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ABSTRACT. The current paper establishes the sharp weak bounds of p-adic
fractional Hardy operator. Furthermore, optimal weak type estimates for p-
adic Hardy operator on central Morrey space are also acquired.

1. INTRODUCTION

For every non-zero rational number x there is a unique k = k(z) € Z such that
x = p¥Fs/t, where p > 2 is a fixed prime number which is coprime to s,t € Z. We
define a mapping |.|, : Q — R4 as follows:

_k .
P if x #0,
x|, = 1
=10 oo @)
The p-adic norm | - |, undergoes many properties of the usual real norm |- | with

an additional non-Archimedean property,

[z +ylp < max{fzlp, ylp}- (2)

The field of p-adic numbers, denoted by Q,, is the completion of rational numbers
with respect to the p-adic norm | - |,. A p-adic number € Q, can be written in
the formal power series as (see [30]):

z = p*(ag + arp + agp? + ...) (3)
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where a;, k € Z, a9 # 0, € {0,1,2,...,p—1},4 = 1,2, ---. The p-adic norm ensures

the convergence of series in Q,, because |pkaipi|p < p~k1,
The n-dimensional vector space Qp, n > 1, consists of tuples x = (1,22, .., Zn),
where z; € Q, and j = 1,2,...,n. The norm on this space is given by

[xlp = max |l

In non-Archimedean geometry, the ball and its boundary are defined, respec-
tively, as:

Bi(a) ={x€Qy :[x—al, < "}, Sk(a) = {x € Qp :lx—al, = p*}.

For convenience we denote Bj(0)and S;(0) by By and Sy, respectively.
The local compactness and commutativity of the group Q) under addition im-
plies the existence of Haar measure dx on Q) such that

/ dX:|B()|H:1,
By

where the notation | B|y refers to the Haar measure of a measurable subset B of Qj.
Furthermore, it is not hard to see that |By(a)|g = p™*, [Sk(a)|g = p™*(1 —p™™),
for any a € Q}.

Let w(x) be a nonnegative locally integrable function on Q) and w(E) the
weighted measure of measurable subset E C Qp, that is w(E) = [, w(z)dz re-
spectively. The space of all complex-valued functions f with norm conditions:

1/r
Lr(wiQp) = </@ |f(X)|Tw(X)dX> < oo,

P

/]

is denoted by L"(w,Q}), (0 < r < o0), and is known as weighted Lebesgue space.
Note that L"(1,Qp) = L"(Q}).

In [22], authors have defined the weighted p-adic weak Lebesgue space L™ (w; Q)
by

1/r
Il np) = supas ((x € @ GOl > 4} ) <o
o

When w = 1, we get the weak Lebesgue space L">°(Qy) defined in [32]. Next, we
give the relevant p-adic function spaces.

Definition 1. [3/] Suppose 1 < r < oo and p € R. The p-adic space BT"“(QZ) is
the set of all measurable functions f: Qp — R which satisfy

1 1/r
fll groon zsup(w/ flx de) < 0.
Iy = 300 (e [, 1760

When pp = —1/r, then _
B™(Qp) = L™(Qp). It is easy to see that B™"(Q}) is reduced to {0} whenever
w<—=1/r.
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Definition 2. [35] Suppose p € R and 1 < r < co. The p-adic space WB”L(QZ)
is defined as

WB(Q) = {F : | fllw s op) < ).

where

—p—1/r

Hf”vaw(Q;) = ilélz 1B, |5 [ fllwers,),

and || fllwrr(s,) is the local p-adic L"-norm of f(x) restricted to the ball B, that
18

I£lwirz,) = sup|{x € By : (0] > )"/
w

Evidently, if p = —1/r, then W B™*(Q1) = L™>(Qp). Also, B™*(Q) C WB™*(QR)
for =1/r <pu<0and1l<r<oo.

In the last several decades, a growing interest to p-adic models have been seen
because p-adic analysis is a natural base for development of various models of
ultrametric diffusion energy landscape [4]. It also attracts great deal of interest
towards quantum mechanics 30|, theoretical biology [L1], quantum gravity [1,|7],
string theory [31], spin glass theory [3L/26]. In [4], it was shown that the p-adic
analysis can be efficiently applied both to relaxation in complex speed systems
and processes combined with the relaxation of a complex environment. Besides,
the applications of p-adic analysis can be found in harmonic analysis and pseudo-
differential equations, see for example [5,9L{10}21,/28}[29].

The one-dimensional Hardy operator

Hf(x) = glg/jf(t)dt, x>0, (4)

has been introduced by Hardy in [18] for measurable functions f: Rt — RT. This
operator satisfies the inequality

,
IHfllLrm+) < m“f”LT(]R‘*’)v 1<r<oo, (5)

where the constant r/(r — 1) is sharp.
In [12], Faris has proposed an extension of the Hardy operator H on higher
dimensional Euclidean space R™ by

1
Hf(x) /| _ fwde (6)

T x

where |x| = (3, 22)Y/2 for x = (21, -, ¥,,). In addition, Christ and Grafakos [8]
have obtained the exact value of the norm of @ For more details related to Hardy
type operators and, in particular, to boundedness of these operators, we refer to
publications [6}[13}19}23,|24}27.36,/39].

On the other hand, the fractional Hardy operator is obtained by merely writing
|77 (0 < a < n) instead of | - |* with in (6). The weak type estimates for the
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fractional Hardy type operators has also spotlighted many researchers in the past,
see for example [2,/13}[15]/16,/20L[37.38].

In what follows, the higher dimensional fractional Hardy operator in the p-adic
field

HP f(x) = —

Xl

/|t L o xeap (o)

has been defined and studied for 0 < a <n and f € Lioc(Qp) in [33]. When o = 0,
the operator HP transfers to the p-adic Hardy operator (see |14]). Fu et al. in [14]
have acquired the optimal bounds of p-adic Hardy operator on Lebesgue spaces.
For more details, we refer the publications [17,/2225//34] and the references therein.

The purpose of the current paper is to study the sharp weak bounds for fractional
Hardy operator in the p-adic field on p-adic Lebesgue space. Moreover, we also
discuss the optimal weak type estimates for Hardy operator in the p-adic field on
central Morrey spaces.

2. SHARP WEAK BOUNDS FOR p-ADIC FRACTIONAL HARDY OPERATOR ON
LEBESGUE SPACES

Our main result for this section is as follows.

Theorem 1. Suppose 0 < a<n andn+~v>0.If f € Ll(@;}), then

IHEf Nl Lot e eizsag) SCUfller )

where the constant

—n (n—a)/(n+7)

1—

o_( 1=
1— p_(”""’Y)

is optimal.

Proof. We have

[HEf(x)] =

1

= f(t)dt‘

1[5~ Jitl, <|xl,

<Ixl, N fll @) (7)

Let Cl = ||']C||Ll(@;z)7 then

{x € Q) [HEf(x)| > p} € {x € Q) : x|, < (C1/m)"/ "=}
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Thus,

[HE || Lent e oo ((af7:0m)
) (n—a)/(n+7)

pn>0

<SUpu</Qn X {xeQu: | B £ (x)|>u} (X) X[ dx

<suppu

(n—a)/(n+v)
pn>0 )

1/(n—a 7d
Qn {er Il < (01/u) /( )}(X)|X|p X
> (n—a)/(n+)

zsupu< 1/(%04) \X|;dx

>0 \Jixi,<(c1/m)
fog, (/) " (n—a)/(n+7)
mopn( X )
log, (cl/u)l/("_“)
~(1=p ) D sup u( Y P
Pl

( 1—p™ > (n—a)/(n+y) . <Cl >
= —_— 108 —_—
1- p—(n+'y) ;L>p0 a 1%

_.-n (n—a)/(n+v)
<(1or T,
1= p-() LY (1x[f)

L—pn e/ )
=)

To show that the constant

appeared in is optimal, we proceed as, consider

fo(x) = X{erg:|x|pg1}(X)7

then

1 follr@p) = 1-

Also,

1
H?P —_— t)dt
HL) = [ )

1
|n a/lt <Ix] X{xe@;:|t|p§1}(t)dt
p= p

\ x

v e, @ X <1
‘X| f|t\p§1 dt, |X‘p > 1.

) (n—e)/(n+7)
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Since |Blog, x|, | = |x[}|Bolm, therefore,

HE fofx) = {""3’_ Pele =

R
Now,
{x e Qp: [Hgfo()| > p} ={lxlp < 1o x| > p U{[x]p > 12 x5 > p}.
Since 0 < a < n, therefore, when p > 1, then

{xeQp: [H fo(x)| > u} =0,
and when 0 < p < 1, then
{x e Q) : H fox)| > u} = {x € Q) = (W)™ < |x|, < (1/w)"/" "}

Ultimately we are down to:

[ HE foll Lint/tn=am oo (1x]7:0m)
(n—a)/(n+)
= sup M(/@ X{erg:(u)l/o‘<x|p<(1/,u,)1/<”(")}(X)|X|;dx>

o<pu<l
(n—a)/(n++)
= sup ,u(/ |X|de>
0<u<t \J(u)t/e <pxl,<(1/u)t/ (e
log, /171 (n—a)/(n+)
(1= pmy ) g 3 pj(nJrv))
O<pu<1

j=log, pl/a+1
(log, p'/*+1)(n+v) _ pllog, ut T 41y (nty) ) (n—a)/(n+)

—(1 — p=my(n—a)/(n+7)
(1-p7") sup u( =

o<pu<1

M(n+v)/a _ M(n+'y)/(a—n) ) (n—a)/(n+)

(1 — ) (n—a)/(n+7)

o<pu<l

—(1 = p~ )=/ (4 gy
0<pu<l

| pen e/t RN
= - . 1 — /e (nty)/(n—a
(1 - p—("+7)> 02221 ( H K )

1— pfn (n—a)/(n+v)
B ( 1—p-(+y) >

1— p—n (n—a)/(n+7)
:(1 p<”+”>

| — et ey () (n=a) \ (=) (1)
1— p—(n+’Y)

1 follzr -
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We thus conclude from and (9) that

—n 1/‘1
14 1= P
HHa||L1(Q}f)%L(”Jﬂ)/(""")‘oc(lxm;(@;}) = m .

3. OpTIMAL WEAK TYPE ESTIMATES FOR p-ADIC HARDY OPERATOR ON
WEAK CENTRAL MORREY SPACES

In the current section we investigate the boundedness of p-adic Hardy operator
on p-adic weak central Morrey spaces. It is shown the constant obtained in this
case is also optimal.

Theorem 2. Suppose —1/r < u<0,1<r<oo and if f € B“”(Qg), then
||pr||WB7UM(Qg) < ||f||BW(Qg)7

and the constant 1 is optimal.

Proof. Applying Holder’s inequality, we obtain

, 1/r 1/r!
P x Td d
25955 (L 7))

=[xl 1113 op-

Let Cy = ||f||B7vu(Q;~)' Since p < 0, we have

—u—1 1/
Hpr”WBT«“(QZ) Ssupsupy|B,Y‘H“ /T|{X €B,: 02|X|Zu > y}‘ r
YEZ y>0

—nu—1/r n 1/
—supsupy| B, 5" {Ixlp < 97 ¢ Xy < (y/Co)Y 3
YEZ y>0

If v < logp(y/Cg)l/"", then for p < 0, we obtain
— - n 1/r
sup sup BT (I, <07 Il < (/C) ]
¥>0 y<log, (y/C2)1/

< sup sup tp~
y>0 y<log, (y/Ca)t/m#

= 02
< Hf“BWu(Q;I)-
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If v > log, (y/C2)*/™", then for pn+ 1/r > 0, we get

—u—1
sup osup By [Tl < 07 Xl < (y/Co) Y
y>0y>log, (y/C2)t/ 1
< sup sup yp—vn(u+1/7“)(y/02)1/w
y>0~>log, (y/C2)t/ne
= 02

S Hf”BTu(Qg)
Therefore,
”prHWBTvu(Qg) < ”f”Bm»(QZ)- (10)
Conversely, to prove that the constant 1 is optimal, consider

fo(x) = X{\x|pg1}(x)’

then,

1 1/r
f 2q, ny = Sup <r/ X{|x X dX) .
|| OHB m(Qp) el ‘B'y|1H+IL B, {l |p§1}( )

If v < 0, then

1 1/r
sup (/ dx) =supp " =1,
vez \| By " /B, VEL

v<0 <0

since p < 0. If 4 > 0, then using the condition that u+ 1/r > 0, we have

1 1/r
sup (w / dx) =supp MW/ =1,
YEL |B'y|H By ~EZL
720 ~>0

Therefore,
||f0||]'37‘»u((@g) =1

Moreover,
1, x|, <1,
x|, x| > 1,

HP fo(x) Z{

which implies that |H? fy(x)| < 1. Next, in order to construct weak central Morrey
norm we divide our analysis into following two cases:
Case 1. When v < 0, then

IH? follwrr(s,) = sup yl{x € By : 1>y} =pm/",
0<y<1
and

HP o omy = sup | B —umlr - =supp "M =1= e (T -
IH* follw o (Qp) vgg‘ v H 1fllw L (a,) vglgp 1foll o (Qn)
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Case 2. When v > 0, we have

IH? follwrrs.,) =Osu1<)ly|{x € Bo:1>ytU{l<|x|, <p:|x[;™ >y}
<y<

For further analysis, this case is further divided into the following subcases:
Case 2(a). If 1 < v <log, y~1/" then

IH? follwrr(s,) = sup y{l+p"" —1}/" = sup tp™/".

0<y<1 0<t<1

Case 2(b). If 1 < log,, y~ /" < ~, then:

1H” follwrris,y = sup y(l+y™ =1V = sup y' ="

0<y< 0<y<1

Now, for 1 <r < oo and —1/r < 1 < 0, from case 2(a) and 2(b), we obtain

I1H* follw e )

= max { sup sup yp~ "H sup sup yll/rpn'y(wrl/r)}
0<y<li<y<log,(1/y)~1/" 0<y<1li<log,(1/y)~ /"<~

= max{ sup t'TH. sup y1+“}
0<y<1 0<y<1
=1= HfOHBnu(Qg)'
Finally, using (10f) and , we arrive at:
| s gy s By = 1
O
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