0Z) + g (Y, oVxZ) — g (¢Y, ¢V zX) .
If the para Norden metric g and the Codazzi pair (V, ¢) are used in the last equation, we have
= pXg (9Y.Z) - g (¢Vyx Y. Z) - g (0¥, VoxZ) + g (¢, (Vz9) X)
- Xg (Y. 0Z) + g (Vx@) Y, 0Z) + g (¢VxY, ¢Z) + g (Y, ¢VxZ)
= X3 (pY, Z) — g (¢Vyx Y. Z) - g (0¥, Vyx Z) + g (0¥, (Vi) Z)
- Xg (Y. 0Z) + g (Vx@) Y, ¢Z) + g (¢VxY, ©Z) + g (Y, ¢VxZ)
= XG (Y,2) - G (Vyx¥, Z) = G (Y, VyxZ) - Xg (9Y, 0Z) + g (Vx9Y, ¢Z) + g (0¥, V¢ Z)
= (VoxG) (Y.2) - (Vxg) (¢Y. 0Z) . (6.3)
From Proposition 6.1, equation (6.2) and (6.3), we have
(©,6) (X.Y.2) = (®y8) (X. ¢Y.2) = (VoxG) (Y. 2) ~ (Vxg) (¢Y.42).

The proof is completed. o

Let g be a para Norden metric, ¢ be a paracomplex structure such that Vo = 0, where V is the Levi-Civita connection
of g. In that case the triple (M,,, ¢, g) is called a para Kahler Norden manifold. In addition to that, on an almost
paracomplex manifold the condition V¢ = 0 is equivalent to ®,g = 0, where g is a para Norden metric [22]. So, if a
para Norden metric g is a paraholomorphic then (M,,, ¢, g) is called a para Kahler Norden manifold. Based on this
information, the following theorem is written [21].

Theorem 6.3. LetV be a torsion-free linear connection on para Norden manifold (M, ¢, g, G) and (V, ¢) be a Codazzi
pair. Then, (My,, ¢, g) is a para Kahler Norden manifold if and only if

(VoxG) (%, 2) = (Vx) (¢Y, 7).
Proof. Within the conditions given from the Theorem 6.2 we have
(©,6) (X.Y.2) = (Dyg) (X, ¢Y. Z) = (VoxG) (V. 2) ~ (Vx8) (#Y. ¢Z).
If the triple (Ma,, ¢, g) is a para Kahler Norden manifold then ®,g = 0. So, we have
(VexG) (Y, 2) = (Vxg) (¢Y, 7).

The proof is completed. o

7. - INVARIANT LINEAR CONNECTIONS
Let (M3,, g) be a paracomplex manifold and V be a linear connection. If V satisfies the following condition
VxpY = ¢VxY
V is named a p-invariant linear connection, where X , Y and Z are vector fields on M.

Theorem 7.1. Let V be a linear connection on (M, ¢, g, G) and V*, V' are g-conjugate and G-conjugate connections,
respectively. In that case,

1. V* is p-invariant if and only if V is g-invariant.

2. V¥ is p-invariant if and only if V is @-invariant.
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Proof. i. G (VyoY - VY. Z) = G (VypY. Z) - G (¢VyY.Z)
= g (Vy¢Y.oZ) — g (¢Vy Y. ¢Z)
=8 (9Z, VypY) - g (Z,VyY)
= X8 (0Z,¢Y) — g (Vx¢Z, oY) — Xg (Z,Y) + g (VxZ,Y )
=Xg(Z,Y) - g(pY.VxpZ) — Xg(Z,Y) + g (Y,VxZ)
= -8 (pY, Vx¢Z) + g (pY,¢VyxZ)
=-G (Y, VxoZ)+ G (Y,¢VyZ)
=G (¢VyZ - Vx¢Z,Y).
From here, we have VY = ¢V} Y if and only if ¢V Z = Vx¢Z.
ii. G (VieY - ViY.Z) = G(Z.ViY) - G(¢Z.V}Y)
=XG(Z, oY) - G(VxZ,0Y) — XG (¢Z,Y) + G(VxpZ,Y )
= —G (VxZ, oY) + G (Vx¢ZY)
= -G (¢V4ZY) + G (Vx¢Z Y)

=G (VxpZ —¢VyZ,Y).
From here, we have V;goY = goV;Y if and only if Vx¢Z = ¢V Z. O

Theorem 7.2. Let V be a g-invariant connection on (Ms,, ¢, g,G) and V*, V' are g-conjugate and G-conjugate con-
nections, respectively. In this case, the followings are provided:
1. vV =V,
2. (V,G) is a Codazzi pair if and only if (V, g) is so.
Proof. i. ZG(X.Y) - G(VzX.Y) = G(X.V}Y),
Zg (9X.Y) - g (¢VzX.Y) = g(¢X. V}Y),
Zg(9X.Y) = g (V7¢X,Y) = g (¢X, V}Y),
2(pX, V3Y) = g(pX, V}Y).
So that V* = V7.

ii. We have
(VzG) (X, Y) = (VxG)(Z,Y)
&= ZG(X,Y) -G (VzX,Y) -G (X,VzY) = XG(Z,Y) - G (VxZ,Y) - G (Z,VxY)
& Zg (X, Y) - g(¢VzX,Y) — g (¢X,VzY) = Xg (¢Z,Y) — g (¢VxZ,Y) — g (9Z,VxY)
& Zg (X, 9Y) — g (VzX, YY) - g (X, Vz9Y) = Xg (Z,¢Y) — g (VxZ,¢Y) — g (Z, Vx¢Y)
= (V28) (X, ¢Y) = (Vxg) (Z, ¢Y).
The proof is completed. O

8. STATISTICAL MANIFOLDS

Let V be a torsion-free linear connection and g a pseudo-Riemannian metric on M,,. If (V,g) is a Codazzi pair,
(M,,, g) is called a statistical manifold [16].

Theorem 8.1. Let V be a g-invariant torsion-free linear connection on (My,, ¢,g,G). V*, V' are g-conjugate and
G-conjugate connections, respectively. In that case, if (V,G) is a statistical structure, the followings are provided:

1. (V,g) is a statistical structure,

2. (VT, g) is a statistical structure,

3. (V*, g) is a statistical structure,

On the contrary, if the above statements are provided, (V,G) is a statistical structure.
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Proof. i. From the Theorem 7.2 it is known that, (V, G) is a Codazzi pair if and only if (V, g) is so. Therefore, (V, g) is
a statistical structure.
ii. To show that (V*, g) is a statistical structure, it is necessary to show (V*, g) is a Codazzi pair. So,

(V;g) X, Y) - (Vj(g) (Z,Y)=Zg(X,Y)—g (V;x, Y) -g (X V;Y) —Xg(Z,Y)+g (V;z, Y) +8(Z ViY).
From the Theorem 7.2, it is known that VI = V*. Using this, we have
=Zg(X.Y)-g(VyX.Y) - g (X, VY) - Xg (Z,Y) + g (VyZ.Y) + 8(Z, Vi Y).

Also, using the definition g-conjugate connection Zg (X,Y) = g(VzX,Y) + ¢ (X, V;Y) and Xg(Z,Y) = g(VxZ,Y) +
g (Z, Vi Y), we get from the last equation above,

=g(VzX, V) + g (X, V2Y) —g(VzX. Y) - g (X, V;Y) — g (VxZ,Y) — g (Z,VyY) + g (VXZ, Y) + g(Z, VxY)
=8(VzX, V) - g(V,X.Y) - g (VxZ,Y) + g (V¥Z,Y)

=g, (V' = V) X) + g (Y, (V' = V)x2)

=-C(Y,X,2)+C(Y,Z,X)

=0

is obtained. That is, (V;g) X, Y) - (V;g) (Z,Y) =0 and (VT, g) is a statistical structure.
iii. To show that (V*, g) is a statistical structure, it is necessary to show (V*, g) is a Codazzi pair. So, similar to the
proof above, we have
(V29 (X Y) = (V'xg) (Z,Y) = Zg (X, ¥) - g (VZX, Y) =g (X, VZY) = Xg (Z,Y) + g (VX Z,Y) + §(Z, VX Y)
=8 (VzX.Y) + g (X, V;Y) - g (V2X.Y) - g (X, V;Y)
-8(VxZ,Y) - g(Z,VyY)+ g(VXZ,Y) + g(Z,VyY)
=8 (VzX.Y) = g(VzX.Y) - g (VxZ.Y) + g (VXZ.Y)
=g (Y (V' =V)zX) + g (Y, (V" = V)xZ)
=-CY,X,2)+C(Y,Z,X)
=0,

which gives (V*, g) is a statistical structure.
The proof is completed. O

Theorem 8.2. Let V be a y-invariant torsion-free linear connection and V* be g-conjugate connection on (M, ¢, g, G).
(V,G) is a statistical structure if and only if (V*, G) is so.

Proof. For (V*,G) to be a statistical structure, (V3G) (X, Y) = (V;G) (Z. Y). So,

(ViG) (X, Y) — (ViG)(Z.Y) = ZG (X, Y) = G (ViX,Y) = G (X, V3,Y) = XG (Z.Y) + G (VL Z.Y) + G (Z.V}Y)
=78 (X, Y) - g (pY, V;X) — g (pX, V,Y) = Xg (9pZ,Y) + g (¢Y, VxZ) + g (9Z, VX Y)
=g (V,9X,Y) + g (X, V2Y) — g (¢Y, V;X) — g (¢X,V;Y) — g (Vx¢Z, Y)
—8(WZ,VxY) + g (9Y,VXZ) + g (¢Z,VyY).

From Theorem 7.1, we know V is ¢-invariant if and only if V* is so. Then, we have
=g(pVzX. Y) + g (pX,VzY) — g (pY. V2 X) — g (X, V;Y) — g (¢VyZ,Y) — g (pZ, VxY) + g (¢Y, V¥ Z) + g (pZ, VYY)
=g (pY. VZX) + 8 (X, VZzY) — g (pY. V7 X) — g (X, V;Y) — g (¢Y. VXZ) — g (9Z,VxY) + g (¢Y. VxZ) + g (¢Z,VxY)
= —g(@X, (V" =V)Y) + g (¢Z, (V' = V)xY)
=-GX,(V' =V, )+ G(Z, (V' -V)xY).
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From Theorem 7.2, we know if V is a ¢-invariant connection, then V* = V. So, we have from the last equation above
~G(X,(V*=V),Y)+G(Z (V' = V)yY) = -G (X, (V+ - V)ZY) +G (z, (vT - V)XY)
0.

The proof is completed. O

9. RESULTS AND SUGGESTIONS

In this section, the results obtained in the study will be presented.

The main aim of the current study is to research some properties of Codazzi pairs on an almost para Norden mani-
fold. Firstly, V¥ , ¢— conjugate, V*, g— conjugate, v, G—conjugate connections are defined on (My,, ¢, g, G) and
properties of these connections are investigated. In addition, it is demonstrated that on the spaces of linear connections,
(id, =, 1, ) acts as the four-element Klein group. (V,¢) , (V,g) and (V,G) Codazzi pairs are given on (My,, ¢, g, G),
some properties and relationship between them are investigated. The curvature tensors of V , V*, V¥ connections
denoted as R, R*, R¥ respectively, the relation between these curvatures is given on (My,, ¢, g, G). Necessary and suf-
ficient conditions are obtained for the (M>,, ¢, g, G) to be para Kahler Norden. gp-invariant connection on (M,,,, ¢, g, G)
is studied. Finally, statistical structures and some properties of them are given.
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