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Abstract: In this study, the differential equation characterizations of constant breadth spacelike curves are given in the Minkowski
4-space Ei‘. Furthermore, a criterion for a spacelike curve to be a curve of constant breadth in Ei‘ is introduced. As an example, the
obtained results are applied to the case that the curvatures ky, k>, k3 are constants and are discussed.
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1 Introduction

Euler introduced the constant breadth curves in 1778 [6]. He considered these special curves in the plane. Later, many
mathematicians have studied these curves. Struik published a brief review of the most important publications on this
subject [18]. Also, Ball [1], Barbier [2], Blaschke [3,4] and Mellish [12] investigated the properties of plane curves of
constant breadth. Fujiwara obtained a space curve of constant breadth by taking a closed curve whose normal plane at a
point P has only one more point Q in common with the curve, and for which the distance d(P, Q) is constant [7]. He also
defined and studied constant breadth surfaces. Later, Smakal studied the constant breadth space curves [17].
Furthermore, Blaschke considered the notion of curve of constant breadth on the sphere [4]. Moreover, Reuleaux studied
the curves of constant breadth and gave the method related to these curves for the kinematics of machinery [14]. Then,
constant breadth curves had an importance for engineering sciences and Tanaka used the constant breadth curves in the

kinematics design of Com follower systems [19].

Moreover, Kose has presented some concepts for constant breadth space curves in Euclidean 3-space in [10] and Sezer
has obtained the differential equations characterizing constant breadth space curves and introduced a criterion for these
curves [16]. Constant breadth curves were investigated by Magden and Ko6se in Euclidean 4-space [11]. Moreover,
constant breath curves have been studied in Minkowski space. Kazaz, Onder and Kocayigit have studied spacelike curves
of constant breadth in Minkowski 4-space [8]. Onder, Kocayigit and Candan have obtained and studied the differential
equations characterizing constant breadth curves in Minkowski 3-space [13]. Furthermore, Kocayigit and Onder have
showed that constant breadth spacelike curves are helices, normal curves and spherical curves in some special cases in
Minkowski 3-space [9].

In this study, we give differential equations characterizing spacelike curves of constant breadth in the Minkowski 4-space

Ef. Furthermore, we give a criterion characterizing these curves in Ei‘.
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2 Differential Equations Characterizing Constant Breadth Spacelike Curves in Ef

Let (C) be a unit speed regular spacelike curve in the Minkowski 4-space Ef with parametrization o : I C IR — Ef.
Denote by {T, N, B,E} the moving Frenet frame along the spacelike curve (C) in E f. Then, we can give following Frenet

formulae,
T 0 ky 0 0 T
N’ . —€1k1 0 kh 0 N
B| [0 &k 0 k||B
E' 0 0 &k0 E

where kj, k and k3 express the first, second and third curvatures of the curve (C), respectively and T, N, B, E express

tangent, principal normal, first binormal and second binormal, respectively and they satisfy the following equalities [20].

g(TvT) =1, g(NvN) = 81,g(E,E) =&, g(B7B) = —& &,
8(T,N) =¢(T,B) =¢(T,E) =¢(N,B) =0
g =6=7F1

where (,) is the Lorentzian inner product defined by
(a,b) = —a1b) + azxby + azbz + asba,
here a = (aj,az,a3,a4), b= (b1,b2,b3,bs) are the vectors in Ef'.

Definition 2.1. Let (C) be a unit speed regular spacelike curve in Ef, and let o(s) position vector of the curve (C). If the
curve (C) has parallel tangents T and T* in opposite direction at the opposite points o (s) and o*(s) of the curve and the
distance between opposite points is always constant then the curve (C) is named a spacelike curve of constant breadth in
E i‘. Furthermore, a pair of spacelike curves (C) and (C*), for which the tangent vectors at the corresponding points are in
opposite directions and parallel, and the distance between corresponding points is always constant, is called a spacelike
curve pair of constant breadth in E7.

We suppose that (C) and (C*) be a pair of unit speed spacelike curves in E} with position vectors o(s) and o*(s*),
where s and s* are arc length parameters of the curves, respectively, and let (C) and (C*) have parallel tangents in

opposite directions at the opposite points. Then the curve (C*) may be represented by the equation
o*(s) = ou(s) +mi(s)T(s) +ma(s)N(s) +m3z(s)B(s) +ma(s)E(s) (1

where m;(s), (1 <i<4) are differentiable functions of s. Differentiating Eq.(1) with respect to s and using the Frenet
formulae we gain

d;;* = T*dd‘—? = (1 + d"i% —Elmzkl) T+ (m1k1 + % +82H13k2) N
+ <m2k2 + ddlf +81k3m4) B+ (m3k3 + %) E

Since T = —T* at the corresponding points of (C) and (C*), we have

1+ %0 — gymaky = — 4,
m1k1+%+82m3k2 =0,
rnzk2+%+81m4k3 =0
mﬂq—i—% =0

@)
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We know that the curvature of the curve (C) is lim (A@/As) = (d@/ds) = ki (s), where @ = [ ki (s)ds is the angle between
tangent vectors of the curve (C) and a given fixed direction at the point ¢(s). Then from (2) we have the following system

m'l =E&Emy —f(¢), m’z = —m382pk2 —my, m/3 = —m4£1pk3 —mgpkz, myl = —mgpk3. 3)

Here and after we will use (') to show the differentiation with respect to . In (3), f(¢) =p +p* and, p = % and
p*= ki* are the radius of curvatures at the points a(s) and o*(s*), respectively. From (3) eliminating my, m3, m4 and
1

their derivatives we obtain following differential equation

d | & d | L dmy _ ko dmy d*my

dg [Pka dg [sz ( a’qﬂ +m ) k3 d(p} &7 (81 dg? +m1> @)
d | & d kyg df _

T | pks do p 'd<p f —an8ap

Then, the following theorem can be given.

Theorem 2.1. The general differential equation characterizing constant breadth spacelike curves in E i‘ is given by (4).
Let now consider the system (3) again. The distance d between the opposite points is constant. Then we can write
following equality.
2 a2 — 1y 2_ 2 2 2 2 _
d” =|d||* = ||a" — &||” = m] + &m5 — €1&2m3 + €;my = const. ®)

In addition, the system (3) can be written as follows:

f (@) =eimy, my = —m3erpka, my = —eymapks —mypky, mjy = —m3pkz, my =0, (6)

or

my = eimy, mh = —my —m3&pky, my = —mu€1pks —mopks, myl = —mzpks, (N
such that, the system (7) describes the curve (1).

Let us consider the system (7) with special chosen m| = const. Here, eliminating first m;, my, m3 and their derivatives,

and then my, my, my and their derivatives, respectively, we gain following linear differential equations of second order

{(pkg)m4//—(pk3) m}y — &1 (pk3 ) my =0, pky #0, ®

(pk3) matt — (pks) 1mly — & (pks)’ m3 = 0, pks # 0.
4
By changing the variable ¢ of the form & = [p (¢) k3 (¢) dt, Equations given by (8) can be transformed the differential
0
equations with constant coefficients as follows:

d2m4 d2m3

ng—elm4:0 and Téz_glm3:0 (9)

respectively. If £ = 1. Then, the general solutions of differential equations (9) are

® )
m3 = Acosh (fpk3dt> + Bsinh <fpk3dt> ,
0 0

® ® (10)
my = Ccosh (fpl@dt) + Dsinh (fpk3dt)
0 0
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respectively, where A,B,C and D are real constants. Substituting (10) into (7), we have A = —D, B = —C. Thus, the
solution set of the system (7), in the form

my = c = const., my =0,

¢ [
ms3 :Acoshfpk3dt+Bsinhfpk3dt,
0 0

(11)
@ . ®
my = —Bcosh [ pksdt — Asinh [ pkadt
0 0
d> = ||a* — Ot||2 = const.,so from (11) the breadth of the curve is k> = ¢ — &A% + &B>. If & = —1. Then, the general
solutions of differential equations (9) are
% %
m3 = Acos <fpk3dt) -+ Bsin <fpk3dt) ,
0 0 (12)

[ %
my = Ccos (fplth) + Dsin (fplth)
0 0

respectively, where A, B,C and D are real constants. Substituting (12) into (7), we gain A = D, B = C. Thus, the solution
set of the system (7) can be written as
m) = c = const., my =0,

® 0
m3 = Acos [ pksdt + Bsin [ pksdt, (13)
0 0

¢ 9
my = Beos [ pksdt — Asin [ pksdt
0 0
d? = ||a* — a|* = const.,s0 from (13) the breadth of the curve is k2 = ¢ + £,A% + £, B2.

9
Now, let us return to the system (6) with m; = 0. By changing the variable ¢ of the form u = [ (¢)dt, u = pks and
0

eliminating my, my, m4 and their derivatives we obtain the following linear differential equation

d*my d (ky
—_— — =—— (= 14
T fms T (k3 my |, (14)
If &, = 1, then we have following solution
¢ ® ®
m3 =Aj cosh/pk3dt + B sinh/pk3dt - /cosh [u(@) —u(t)|pkaf(t)dr. (15)
0 0 0
If € = —1, then we have following solution
@ ® ®
m3 = Aj cos / pkadi +Bi sin / phadi + / cos [u(@) — u(t)pka f(1)dt (16)
0 0 0
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Then, the general solution of the system (6) is

m) = 07

my = &1f (@), (&1 = F1)
9 4 9

m3 = Aj cosh [ pkadt + By sinh [ pk3dt — [cosh [u(@) —u(?)|pkaf(¢)dt, (g1 = 1)
0 0 0

9 9 ¢
m3 = Aj cos [ pksdt + By sin [ pkadt + [ cos [u(@) — u(t)|pkaf(t)dt, (g = —1) a7
0 0 0

9 9 ¢
myq = —Bj cosh [ pksdt — Ay sinh [ pksdr + [ sinh[u(@) — u(t)|pkaf(t)dt, (g = 1)
0 0 0

4 4 9
my = By cos_fpk3dt —A Sil’lfpk_sdt - f sin [u((p) —u(t)]psz(t)dt (81 = —1) ,
0 0 0

which determines the constant breadth spacelike curve in (1) where A1, B; are real constants.

Furthermore, in this case, i.e.,m; = 0, from (4) we can write following differential equation

d | & d ( 1 df) k } ks df
— || ——f| —€a&——=0. 18
do [pkg a9 \pkido) &' | % de (18
¢
By changing the variable ¢ of the form w = [ pkod ¢, (18) becomes
0
d |k a’f ks df
— | = — — ———=0 19
aw {kfl (dwz E”N dw (19)

which also determines the constant breadth curve in (1).

On the other hand let us consider a unit speed simple closed spacelike curve (C) in Eft for which the normal plane of
every point P on the curve meets the curve of a single opposite point Q other than P. Then, we can give following

theorem related to spacelike curves of constant breadth in E}.
Theorem 2.2. Let (C) be a closed spacelike curve in Ei‘ having parallel tangents in opposite directions at the opposite
points of the curve. The chord joining the opposite points of (C) is a double-normal if and only if (C) is a constant

breadth spacelike curve in Ef.

Proof: Let the vector d = a* — o¢ = m; T +myN + m3B + m4E be a double-normal of (C) where m;, my, m3 and my are

the functions of s, the arc length parameter of the curve. Then we get (d, T*) = —(d,T) = m; = 0. Thus from (2) we
have P 4 4
my ms3 my
i) — 2 0. 20
"2 s s ds s ds 0)

It follows that & m% —& ezm% + Szmﬁ = const.

Conversely, if the curve (C) is a constant breadth spacelike curve in E{ then ||d||* = m? 4 &,m} — &,&2m3 + gym3 = const.

Then as shown, m; = 0. This means that d is perpendicular to T and T*. So, d is double normal of the curve (C).

A simple closed spacelike curve having parallel tangents in opposite directions at opposite points can be expressed by the
system (17). In this state, a pair of opposite points of the curve is (a*(@),a(¢@)) for ¢, where 0 < ¢ < 27. Since the
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curve (C) is a simple closed spacelike curve we get *(0) = a*(2x). Hence from (14) we have

2
/pkgdt =2nm, (n€Z). Q1)
0

From the equality ds = pd¢, this formula can be written as [k3ds = 2n7, (n € Z). This says that the third integral

C
curvature of the curve (C) is zero. So, we can write following corollary.
Corollary 2.1. The total third curvature of a simple closed spacelike curve (C) of constant breadth is 2nx, (n € Z).

Furthermore, if we take % = a = constant, then from (16) we have

P df

=0,. 22
dw3 dw ’ (22)

where K = & + 8117 If we assume K # +1, the general solution of (19) is

¢ ¢
£ = Assinh / Kpkadi + B> cosh / Kpkodt +Cy, (23)
0 0

where Ay, By and C) are real constants. Since the curve (C) is a simple closed spacelike curve, i.e., a*(0) = a*(27), from
(23) it follows,

¢
/ Kpkadt = 207, (n € Z). (24)
0

Using the equality ds = pd ¢, this formula may be given as [kyds = 2%, (K,n € Z). This says that the second integral
C

curvature of the curve (C) is 2g 7, (K,n € Z). Then, we can give the following corollary.

Corollary 2.2. The total second curvature of a simple closed spacelike curve (C) of constant breadth with

1

a=ka/ks = constant is 2w, where n € Z and K = & + ad

3 A Criterion for Constant Breadth Spacelike Curves in E f

Let us suppose that the curve (C) is a constant breadth spacelike curve in E} and o(s) denotes the position vector of the
curve. If (C) is a closed curve, then the position vector ¢(s) must be a periodic function of period @ = 27, where ® is
the total length of (C). Then the curvatures ki(s), k»(s) and ks(s) are also periodic of the same period. However,
periodicity of the curvatures and closeness of the curve are not sufficient to guarantee that a spacelike space curve is a
constant breadth curve in Ei‘. That is, if a spacelike curve is closed curve (periodic), it may be the constant breadth curve
or not. Therefore, to guarantee that a spacelike curve is a constant breadth curve, we may use the system (7)
characterizing a constant breadth spacelike curve and follow the similar way given in [5].

For this purpose, first we condider the following Frenet formulas at a generic point on the curve (C),

dTr dN dB dE
— =kN, — =—-eikiT+kB, — =kN+khE, — = —k3€B. (25)
ds ds ds ds

(© 2015 BISKA Bilisim Technology
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By expressing the formula (22) in terms of ¢ and allowing for =k == o, we have
dT dN dB dE
— = — =—gT+pkB, — =&pkyN+pksE, — = —pksB. 26
o P 1+p2’d(p 20k2 +p3’d(p Pk3 (26)

Moreover we can write the Frenet vectors T, N, B, E in the coordinate forms as

4 4 4 4
T = Ztie,-, N = Zn[ei, B= Zbiei, E= Zé,-e,-. 27
i=1 i=1 i=1 far

{T, N, B,E}is the orthonormal base in Ei‘. So, substituting (27) and their derivatives into (26), we get the systems of
linear differential equations

dn _ dy dty diy _

ny ny n3 n4
de — ) de — ’ de — 7d(p
dn dn dn,
Tp = —E€it1+pkaby, qu = —eit+ phaby, © dq, = —&13+ pkabs, 75 = — €114+ pkaby

dbl . dbs . dby . (28)
= pk3é; + &rpkany, d(p = pks&y +&2pkany, Go = pk3&s +&xpkans, G5 = pkaés+ E2pkong

dsl = —pk3by, 75 42 —Pksba, 7o 4 —Pk3b3, 7o 9 — _pksbs
From (28), we find that {t;,n1,b1,81}, {t2,n2,02,&}, {t3,n3,b3,83},{ta,n4,b4,&4} are four independent solutions of the
following system of differential equations:
dyi dy, dys dyy
8 R el k 2 — ok — ok —= = —pksys. 29
o V2, o Y1+ pkays, o pPk3ys — pka 2, o Pk3ys (29)
If the curve (C) is the constant breadth spacelike curve, then the systems (7) and (29) must be the same system. So, we
observe that y| =my, Yo =my, Y3 =ms3, WYs = my. For brevity, we can express (7) or (29) in the form

dy
T A
dp AoV, (30)
where
my 0 1 0 0
myp - 0 pka 0
V= , A ((P) =
m3 0 &pk O pks
my 0 0 81pk3 0

Obviously, (30) is a special case of the general linear differential equations shortened to the form

d
T=A0y,
mi aiy ap -+ Ay
my a1 ay - a 31
0= A= 21 422 n (@< (31)
my, Apl Ap2 **° App

where a;; (t) are assumed to be periodic and continuous of period @ (See [5,15]). Let the initial conditions be y; (0) =

xi, (i=1,2,...,n). Let us take x = [xl,xz,...,x,,]T and

v (t,x) = [my (t,x),ma (t,x),...my (t,x)]" .

(© 2015 BISKA Bilisim Technology
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Then the equation (31) may be written in the form %’ =A(t)y, y(0)=xasiswell known from [5], the solution y (7, x)
of this equation is periodic of period ®, if

[A@vEnaz=o.
0
and

y(t,x) ={E+M()}x, (E=unit matrix),

M (1) =IA(t) +IPA({) +- - +TMA(H) + -,

(A) (1) =1DA(r) = ftA(é)dé (32)

0
(n) _ (n-1) n> 1
(14) 1) gA(§)<I A)(&)dE, n>1

Moreover, the following theorem can be given in [5]:

Theorem 3.1. The equations ‘Z—'ﬁ' = A(t) ¥ possess a non-vanishing periodic solution of period ®, if and only if
det (M (®)) = 0. In particular, in order that the equations ‘fl—t = A(t) w possess n linearly independent periodic solutions

of period @, the necessary and sufficient condition is that M (®) be a zero matrix.

Now, let us apply this theorem to the system (30). If M (@) = 0, there exist the unit vector functions T,N, B, E of period
o, such that each set of functions {#;,n;,b;,&}, (i=1,2,3,4) form a solution of the equation (30) corresponding to the

initial conditions (A;, B;,C;, D;). The curve (C) can be described as follows

s ¢
als)= [T(s)ds or ale)= [ p(e)T(p)dp.
0 0

Here, in order to find T, we can use the equation

QO » >

={E+M(9)} , (1=1,2,3,4), (33)

o™
5

which is established by (29). If we take the initial conditions as #(0) = A;, n;(0) = B
bi(0)=C;, & =D;, (i=1,2,3,4) such that (A1,A2,A3,A4), (B1,B2,B3,Bs4), (C1,C2,C3,Cs), (D1,D2,D3,Dy) form an

orthonormal frame, then from (30) we gain
ti = (14-my1)A;+mpBi+mi3C;, myyDy;  (i=1,2,3,4). (34)

As the spacelike curve (C) is a constant breadth curve, which is also periodic of period w, it is clear that

[0

/ ptidg = 0. (35)
0

(© 2015 BISKA Bilisim Technology
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Hence, form (34) and (35), we have

(0]

[0) [0) [0
A,-/p(1+m11)d(p+B;/pm12d(p+Ci/pm13d(p+D,-/pm14d(p:O; (i=1,2,3,4).
0 0 0 0

Since the coefficient determinant A # 0 in this system, we have the equalities as

[0}

w
/P +my)de =0= /Pmlzd(P /Pm13d(P /Pm14d<l>, (36)
0 0

which are the conditions for a spacelike curve to be constant breadth curve in Ef. Here, we can take the period w =27
because of 0 < ¢ < 27x. Thus we obtain the following corollary.

Corollary 3.1. Let (C) be a regular curve in E} such that p(@) > 0,k2(¢) and k3(¢@) are continuous periodic functions of

period @. Then (C) is a constant breadth spacelike curve and also periodic of period o, if and only if
(o] w w w
M(@) =0, [p(1+m)dp=0=[pmidp = [ pmade= [ pmadp. 37)
0 0 0 0

holds, where
M) =IA() +1PA() +---+TWA(1) + -,
0 1 0 0
—£ 0 pky 0 (38)
0 &pky 0 pks
0 0 €1pk3 0

A1) =

and m;j () are the entries of the matrixM () . From (32) and (38), the matrix M () can be constructed and each m;; involves

infinitely many integrations. Thus, we can give the conditions (37) in the following forms:

) Ors wPprs

Tp(0)do—] [ eip(@)dsdido+[ ] [ ] [ p(@)er e e:h (p)A(s)]drdsdrdpd—--- =0
(2(” OOprrs 00000

[[p(@)dido—[ ][ |p(@)[er—el(t)A(s)ldidsdrdg+--- =0

%)Or s 0000

[ Jp(@)A(t)didsde

000

wdprs 39)
—{fof({fp(q’) [e1A (1) —&A (p){A (1) A (s) + &1 (1) u (s)}] didsdrdpdp +--- =0

0 0
T 110 (@)A(s) () dedsdrdg
0000

0wqgoprs
—Of({({of({ofp (@A (p) (1) [€1 — &4 (1) A () — &1 11 (¢)  (5)] dtdsd pdpddg + ... = 0

where A (§) = p (6)k2(§),u(6) = p(§)ks(&).

(© 2015 BISKA Bilisim Technology



n BISKA H. Kocayigit and Z. Cicek : Some Characterizations of Constant Breadth Spacelike......

Example 3.1. Let us consider the special case p = const., ky = const. and k3 = const. In this case, from (36), we have

3
o-— 81 ¢ +e (& —ezpzkz) —g (g —82p2k2) ‘;’— =0
2, — (& —82[)2](2) e+ (81 —szpzkz) —, —...=0 w0
o3 2 7
ko [? — (&1 — &2p%k3 — £1p2k§) C+ (e - £2p2k§ —ep?k3) 4 —...=0
koks [%? — (&1 — &2p%K3 — &1p%K3) ‘g—? .= 0}
or
1
e1&p%k3 (1—¢ £2p2k2) o-+sin | (1—&&p%%3)? w] =0,
1 1
cos [(el —&p*k3)? a)} =1 or (e1—&p*k3)? ®=2km,
1 41
ky | (€1 — &2p%k3 — €1p%k3)* @ —sin [(81 —&p2ks — 81p2k2 } =0,
1 2 _ 212 2 2
kaks [(81 —&p?k3 —e1p*k3) /2} @ sin? (o= kzze‘p 8)%o
where w = 2kmwif € = land w = —2kmwif &g = —1 . It is seen that all of the equalities (40) or (41) are satisfied

simultaneously, if and only if pk, = 0, pk3 = 0, that is, p = const. > 0 and k3, k3 = 0. Therefore, only ones with
p = const. > 0 and ky, k3 = 0 of the curves with p = const. > 0 and k», k3 = const. are curves of constant breadth, which
are spacelike circles inEf.

Now let us construct the relation characterizing these circles. Since pk, =0, pksz = 0, system (7) becomes
m’l = €my, m'2 = —my, m’3 =0, my/=0. 42)

If &y = 1,& = F1 the general solution of (39) is

=Acos @+ Bsin@
my = Bcos @ —Asin @ 43)
m3 =K
my =1L

Where A, B, K, L are arbitrary constants.
Consequently, replacing (43) into (1), we gain the equation
o*(@)=o(@)+ (Acos¢+Bsing) T+ (—Asin@ + Bcos@) N+ KB+ LE,

1
which gives the constant distance d = ||o* — et|| = (|A? + B>+ K> FL?|) *. In this case, a pair of opposite points of the
curve is (" (¢), (¢)) for ¢ in0 < ¢ < 27.

Since pk3 =0, pkp, =0 system (7) becomes

m’l =€emy, m’zz—ml, m/3:07 ma! =0

(© 2015 BISKA Bilisim Technology
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If &g = —1,& = +1 the general solution of (39) is

m; = Acosh @ + Bsinh ¢
my = —Bcosh@ —Asinh ¢ 44
m3 =K

my =1L

Where A,B,E and F are arbitrary constants.

Consequently, replacing (44) into (1), we obtain the equation
o* (@) = o(@)+ (Acosh¢ + Bsinh @) T+ (—Asinh ¢ — Bcosh9)N+ KB+ LE,

1
which represents the Spacelike circles with the diameter d = ||a* — «|| = (|A2 -B*+K? +L2|) 2. In this case, a pair of
opposite points of the curve is (a* (@), o ()) for @ in0 < ¢ < 27.

4 4. Conclusion

The characterizations and determinations of the special curves or curve pairs are important in the curve theory. A
differential equation or a system of differential equations with respect to the curvatures can determinate the special
curves or curve pairs. In this paper, the differential equations characterizing the constant breadth spacelike curves are

studied in Ef. Moreover, a criterion for a spacelike space curve to be the curve of constant breadth in Ef is given.
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