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1 Introduction  

The mathematical modeling of events in nature can be explained by differential equations. These equations are 
mathematical models of complex physical occurrences that arise in engineering, chemistry, biology, mechanics and 
physics. So, the theory of nonlinear dispersive wave motion has recently undergone much study. The solutions of 
nonlinear equations play a crucial role in applied mathematics and physics, because; solutions of nonlinear partial 
differential equations provide a very significant contribution to people about the nature of physical phenomenon. We 
do not attempt to characterize the general form of nonlinear dispersive wave equations [1, 2]. Furthermore, when an 
original nonlinear equation is directly calculated, the solution will preserve the actual physical characters of 
solutions [3]. Explicit solutions to the nonlinear equations are of fundamental importance. Various methods for 
obtaining explicit solutions to nonlinear evolution equations have been proposed. Many explicit exact methods have 
been introduced in literature [4-17]. Among them are Generalized Miura Transformation, Darboux Transformation, 

Cole-Hopf Transformation, Hirota’s dependent variable Transformation, the inverse scattering Transform and the 
Backlund Transformation, sine-cosine method, Painleve method, homogeneous balance method, and similarity 
reduction method.  

Traveling wave solutions of many nonlinear differential equations can be stated with tanh function terms [18, 19]. 
The tanh function terms firstly were used on base ad hoc in 1990 and 1991 [20, 21]. Then, Malfliet [22] formalized 
the tanh method in 1992 and illustrated it with several examples, Parkes and Duffy presented the automatic tanh 
method [23] in 1996, after, Fan defined the extended tanh method [24] in 2000, later Elwakil presented the modified 
extended tanh method [25] in 2002, separately, the generalized extended tanh method [26] by Zheng in 2003, the 
improved extended tanh method [27] by Yomba in 2004, the tanh function method [28] by Chen and Zhang in 2004. 

In this study, we implement the generalized tanh function method [29] to obtain the traveling wave solutions of the 
gRLW equation  
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௧ݑ ൅ ௫ݑ ൅ ௣ሻ௫ݑሺߛ െ ௫௫௧ݑߚ ൌ 0                                                                                                                     (1)                        

where ݌ is a positive integer and ߛ and ߚ  are positive constants. The Eq. (1) was first put forward as a model for 
small-amplitude long-waves on the surface of water in a channel by peregrine [30, 31] and later by Benjamin et al 
[32]. In physical situations such as unidirectional wave’s propagation in a water channel, long-crested waves in 
near-shore zones, and many others, the RLW equation serves an alternative model to the KdV equation [33, 34]. 

Furthermore, we study traveling wave solutions of general Boussinesq (gBQ) type fluid model. There are many 
types of equation form of the Boussinesq equation system, one of them is given by 

௧ݑ ൅ ௫ݒ ൅ ௫ݑݑ ൅ ௫௫௧ݑ݌ ൌ 0  

௧ݒ ൅ ሺݒݑሻ௫ ൅ ௫௫௫ݑߚ ൌ 0                                                                                                                               (2) 

(2) where ݌ and ߚ are real constant. This system which generalizes the classical Boussinesq equation system was 
derived by Sachs [35] to describe small amplitude long waves in a water channel.   

2 An Analysis of the Method and applications 

In this chapter, we give a simple description of the tanh function method. For doing this, it can be considered in a 
two variables general form of nonlinear PDE 

ܳሺݑ, ,௧ݑ ,௫ݑ ,௫௫ݑ … ሻ ൌ 0                                                                                                                                (3) 

The solution of the equation (3) is expressed as a finite series of tanh functions  

,ݔሺݑ ሻݐ ൌ ∑ ܽ௜ሺݔ, ሻߦ௜ሺܨሻݐ
ெ
௜ୀ଴                                                                                                                           (4) 

where ߦ ൌ ,ݔሺߦ ሻݐ ൌ ݔߙ ൅  ሻ, M is a positive integer that can be determined by balancing the highest orderݐሺݍ
derivate and with the highest nonlinear terms in equation, ܽ଴ሺݔ, ,ሻݐ ܽଵሺݔ, ,ሻݐ … , ܽ௡ሺݔ, ,ݔሺߦ ሻ andݐ  ሻ can beݐ

determined. Substituting solution (4) into Eq. (3) yields a set of algebraic equations for ܨ௜, then, all coefficients of  

  ௜ have to vanish. After this separated algebraic equation, we could found coefficientsܨ
ܽ଴ሺݔ, ,ሻݐ ܽଵሺݔ, ,ሻݐ … , ܽ௡ሺݔ,  .ሻݐ

In this work, we consider to solve the Boussinesq equation and gRLW by using the generalized tanh function 
method which is introduced by Chen and Zhang [29]. The fundamental of their method is to take full advantage of 
the Riccati equation that tanh function satisfies and use its solutions. The required Riccati equation is given as 

ᇱܨ ൌ ܣ ൅ ܨܤ ൅  ଶ                                                                                                                                       (5)ܨܥ

where  ܨᇱ ൌ
ௗி

ௗక
  and  ܣ, ,ܤ   .are constants. Some of the solutions are given the paper [29] ܥ

3 Applications of the Method  

Example 1.  Let’s consider a gRLW equation, 

௧ݑ  ൅ ௫ݑ ൅ ௣ሻ௫ݑሺߛ െ ௫௫௧ݑߚ ൌ 0                                                                                                                    (6) 

Let ߛ ൌ 1, ߚ ൌ 1  and ݌ ൌ 2, we have equation 

௧ݑ ൅ ௫ݑ ൅ ௫ݑݑ2 െ ௫௫௧ݑ ൌ 0                                                                                                                          (7) 

When balancing ݑݑ௫ with ݑ௫௫௧ then gives ܯ ൌ 2. Therefore, we may choose 

ݑ ൌ ݂ሺݐሻ ൅ ݃ሺݐሻܨሺߦሻ ൅ ݄ሺݐሻܨଶሺߦሻ                                                                                                               (8) 
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Where ߦ ൌ ݔߙ ൅ ,ሻݐሻ. Substituting (8) into Eq. (7) yields a set of algebraic equations for ݂ሺݐሺݍ ݃ሺݐሻ, ݄ሺݐሻ 
and	ܣ, ,ܤ   These systems are finding as .ܥ

௧݂ ൅ ܣ௧ݍ݃ ൅ ߙܣ݃ ൅ ߙܣ2݂݃ െ ݃௧ߙଶܤܣ െ ଶܤܣ௧ݍଶߙ݃ െ ௧ݍ݃ܥଶܣଶߙ2 െ 2݄௧ߙଶܣଶ െ ௧ݍܤଶܣଶߙ6݄ ൌ 0 

݃௧ ൅ ܤ௧ݍ݃ ൅ ௧ݍܣ2݄ ൅ ߙܤ݃ ൅ ߙܣ2݄ ൅ ߙܤ2݂݃ ൅ ߙܣ4݂݄ ൅ 2݃ଶߙܣ െ ݃௧ߙଶܤଶ െ ଷܤ௧ݍଶߙ݃ െ 

െ8ߙଶݍ݃ܥܤܣ௧ െ 2݃௧ߙଶܥܣ െ 6݄௧ߙଶܤܣ െ ௧ݍଶܤܣଶߙ14݄ െ ௧ݍܥଶܣଶߙ16݄ ൌ 0 

ܥ௧ݍ݃ ൅ ݄௧ ൅ ௧ݍܤ2݄ ൅ ߙܥ݃ ൅ ߙܤ2݄ ൅ ߙܥ2݂݃ ൅ ߙܤ4݂݄ ൅ 2݃ଶߙܤ ൅ ߙܣ6݄݃ െ 3݃௧ߙଶܥܤ െ ܥଶܤ௧ݍଶߙ7݃

െ ௧ݍଶ݃ܥܣଶߙ8 െ 8݄௧ߙଶܥܣ െ ௧ݍܥܤܣଶߙ52݄ െ ௧ݍଷܤଶߙ8݄ െ 4݄௧ߙଶܤଶ ൌ 0 

௧ݍܥ2݄ ൅ ߙܥ2݄ ൅ ߙܥ4݂݄ ൅ 2݃ଶߙܥ ൅ ߙܤ6݄݃ ൅ 4݄ଶߙܣ െ ଶ݃௧ܥଶߙ2 െ ଶܥܤ௧ݍଶߙ12݃ െ ௧ݍܥଶܤଶߙ38݄ െ

௧ݍଶܥܣଶߙ40݄ െ 10݄௧ߙଶܥܤ ൌ 0                                                                                          (9) 

ߙܥ6݄݃ ൅ 4݄ଶߙܤ െ ௧ݍଷ݃ܥଶߙ6 െ ௧ݍଶܥܤଶߙ54݄ െ 6݄௧ߙଶܥଶ ൌ 0 

4݄ଶߙܥ െ ௧ݍଷܥଶߙ24݄ ൌ 0 

From the solutions of the system, we can found  

݄ ൌ ݃			,௧ݍଶܥߙ6 ൌ ݂			,௧ݍߙܥܤ6 ൌ
଼ఈమ஺஼௤೟ାఈమ஻మ௤೟ି௤೟ିఈ

ଶఈ
௧௧ݍ			, ൌ 0                                                               

(10) 

with the aid of Mathematica. From (10), we can get 

ݍ ൌ ௧ݍ			,ݐߣ ൌ ݄			,ߣ ൌ ݃				,ߣଶܥߙ6 ൌ ݂				,ߣߙܥܤ6 ൌ
଼ఈమ஺஼ఒାఈమ஻మఒିఒିఈ

ଶఈ
ߣ			, ൌ  (11)                                              .ݐݏ݊݋ܿ

Substituting (10) and (11) into (8) we have obtained the following multiple soliton-like and triangular periodic 
solutions (including rational solutions) of equation (7). These solutions are: 

Case 1:  if  ܣ ൌ ܥ ൌ 1,  

ݑ ൌ
଼ఈమఒିఒିఈ

ଶఈ
൅  ሻ                                                                                                                       (12)ߦଶሺ݊ܽݐߣߙ6

Case 2:  if  ܣ ൌ ܥ ൌ െ1,     

ݑ ൌ
଼ఈమఒିఒିఈ

ଶఈ
൅                             ሻ                                                                                                                       (13)ߦଶሺݐ݋ܿߣߙ6

Case 3:  if  ܣ ൌ 1, ܥ ൌ െ1,  

ቐ
ݑ ൌ

ି଼ఈమఒିఒିఈ

ଶఈ
൅ ሻߦଶሺ݄݊ܽݐߣߙ6

ݑ ൌ
ି଼ఈమఒିఒିఈ

ଶఈ
൅ ሻߦଶሺ݄ݐ݋ܿߣߙ6

                                                                                                                (14) 

Case 4:  if   ܣ ൌ ܥ ൌ െ
ଵ

ଶ
,  

ە
ۖ
۔

ۖ
ݑۓ ൌ

ଶఈమఒିఒିఈ

ଶఈ
൅

ଷఈఒ

ଶ
൫ܿݐ݋ሺߦሻ േ ሻ൯ߦሺܿݏܿ

ଶ

ݑ ൌ
ଶఈమఒିఒିఈ

ଶఈ
൅

ଷఈఒ

ଶ
൫ܿ݁ݏሺߦሻ െ ሻ൯ߦሺ݊ܽݐ

ଶ

ݑ ൌ
ଶఈమఒିఒିఈ

ଶఈ
൅

ଷఈఒ௖௢௧మሺకሻ

ଶ൫ଵേ௖௦௖ሺకሻ൯
మ

                                                                                                 (15) 

Case 5:  if   ܣ ൌ ܥ ൌ
ଵ

ଶ
,    
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ە
ۖ
۔

ۖ
ݑۓ ൌ

ଶఈమఒିఒିఈ

ଶఈ
൅

ଷఈఒ

ଶ
൫݊ܽݐሺߦሻ േ ሻ൯ߦሺܿ݁ݏ

ଶ

ݑ ൌ
ଶఈమఒିఒିఈ

ଶఈ
൅

ଷఈఒ

ଶ
൫ܿܿݏሺߦሻ െ ሻ൯ߦሺݐ݋ܿ

ଶ

ݑ ൌ
ଶఈమఒିఒିఈ

ଶఈ
൅

ଷఈఒ௧௔௡మሺకሻ

ଶ൫ଵേ௦௘௖ሺకሻ൯
మ

                                                                                                 (16) 

                                                                                                                                                                                                                       

Case 6:  if  ܣ ൌ
ଵ

ଶ
, ܥ ൌ െ

ଵ

ଶ
    

ە
ۖ
ۖ
۔

ۖ
ۖ
ۓ ݑ ൌ

ିଶఈమఒିఒିఈ

ଶఈ
൅

ଷఈఒ

ଶ
൫݄ܿݐ݋ሺߦሻ േ ሻ൯ߦሺ݄ܿݏܿ

ଶ

ݑ ൌ
ିଶఈమఒିఒିఈ

ଶఈ
൅

ଷఈఒ

ଶ
൫݄݊ܽݐሺߦሻ േ ሻ൯ߦሺ݄ܿ݁ݏ݅

ଶ

ݑ ൌ
ିଶఈమఒିఒିఈ

ଶఈ
൅

ଷఈఒ௧௔௡௛మሺకሻ

ଶ൫ଵേ௦௘௖௛ሺకሻ൯
మ

ݑ ൌ
ିଶఈమఒିఒିఈ

ଶఈ
൅

ଷఈఒ௖௢௧௛మሺకሻ

ଶ൫ଵേ௜௖௦௖௛ሺకሻ൯
మ ,					݅ଶ ൌ െ1	

                                                                                             

(17) 

       

Case 7:  if   ܣ ൌ 1, ܤ ൌ െ2, ܥ ൌ 2 

ݑ ൌ
ଶ଴ఈమఒିఒିఈ

ଶఈ
െ

ଶସఈఒ௧௔௡ሺకሻ

൫ଵା௧௔௡ሺకሻ൯
൅

ଶସఈఒ௧௔௡మሺకሻ

൫ଵା௧௔௡ሺకሻ൯
మ                                                                                                     (18) 

Case 8:  if  ܣ ൌ 1, ܤ ൌ ܥ	 ൌ 2, 

ݑ ൌ
ଶ଴ఈమఒିఒିఈ

ଶఈ
൅

ଶସఈఒ௧௔௡ሺకሻ

൫ଵି௧௔௡ሺకሻ൯
൅

ଶସఈఒ௧௔௡మሺకሻ

൫ଵି௧௔௡ሺకሻ൯
మ                                                                                                     (19) 

Case 9:  if  ܣ ൌ െ1, ܤ ൌ 2, ܥ ൌ െ2 

ݑ ൌ
ଶ଴ఈమఒିఒିఈ

ଶఈ
െ

ଶସఈఒ௖௢௧ሺకሻ

൫ଵା௖௢௧ሺకሻ൯
൅

ଶସఈఒ௖௢௧మሺకሻ

൫ଵା௖௢௧ሺకሻ൯
మ                                                                                                      (20) 

Case 10:  if   ܣ ൌ െ1, ܤ ൌ ܥ ൌ െ2  

ݑ ൌ
ଶ଴ఈమఒିఒିఈ

ଶఈ
൅

ଶସఈఒ௖௢௧ሺకሻ

൫ଵି௖௢௧ሺకሻ൯
൅

ଶସఈఒ௖௢௧మሺకሻ

൫ଵି௖௢௧ሺకሻ൯
మ                                                                                                      (21) 

Case 11:  if  ܣ ൌ ܤ ൌ 0 and ܥ ് 0, 

ݑ ൌ
ିఈିఒ

ଶఈ
൅ ଶܥߣߙ6 ቀെ

ଵ

஼కା௖బ
ቁ
ଶ
                                                                                                                    (22) 

where ߦ ൌ ݔߙ ൅  .for  (12) - (22) ݐߣ

Example 2.  Let’s consider Boussinesq equation system,   

൜
௧ݑ ൅ ௫ݒ ൅ ௫ݑݑ ൅ ௫௫௧ݑ݌ ൌ 0
௧ݒ ൅ ሺݒݑሻ௫ ൅ ௫௫௫ݑߚ ൌ 0

                                                                                                                       (23) 

Let ݌ ൌ 1, ߚ ൌ 1, we have system of the equation 

൜
௧ݑ ൅ ௫ݒ ൅ ௫ݑݑ ൅ ௫௫௧ݑ ൌ 0
௧ݒ ൅ ݒ௫ݑ ൅ ݑ௫ݒ ൅ ௫௫௫ݑ ൌ 0                                                                                                                  (24) 

When balancing ݑݑ௫ with ݑ௫௫௧ then gives ܯଵ ൌ 2 and ݑ௫ݒ ,ݒ௫ݑ with ݑ௫௫௫ then gives ܯଶ ൌ 2. Therefore, we may 
choose 
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൜
ݑ ൌ ݂ሺݐሻ ൅ ݃ሺݐሻܨሺߦሻ ൅ ݄ሺݐሻܨଶሺߦሻ
ݒ ൌ ଵ݂ሺݐሻ ൅ ଵ݃ሺݐሻܨሺߦሻ ൅ ݄ଵሺݐሻܨଶሺߦሻ

                                                                                                       (25) 

where ߦ ൌ ݔߙ ൅  ሻ. Substituting (25) into Eq. (24) yields a set of algebraic equationsݐሺݍ
for݂ሺݐሻ, ݃ሺݐሻ, ݄ሺݐሻ, ଵ݂ሺݐሻ, ଵ݃ሺݐሻ, ݄ଵሺݐሻ. These systems are finding as  

௧݂ ൅ ܣ௧ݍ݃ ൅ ݃ଵߙܣ ൅ ߙ݂݃ ൅ ݃௧ߙଶܤܣ ൅ ଶܤܣ௧ݍଶߙ݃ ൅ ௧ݍ݃ܥଶܣଶߙ2 ൅ 2݄௧ߙଶܣଶ ൅ ௧ݍܤଶܣଶߙ6݄ ൌ 0	

݃௧ ൅ ܤ௧ݍ݃ ൅ ௧ݍܣ2݄ ൅ ଵ݃ߙܤ ൅ 2݄ଵߙܣ ൅ ߙܤ݂݃ ൅ ߙܣ2݂݄ ൅ ݃ଶߙܣ ൅ ݃௧ߙଶܤଶ ൅ ଷܤ௧ݍଶߙ݃ ൅ ௧ݍܥܤܣଶ݃ߙ8

൅ ௧݃ܥܣଶߙ2 ൅ 6݄௧ߙଶܤܣ ൅ ௧ݍଶܤܣଶߙ14݄ ൅ ௧ݍܥଶܣଶߙ16݄ ൌ 0 

ܥ௧ݍ݃ ൅ ݄௧ ൅ ௧ݍܤ2݄ ൅ ଵ݃ߙܥ ൅ 2݄ଵߙܤ ൅ ߙܥ݂݃ ൅ ߙܤ2݂݄ ൅ ݃ଶߙܤ ൅ ߙܣ3݄݃ ൅ ௧ݍܥଶܤଶߙ7݃ ൅ ௧݃ܥܤଶߙ3

൅ ௧ݍଶ݃ܥܣଶߙ8 ൅ ௧ݍܥܤܣଶߙ52݄ ൅ 8݄௧ߙଶܥܣ ൅ 4݄௧ߙଶܤଶ ൅ ௧ݍଷܤଶߙ8݄ ൌ 0	

௧ݍܥ2݄ ൅ 2݄ଵߙܥ ൅ ߙܥ2݂݄ ൅ ݃ଶߙܥ ൅ ߙܤ3݄݃ ൅ 2݄ଶߙܣ ൅ ௧ݍଶܥܤଶ݃ߙ12 ൅ ଶ݃௧ܥଶߙ2 ൅ ௧ݍଶܥܣଶߙ40݄

൅ ௧ݍܥଶܤଶߙ38݄ ൅ 10݄௧ߙଶܥܤ ൌ 0	

ߙܥ3݄݃ ൅ 2݄ଶߙܤ ൅ ௧ݍଷ݃ܥଶߙ6 ൅ ௧ݍଶܥܤଶߙ54݄ ൅ 6݄௧ߙଶܥଶ ൌ 0 

2݄ଶߙܥ ൅ ௧ݍଷܥଶߙ24݄ ൌ 0                   

 ሺ ଵ݂ሻ௧ ൅ ଵ݃ݍܣ௧ ൅ ݃ ଵ݂ߙܣ ൅ ଵ݂݃ߙܣ ൅ ଶܤܣଷߙ݃ ൅ ݃ܥଶܣଷߙ2 ൅ ܤଶܣଷߙ6݄ ൌ 0 

	ሺ ଵ݃ሻ௧ ൅ ଵ݃ݍܤ௧ ൅ 2݄ଵݍܣ௧ ൅ ݃ ଵ݂ߙܤ ൅ 2݄ ଵ݂ߙܣ ൅ 2݃ ଵ݃ߙܣ ൅ ଵ݂݃ߙܤ ൅ 2݄ଵ݂ߙܣ ൅ ଷܤଷߙ݃ ൅ ܥܤܣଷ݃ߙ8

൅ ଶܤܣଷߙ14݄ ൅ ܥଶܣଷߙ16݄ ൌ 0 

ଵ݃ݍܥ௧ ൅ ሺ݄ଵሻ௧ ൅ 2݄ଵݍܤ௧ ൅ ݃ ଵ݂ߙܥ ൅ 2݄ ଵ݂ߙܤ ൅ 2݃ ଵ݃ߙܤ ൅ 3݄ ଵ݃ߙܣ ൅ 3݄݃ଵߙܣ ൅ ଵ݃ ଵ݂ߙܥ ൅ 2݄ଵ݂ߙܤ

൅ ܥଶܤଷߙ7݃ ൅ ଶ݃ܥܣଷߙ8 ൅ ܥܤܣଷߙ52݄ ൅ ଷܤଷߙ8݄ ൌ 0	

2݄ଵݍܥ௧ ൅ 2݄ ଵ݂ߙܥ ൅ 2݃ ଵ݃ߙܥ ൅ 3݄ ଵ݃ߙܤ ൅ 3݄݃ଵߙܤ ൅ 4݄݄ଵߙܣ ൅ 2݄ଵ݂ߙܥ ൅ ଶܥܤଷ݃ߙ12 ൅ 

ଶܥܣଷߙ40݄ ൅ ܥଶܤଷߙ38݄ ൌ 0        

3݄ ଵ݃ߙܥ ൅ 3݄݃ଵߙܥ ൅ 4݄݄ଵߙܤ ൅ ଷ݃ܥଷߙ6 ൅ ଶܥܤଷߙ54݄ ൌ 0         

  4݄݄ଵߙܥ ൅ ଷܥଷߙ24݄ ൌ 0                                                                                                                            

(26) 

 From the solutions of the system, we can found  

݄ ൌ െ12ܥߙଶݍ௧,			݃ ൌ െ12ݍߙܥܤ௧,			݂ ൌ െ
௧ݍ
ߙ
െ

ߙ
௧ݍ2

െ ௧ݍߙଶܤ െ ௧௧ݍ			,௧ݍߙܥܣ8 ൌ 0 

  ݄ଵ ൌ െ6ߙଶܥଶ,			݃ଵ ൌ െ6ߙܥܤଶ,			 ଵ݂ ൌ െ
ఈమ஻మ

ଶ
െ ܥܣଶߙ4 ൅

ఈమ

ସሺ௤೟ሻమ
                                   (27) 

with the aid of Mathematica. From (27), we can get 

ݍ ൌ ௧ݍ			,ݐߣ ൌ ݄			,ߣ ൌ െ12ܥߙଶߣ,			݃ ൌ െ12ߣߙܥܤ 

 ݂ ൌ െ
ఒ

ఈ
െ

ఈ

ଶఒ
െ ߣߙଶܤ െ 			,ܥܣߣߙ8 ଵ݂ ൌ െ

ఈమ஻మ

ଶ
െ ܥܣଶߙ4 ൅

ఈమ

ସఒమ
                                                   (28) 

Substituting (27) and (28) into (25) we have obtained the following multiple soliton-like and triangular periodic 
solutions (including rational solutions) of equation (24) same as the above example. These solutions are: 
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Case 1:  if ܣ ൌ ܥ ൌ 1,              

ቐ
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
െ ቁߣߙ8 െ ሻߦଶሺ݊ܽݐߣߙ12

ݒ ൌ ቀെ4ߙଶ ൅
ఈమ

ସఒమ
ቁ െ ሻߦଶሺ݊ܽݐଶߙ6

                                                                                                    (29) 

 

 

 

Case 2:  if	ܣ ൌ ܥ ൌ െ1,                       

        ቐ
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
െ ቁߣߙ8 െ ሻߦଶሺݐ݋ܿߣߙ12

ݒ ൌ ቀെ4ߙଶ ൅
ఈమ

ସఒమ
ቁ െ ሻߦଶሺݐ݋ଶܿߙ6

                                                        (30) 

Case 3: if ܣ ൌ 1, ܥ ൌ െ1, 

ቐ
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
൅ ቁߣߙ8 െ ሻߦଶሺ݄݊ܽݐߣߙ12

ݒ ൌ ቀ4ߙଶ ൅
ఈమ

ସఒమ
ቁ െ ሻߦଶሺ݄݊ܽݐଶߙ6

     ቐ
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
൅ ቁߣߙ8 െ ሻߦଶሺ݄ݐ݋ܿߣߙ12

ݒ ൌ ቀ4ߙଶ ൅
ఈమ

ସఒమ
ቁ െ ሻߦଶሺ݄ݐ݋ଶܿߙ6

                        (31) 

Case 4: if ܣ ൌ ܥ ൌ െ
ଵ

ଶ
,  

	ቐ
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
െ ቁߣߙ2 െ ሻߦሺݐ݋൫ܿߣߙ3 േ ሻ൯ߦሺܿݏܿ

ଶ

ݒ ൌ ቀെߙଶ ൅
ఈమ

ସఒమ
ቁ െ

ଷ

ଶ
ሻߦሺݐ݋ଶ൫ܿߙ േ ሻ൯ߦሺܿݏܿ

ଶ   

ቐ
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
െ ቁߣߙ2 െ ሻߦሺܿ݁ݏ൫ߣߙ3 െ ሻ൯ߦሺ݊ܽݐ

ଶ

ݒ ൌ ቀെߙଶ ൅
ఈమ

ସఒమ
ቁ െ

ଷ

ଶ
ሻߦሺܿ݁ݏଶ൫ߙ െ ሻ൯ߦሺ݊ܽݐ

ଶ                                                                                   (32) 

൞
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
െ ቁߣߙ2 െ

ଷఈఒ௖௢௧మሺకሻ

൫ଵേ௖௦௖ሺకሻ൯
మ

ݒ ൌ ቀെߙଶ ൅
ఈమ

ସఒమ
ቁ െ

ଷ

ଶ

ఈమ௖௢௧మሺకሻ

൫ଵേ௖௦௖ሺకሻ൯
మ

  

 Case 5: if   ܣ ൌ ܥ ൌ
ଵ

ଶ
,     

ቐ
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
െ ቁߣߙ2 െ ሻߦሺ݊ܽݐ൫ߣߙ3 േ ሻ൯ߦሺܿ݁ݏ

ଶ

ݒ ൌ ቀെߙଶ ൅
ఈమ

ସఒమ
ቁ െ

ଷ

ଶ
ሻߦሺ݊ܽݐଶ൫ߙ േ ሻ൯ߦሺܿ݁ݏ

ଶ   

ቐ
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
െ ቁߣߙ2 െ ሻߦሺܿݏ൫ܿߣߙ3 െ ሻ൯ߦሺݐ݋ܿ

ଶ

ݒ ൌ ቀെߙଶ ൅
ఈమ

ସఒమ
ቁ െ

ଷ

ଶ
ሻߦሺܿݏଶ൫ܿߙ െ ሻ൯ߦሺݐ݋ܿ

ଶ                                                                                    (33) 

൞
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
െ ቁߣߙ2 െ

ଷఈఒ௧௔௡మሺకሻ

൫ଵേ௦௘௖ሺకሻ൯
మ

ݒ ൌ ቀെߙଶ ൅
ఈమ

ସఒమ
ቁ െ

ଷ

ଶ

ఈమ௧௔௡మሺకሻ

൫ଵേ௦௘௖ሺకሻ൯
మ

  

Case 6: if  ܣ ൌ
ଵ

ଶ
, ܥ ൌ െ

ଵ

ଶ
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ቐ
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
൅ ቁߣߙ2 െ ሻߦሺ݄ݐ݋൫ܿߣߙ3 േ ሻ൯ߦሺ݄ܿݏܿ

ଶ

ݒ ൌ ቀߙଶ ൅
ఈమ

ସఒమ
ቁ െ

ଷ

ଶ
ሻߦሺ݄ݐ݋ଶ൫ܿߙ േ ሻ൯ߦሺ݄ܿݏܿ

ଶ   

ቐ
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
൅ ቁߣߙ2 െ ሻߦሺ݄݊ܽݐ൫ߣߙ3 േ ሻ൯ߦሺ݄ܿ݁ݏ݅

ଶ

ݒ ൌ ቀߙଶ ൅
ఈమ

ସఒమ
ቁ െ

ଷ

ଶ
ሻߦሺ݄݊ܽݐଶ൫ߙ േ ሻ൯ߦሺ݄ܿ݁ݏ݅

ଶ                                                                              (34) 

൞
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
൅ ቁߣߙ2 െ

ଷఈఒ௧௔௡௛మሺకሻ

൫ଵേ௦௘௖௛ሺకሻ൯
మ

ݒ ൌ ቀߙଶ ൅
ఈమ

ସఒమ
ቁ െ

ଷ

ଶ

ఈమ௧௔௡௛మሺకሻ

൫ଵേ௦௘௖௛ሺకሻ൯
మ

  

൞
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
൅ ቁߣߙ2 െ

ଷఈఒ௖௢௧௛మሺకሻ

൫ଵേ௜௖௦௖௛ሺకሻ൯
మ

ݒ ൌ ቀߙଶ ൅
ఈమ

ସఒమ
ቁ െ

ଷ

ଶ

ఈమ௖௢௧௛మሺకሻ

൫ଵേ௜௖௦௖௛ሺకሻ൯
మ

  

Case 7:  if  ܣ ൌ 1, ܤ ൌ െ2, ܥ ൌ 2     

൞
ݑ ൌ ቀെ20ߣߙ െ

ఒ

ఈ
െ

ఈ

ଶఒ
ቁ ൅

ସ଼ఈఒ௧௔௡ሺకሻ

ଵା௧௔௡ሺకሻ
െ

ସ଼ఈఒ௧௔௡మሺకሻ

൫ଵା௧௔௡ሺకሻ൯
మ

ݒ ൌ ቀെ10ߙଶ ൅
ఈమ

ସఒమ
ቁ ൅

ଶସఈమ௧௔௡ሺకሻ

ଵା௧௔௡ሺకሻ
െ

ଶସఈమ௧௔௡మሺకሻ

൫ଵା௧௔௡ሺకሻ൯
మ

                                                                                   (35) 

Case 8:  if   ܣ ൌ 1, ܤ ൌ ܥ ൌ 2 

൞
ݑ ൌ ቀെ20ߣߙ െ

ఒ

ఈ
െ

ఈ

ଶఒ
ቁ െ

ସ଼ఈఒ௧௔௡ሺకሻ

ଵି௧௔௡ሺకሻ
െ

ସ଼ఈఒ௧௔௡మሺకሻ

൫ଵି௧௔௡ሺకሻ൯
మ

ݒ ൌ ቀെ10ߙଶ ൅
ఈమ

ସఒమ
ቁ െ

ଶସఈమ௧௔௡ሺకሻ

ଵି௧௔௡ሺకሻ
െ

ଶସఈమ௧௔௡మሺకሻ

൫ଵି௧௔௡ሺకሻ൯
మ

                                                                                   (36) 

Case 9:  if ܣ ൌ െ1, ܤ ൌ 2, ܥ ൌ െ2   

൞
ݑ ൌ ቀെ20ߣߙ െ

ఒ

ఈ
െ

ఈ

ଶఒ
ቁ ൅

ସ଼ఈఒ௖௢௧ሺకሻ

ଵା௖௢௧ሺకሻ
െ

ସ଼ఈఒ௖௢௧మሺకሻ

൫ଵା௖௢௧ሺకሻ൯
మ

ݒ ൌ ቀെ10ߙଶ ൅
ఈమ

ସఒమ
ቁ ൅

ଶସఈమ௖௢௧ሺకሻ

ଵା௖௢௧ሺకሻ
െ

ଶସఈమ௖௢௧మሺకሻ

൫ଵା௖௢௧ሺకሻ൯
మ

                                                                                    (37) 

Case 10:  if ܣ ൌ െ1, ܤ ൌ െ2, ܥ ൌ െ2   

൞
ݑ ൌ ቀെ20ߣߙ െ

ఒ

ఈ
െ

ఈ

ଶఒ
ቁ െ

ସ଼ఈఒ௖௢௧ሺకሻ

ଵି௖௢௧ሺకሻ
െ

ସ଼ఈఒ௖௢௧మሺకሻ

൫ଵି௖௢௧ሺకሻ൯
మ

ݒ ൌ ቀെ10ߙଶ ൅
ఈమ

ସఒమ
ቁ െ

ଶସఈమ௖௢௧ሺకሻ

ଵି௖௢௧ሺకሻ
െ

ଶସఈమ௖௢௧మሺకሻ

൫ଵି௖௢௧ሺకሻ൯
మ

                                                                                    (38) 

Case 11:  if ܣ ൌ ܤ ൌ 0, ܥ ് 0 

൞
ݑ ൌ ቀെ

ఒ

ఈ
െ

ఈ

ଶఒ
ቁ െ ଶܥߣߙ12 ቀ

ିଵ

஼కା௖బ
ቁ
ଶ

ݒ ൌ
ఈమ

ସఒమ
െ ଶܥଶߙ6 ቀ

ିଵ

஼కା௖బ
ቁ
ଶ                                                                                                          (39) 

where ߦ ൌ ݔߙ ൅  .for  (29) - (39) ݐߣ

3 Conclusions 

In this paper, we present the generalized tanh function method by using ansatz (4) and, with aid of Mathematica, 

implement it in a computer algebraic system. An implementation of the method is given by applying it to gRLW 
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equation and Boussinesq equation system with physics interests. We also obtain some new and more general 

solutions for gRLW equation and Boussinesq equation system at same time. The method can be used to many other 

nonlinear equations or coupled ones. In addition, this method is also computerizable, which allows us to perform 

complicated and tedious algebraic calculation on a computer. 
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