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Abstract: Let M be an R-semimodule and N non-zero subsemimodule of M. We say that N is an essential subsemimodule of M, if N n
K =+ (0) for every nonzero subsemimodule K of M. In this paper we study some useful results on essential subsemimodules and singular
semimodule of semiring.
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1 Introduction

The paper is concerned with generalizing some results in ring theory and module theory. In this paper we will discuss about
an extension of the notion of an essential subsemimodules of semimodules. The semiring and semimodule are important
structures that have achieved an importance in recent development of theory as their usefulness to many disciplines has
been discovered and exploited. Subsemimodules in semimodules are different from submodules in modules in that there are
several kinds of submodules. In this paper we study some useful results on essential subsemimodules and singular
semimodule of semiring. There are many different definitions of a semiring appearing in the literature. For definitions and
properties of semirings, ideals, the reader is referred to [2].

Definition 1.1: A semiring is a set R together with two binary operations called addition (+) and multiplication () such
that (R, +) is a commutative monoid with identity element 0,; (R, -) is a monoid with identity element 1; multiplication
distributes over addition from either side and 0 is multiplicative absorbing, thatis,a-0 = 0-a = 0foreacha € R [2].

Definition 1.2: A semiring R is said to have a unity if there exists 1; € Rsuchthat1 - a = a - 1 = aforeacha € R

[2].
Definition 1.3: An ideal I of a semiring R will be called subtractive (k-ideal) iffora € I,a + b€ l,b e Rimplyb €] [2].

For e.g.: The set Nof non-negative integers with the usual operations of addition and multiplication of integers is a semiring
with 1y.

Definition 1.4: Let R be a semiring. A left R-semimodule is a commutative monoid (M, +) with additive identity 0,, for
which we have a function R x M — M defined by (r,m) < r-mand called scalar multiplication which satisfies the
following conditions for all r and r’ of R and all elements m and m' of M,

1. @-Ym=1rG"m
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2 rm+m)=rm+r-m
3 r+r)y m=r-m+1r-m
4,  1p-m = m (If exists)
5

T'OM = OM = OR m.
Convention: In this paper all semirings considered will be assumed to be commutative semirings with unity [2].
1 Essential Ideal

Definition 2.1: An ideal I of a semiring R is said to be an essential ideal of R if I N K # 0 for every nonzero ideal Kof R

[1].

Notation: We shall denote an essential ideal I of a semiring R by I <- R.

Proposition 2.2: 1f 0 = K < I <+ R and K is the ideal of R generated by K, then K is essential ideal of R [3].

Proof: Let L be any nonzero ideal of R. Since [ is essential ideal in R, we have I n L # 0. Since K is essential ideal in I, we
musthave 0 # KN (INL) S KNL S KnL. Thus K is essential ideal in R.

2 Essential Subsemimodules

Definition 3.1: Let M be an R-semimodule and N a non-zero subsemimodule of M. We say that N is an essential
subsemimodule of M, if N n K # (0) for every nonzero subsemimodule K of M.

Notation We shall denote an essential subsemimodule N of an R-semimodule M by N c, M.

Clearly, that is equivalent to say N n Rx # (0) for any nonzero element x € M. So in particular, a nonzero left ideal I of R
is an essential left ideal of R if I n J # (0) for any nonzero left ideal J of R, which is equivalent to the condition I N Rx #
(0) for any nonzero element r € R.

Proposition 3.2: Let M be a left R-semimodule. Any subsemimodule of M which contains an essential subsemimodule of
M is itself essential in M.

Proposition 3.3: Let M be a left R-semimodule. If K is an essential subsemimodules of L and L is an essential
subsemimodule of M then K is essential in M.

Proposition 3.4: Let M be a left R -semimodule. Let a be a non-zero element of M and let K be an essential
subsemimodules of M then there is essential left ideal L of R such that aL # 0 and aL € K.

Proposition 3.5: LetManR-semimodule and suppose that Ny, N,,+-, N, are subsemimodules of M.then N¥_, N; €, M if and
onlyif N c, M for all i.

Proof: We only need to prove the proposition for k = 2. If N;, N, <, M, then N; S, M and N, S, M because both N; and
N, contain N;NN.

Conversely, let P be a nonzero subsemimodule of M. Then N; n P # 0 because N; S, M and therefore (N; N N,) N P
N, n(N; nP) # 0 because N, =, M. Hence the proof.

3 Main Result

Definition 4.1: Let M be an R-semimodule and x € M. The left annihilator of x in R is defined by ann(x)
{r € R | rx = 0}. Which is obviously a left ideal of R.Now, consider the set Z(M) = {x € M | ann(x) S, R}. It is easy to
see that Z(M) is a subsemimodule of M and we will call it the singular subsemimodule of M. If Z(M) = M, then M is
called singular. If Z(M) = 0, then M is called nonsingular [2].



Proposition 4.2: If M = K/L for some R-semimodule K and some subsemimoduleL <, K. Then an R-semimodule M is
singular. Anticipation

Proof: Suppose first that M = K /L where K is an R-semimodule andL S, K. Letx = a + L € M and let ] be a nonzero
left ideal of R. If Ja = (0), then Ja € L and soann(x) nJ = J # (0). If Ja # (0), then L nJa # (0) because L <, K.
So there exists r € J such that 0 # ra € L. That means 0 # r € ann(x) NJ. So we have proved that x € Z(M) and hence
Z(M) = M i.e. M is singular.

References

[1]. Dutta, T. K., & Das, M.L. (2007). On Strongly Prime Semiring, Bull. Malays Math. Sci. Soc, 30 (2), 135141.

[2]. Golan, J. S. (1992). Theory of Semirings with Applications in Mathematics and Theoretical Computer Science, Pitman Monogr. Surveys Pure
Appl. Math., Longman Scientific and Technical Harlow.

[3]. Pawar, K. F., & Deore, R. P. (2012). On Essential Ideal and Radical Class. Int. J. of Pure and Appl. Math. Sci., Vol. 5 (1), 1-5.



