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Abstract

Basis properties of exponential and trigonometric systems in grand Lebesgue spaces
Ly (—m,7) are studied. Based on a shift operator, we consider the subspace G)(—m,7)
of the space L,y (—m,7), where continuous functions are dense, and the boundedness of
the singular operator in this subspace is proved. We establish the basicity of exponential
system {e™},cz for Gp)(—m,m) and the basicity of trigonometric systems {sinnt},cy
and {cos nt}nen, for Gp,)(0, 7).
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1. Introduction

Recently there arose great interest in the nonstandard spaces. Many classical facts about
harmonic analysis have been extended to these spaces (see, for example, [1,11,12, 18,21,
24,27,28], etc.). Approximation properties are also of interest in suchlike spaces. These
properties have been relatively well studied in generalized Lebesgue spaces in the works
[2,4,9,13,15,17,29,31-33]. These properties are different with the cases of Morrey-type and
grand Lebesgue spaces: only recently the approximation matters began to be studied in
these spaces, and many problems are still open. Apparently, the works [1-3,5,6,23, 28, 36]
have been pioneers in this field.

Iwaniec and Sbordone [24] introduced so called grand Lebesgue spaces when study-
ing the integrability properties of Jacobian in an open bounded set. These spaces are
functional Banach spaces, and they have important applications in the theory of par-
tial differential equations, interpolation theory, etc. Various properties of grand Lebesgue
spaces have been studied in [14,16,19,21,30]. Properties based on harmonic analysis are of
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special interest in these spaces (see [27]). Later, the researches have appeared which stud-
ied the associated spaces of these spaces known as the small Lebesgue spaces (see [10,20]).
As applications to the applications in the theory of differential equations, it is impor-
tant to study the boundedness of integral operators (see, e.g., [11,22,25-27]). In [22,27],
the equivalence of the boundedness of maximal operator in the weighted grand Lebesgue
space to the Muckenhoupt condition has been proved. Similar result for one-dimensional
singular operator has been obtained in [26,27].

Note that some direct and inverse theorems of the theory of approximations in grand
Lebesgue spaces have been proved in [23]. Basicity problems in these spaces have not yet
been considered because of their non-separability. Therefore, there is a need to consider a
subspace required in the theory of differential equations and to study basis properties of
classical systems in this subspace. Questions of solvability of Dirichlet problems for elliptic
equations were considered in [7,8]. Korovkin-type theorems, as well as spectral problems
with a spectral parameter in boundary conditions in grand Lebesgue spaces, were studied
n [34] and [35], respectively. Note that the problem considered in [35] in Morrey-type
spaces was studied in [3].

In this work, we study the basis properties of the systems of exponents, sines and cosines
in the grand Lebesgue space L,)(—, 7). Based on shift operator, we consider the subspace
Gp) (=, m) of Ly (—m,n) where continuous functions are dense. The boundedness of the
singular operator in the subspace G,)(—m, ) is established. We prove that the classical
system of exponents {e?},c forms a basis for Gp)(—m,m) and the trigonometric systems
{sinnt}nen and {cosnt}nen, form bases for G (0, 7).

2. Some concepts and auxiliary results

Let us recall standard notation. Throughout this paper: N denotes the set of natural
numbers; Z the set of integers; Ny the set of non-negative integers; By C3°[r, 7| we will
denote the space of infinitely differentiable finite functions on a segment [—m, 7]; L(X,Y)
will be the space of linear bounded operators acting from Banach spaces X to Y, in
particular L(X,X) = L(X); A is closure of a set A in a Banach space X; d,; is the
Kronecker symbol.

Let Ly (—m,7) be the grand Lebesgue space of measurable functions f on [, 7] with

the norm )
g T p—¢
—em) = SU — t p_adt> )
limm = s (5 [ 1560

Ly)(—m,7) is a non-separable Banach space (see [11]).
Let’s take an arbitrary function f € L,y (—m, 7). Let us extend the function f by zero to

the entire axis R ,i.e. f(t) =0, t € R\ [-m, 7. Consider the set ép)(—TF,ﬂ') of functions
f € Lp)(—m, ) satisfying the condition

17C+8) = FOllzyy(mm = 0. 60,

It is clear that Gp)(—w, 7) is a linear manifold in L) (—m, 7). Let G p) (=T, ) = Gpy (=7, 7).
There is a strict continuous embedding L, (—m,m) C Gp(—m, 7)([35], Lemma 2.2):
p(—

||f(')||Lp>(—7r,7T) < (p - 1)Hf(')||Lp(—7r,7r)a \V/f €L ™, T ) (21)

Moreover, the set C§°[—m, 7] is dense in G (—m, ) (see [34,35]).
Next, we need the fact that the singular integral is bounded in grand Lebesgue spaces.

Theorem 2.1 ([26]). Let T be a simple rectifiable curve. In order for the singular operator
Sr defined by the formula

500 = o [ Hac, ver,
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is bounded in Ly (T), 1 < p < +o0, it is necessary and sufficient than the curve I' be
Carleson, i.e. when

decg > 0: |D(t,r)| < cor,
where D(t,r) =T N B(t,r), B(t,r)={z€C:|z—t|<r},tel.
We present the notion of a double basis associated with a system of exponentials.

Definition 2.2. A system {x, } ez of elements from X is called a basis in X if for Vo € X
there is a unique sequence of scalars {a, }nez such that

T = 5 AnTn,
nez

i.e.
= lim arpx
-3 Z KTk

Suppose that the system {z,},cz forms a basis in a Banach space X and K is the
space of sequences of coefficients in the expansion of elements in terms of the basis, i.e.
the space of sequences of scalars {a,}ncz for which the series 3, c, a,x, converges. Let
us show that K is a Banach space with the norm

Z arTk

k=—m

{an}nezllx = sup
n,meNg

The validity of the axioms of the norm is obvious. Let a(?) = {ag)}nez, i € N, be a
fundamental sequence in K. Then

Ve >0 dFig(e) : Vi, 5 > g Ham — a(j)H = sup Z (a,(j) — a,(cj))xk <e. (2.2
K n,me Ng k——m ¥
From (2.2) it follows that for Vn,m € Ny
Ve >0 Figle) Vi, i >io || S (@ —a )zl <e. (2.3)
k=—m X
Then, taking into account (2.3), we obtain
(@ = o], = | 3= (@ — )i~ 3 (0~ o)
k=—m k=—m X
<> (a,(;) - a,(j))xk + > (a,(;) - a,(j))a:k < 2e,
k=—m X k=—m X
as well as
H(a@m - a(,jzn )r— mH Z - Z (a(l) - a,(f)) gl < 2e.
k=—m k=—m+1 X

Thus, for Vk € Z the sequence {a,(;)}ie ~ is a fundamental sequence of numbers. So for

Vk € Z the sequence of numbers {a,(;)},-e ~ converges. Let ap = lim;_, a,(j). It remains to

check {ax}rez € K and the convergence of the sequence {a,(:)}kez with the limit {ay }rez.
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Let S;f =>"7_gakzk and S,, Z%Z_m apxr, n,m € N. LetVd > 0and Vp € N. Let
e > 0 so that 4¢ < 0. Passing to the limit in (2.3) for j — oo, we obtain

Vi > ig(e), <e Vn,m € Ny. (2.4)

X

Since the series ) ;.. a,(j)xk, i > ip(e) converges, we obtain that for Vn € Ny

n—+p

xk—Zak :L“;C

dng = no(’i), Yn > ny,

So, using (2.4) and (2.5), for Vn > ng we get

n ) n-+p n+p
HS+ nerHX = Z(ak_a,(:))xk‘i‘z:(a( —ak (Ek—l—Zak T — Zak Tk
k=0 k=0 x
n n+p ntp
= Z( _akwarZ ' ae Zakxk_zakxk
k=0 ¥ X
n . n+p 5 5
< Z(a;(f) —ag)zK|| + Z(ag) —ap)T|| + 3 <ede+ 3 < 6.
k=0 X k=0 ¥

Therefore, the sequence S, is fundamental. Then exists lim,_,o, S;". The existence of
the limit lim,,~ S, can be proven similarly. So the series ), . a,x, converges, and so
{ar}rez € K. Next, from (2.4) we obtain

Z (ag) —ag)xg|| <e

k=—m

)

Vi > ig(e) Ha(i) - aH = sup
K n,me Ny

X

i.e. the sequence {a,(;)}kez converges to {ak}rez in space K.

Let the operator F' : K — X be defined by the formula Fa =} ., a,x,. It is clear
that [|[F|| <1 and F: K — X forms an isomorphism.

We will need the following criterion for the basis property of a double system.

Theorem 2.3. Let X be a Banach space. The system of elements {xy}nez from X forms
a basis in X if and only if the following conditions hold:

(1) system {xy}nez is complete in X;
(2) system {xp}nez is minimal X ;
(3) IM >0 VzeX:|Xr__, fulz mk“x < M|z||x, Vn,m € Ny,

where { fn}nez is the biorthogonal system to {xp}nez.

Proof. Necessary. Condition 1) is obvious. Let’s take an arbitrary x € X. Let x =
Y nez AnZn. For Vk € Z we define a linear functional f; by the formula fi(z) = aj. It’s
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clear that fi(zy,) = dkn, Vk,n € Z. For Vn,m € Ny we have

1 1 n n—1
| fa(z)| = ﬂ”anan = Tenllx arTE — Y gy
Tn In|lX k=—m k=—m X
1 n—1
< Z gk — Z agy
X X
< 2||a|lx < QHF 1HL(XK)H ™
= loallx |0l x
1 1 n

n
Z ATl — Z QT

k=—m k=—m+1

la—mZ—mllx =

|[fm ()] =

lz—mlx

[ .

20lallx_ 20F x.k)
T z—mllx T le-mllx
i.e. fr is bounded in X. So {f,}nez and {x,}necz are biorthogonal systems. Therefore,

the system {x, }nez is minimal in X.
Finally, for Vo € X and Vn,m € Ny we get

ka
X

Sufficient. Take arbitrary ¢ > 0 and z € X. Due to the completeness {z,}ncz in X
there exists y = > p__,, fu(y)zr, mn,m € Ny, such that llx — y|lx <e. For Vni,my € Ny

]l x,

sup ] < [ ol

n,meNy HL(X,K)

k=—m

such that n; > n and my > m it is clear that y = k——m1 fr(y)xr. Hence
ni ni
Yo @) =llr—yt+y— D fel@)zy
k::—m1 X k:—m1 X

Zl Ji(z —y)zg

k=—mq

< lz —yllx +

X
<llz —ylx + Mz —yllx <e(l+ M).

Thus © = Y7 f ().
OJ

3. On the basis property of the system of exponents and trigonometric
systems in grand-Lebesgue spaces

Let us study the basic properties of the system of exponentials {¢™},,c 7 in the subspace
Gp)(—m,m) of the space Ly (—m,m), 1 <p < +oo. We first calculate the norms of the
functions belonging to this system. We have

ey nm = s ([
A O<e<p—1 \2m J_x

The following theorem studies the minimality of the system of exponentials {e™},cz
in the space Ly (—m,).

1
4 |PTE p—e 1
emt’ dt) = sup er—==p—1.
O<e<p—1

Theorem 3.1. The system {e™},cz is minimal in Ly (=m,7m), 1<p<+oo.

Proof. Consider a system of functionals according to the formula

on(f) = % /7; f(t)edt, [ e Ly(—mm), nez
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Let us show the boundedness of the functional v,(-). For any € € (0,p — 1) we have

)l = o | [ el < o [ 5

o . —2m J_x

: </7r If(t)lp‘adt> = @n) T

21 \Jr

1
e T B p—e __1_ 1
- <27r O Edt) e e se 7 Ml -nm

—T

IN

i.e. functional v, (+) is bounded. On the other hand, for Vn,m € Z we have
. 1
Vn(elnt) = % Lwe i(n m)tdt = 5nm7
i.e. the systems {e™},cz and v,(-) are biorthogonal. Thus, the system {e},cz is
minimal in Ly, (-, 7). O

The following theorem shows the completeness of the system of exponents {€},cz in
the space G, (=, ).

Theorem 3.2. The exponential system {e™},cz is complete in space Gp)(—ﬂ', ), 1<
p < +00.

Proof. Let’s take an arbitrary > 0 and an arbitrary function f € Gpy(—m, 7). Then,
due to the density C§°[—m, 7] in G)(—7,7) (see [34], Lemma 3.1) there exists a function
gy € C§°[—m, 7| such that

1F = ullg, (mmy <

It is known that the sequence of partial sums of the Fourier series of the function g,
converges uniformly to g,. Hence

Ime Vm>mo  sup |gy(t) — Pm(t)] <,

te[—m,m]
where .
P(t) = Z yn(gn)ei"t, m € Np.
n=—m
Then
I = Pl (£ [ ot - Patp—<a) ™"
In Gy (=) 0<a<g—1 2m J_» n "
1
<n sup er—= =n(p-—1).
O<e<p—1
Therefore,

1f = PmllG,y(—rm) < If = gnlle,(—xm) + 99 = Pmllc,y (—mm)
<n+nlp—1) =pn

It follows that the system {e"},c7 is complete in space G (=, ) .
([l

Let v = {7 : |7| = 1} be a unit circle. Consider the identification operator T": L) (v) —
L,y (—m,7) defined by the formula Tf(t) = f(e"), t € [-m,x]. Denote by G (v) the
image of Gy (—m, 7) under the mapping T

The theorem below asserts the invariance of G,)(y) with respect to the singular operator

S,.
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Lemma 3.3. The singular operator S, acts boundedly in Gp(7),1 < p < +oo.

Proof. By Theorem 2.1, the operator S, is bounded in Ly (7). Let M = HS,YHL(L "
P )

Let us show that for Vf € Gp,)(v) Syf € Gp)(7). Take arbitrary € > 0 and f € G (7).
Due to the density L,(7y) in G})(7) there exists g € L,(7) such that

<
i

IN

If = gllG,)(—mm

Then
||S'yf - S’ngLP)(_mﬂ) < ||S'y||L(Lp>(_7r,7r)) Hf - gHG’p)(—w,w) <E.

Since Syg € Ly(7), it follows from the last relation that S, f belongs to the closure L, (v)

in Ly (7), ie. Syf € Gp(7). -

We now prove the following main theorem about the basis property of the system of
exponentials {¢""},cz in the space G (—m, ).

Theorem 3.4. The exponential system {e™},cz forms a basis in the space Gp) (=, 7),
1 <p<+o0.

Proof. For an arbitrary 7 > 0 and an arbitrary function f € Gp)(—m, 7). By virtue
of Theorems 3.1 and 3.2, the exponential system {e*},c7 is complete and minimal in
Gp) (—m,m). To prove the theorem according to the basis property criterion (Theorem 2.3)
of the system, it suffices to show that the projectors are uniformly bounded in G (—7,7)

n

S’“ﬂ“(f)(x) = Z Vn(f)einx, n,m € Ny.

n=-—m

It is easy to show that this is equivalent to the uniform boundedness of the system of
projectors

m

Po(f)(@) = Y walf)e™, feGy(—mm), meN.

n=—m

Transform P,,(f) as follows:

m

Bap) = 3 (g7 [ s ar) e

n=—

i/“ (1) z”: pinla—t) gy _ %/W FO) Kz — t)dt,

2 J_x = o
where
e—tmt _ 6'(m+1)t
Kn(t) = 1 — eit
We have
Koo — 1) — e—im(z—t) _ gi(m+1)(z—1) _ e'i(m-‘rl?t o—imz _ ﬂei(m—o—l)w.

1 — etlz—1) eit _ giz elt _ eix
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So
1 T
Palf)@) = o [ FOKon(a —
f z(m-‘rl i f( ) —imt i(mt 1)
271' / et — el gt —gw dte 27-[- _r el _ el T dte

_ 7/ (fem)(T) dTe—imac - 7/ <fe (m+1) )(T) dTei(m—l-l)m
2mi Sy T — ¥ 2mi S T — e

_ efisz’YTfl(fem)(eix) _ €i(m+1)zS,YT (fe (mt1) )( 'L:L")
= e ™IS T (fem)(z) — ™IS T (fe_ (i) (@),

Q)

where e,,(t) = €™, m € Z. Then, due to the boundedness of the singular operator S, in
Gp)(—m, ) we obtain

1P (Dl (i = [T T (Fem) (@) = € DITS, T fe_ ) ()

Gy (=m,m)
A T
< | ey nmy + M [Feminy
=2M [|fllg,(~mm) -
0

Now consider the question of the basis property of trigonometric systems {sinnt},cn
and {cosnt},en in space Ly (0, 7). The following theorem is true.

Theorem 3.5. Systems of sines {sinnt},en and cosines {cosnt},en form bases in space
Gp)(0,7),1 <p < +o0.

Proof. Lets first consider the system of sines {sinnt},cn. Let us show the minimality of
the system {sinnt},en in the space L,)(0,7),1 < p < +oco0. We define a system of linear
functionals

gn(f) = 2/Tr f(t)sinntdt, f € L,(0,7), neN.

™ Jo
For Vf € Ly (0,7) we have

9u()] = Osinntdd] < 2 [ 17(0) e

2
s
2 = .
=</ LF@&)P Edt> 71'(1’6)’—2< /If Ol Edt) sa*E
7T
<2 :

7 |1£1,

where € € (0,p — 1). Thus, g, is a linear continuous functional in L,)(0,7). On the other
hand, it is easy to show that

gn(sinmt) = dpmn,
i.e. the systems {sinnt},cn and {gy, }nen are biorthogonal, and, consequently, the system
{sinnt},en is minimal in the space L) (0, 7).
Consider an arbitrary f € Gpy(0,m). Extend the function f as an odd one to [, 7]
and denote this extension by F(t). We have
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It is clear that F' € G))(—m, ) and

1
9 7T _ p—¢
1Fllynm = s (o [T 10 a)

O<e<p—1 -7
1
e [T p—e 1, \ P °
= sup (= [ [f(®)[P"dt =[£Iz, @0,m-
0<e<p—1 \T Jo

By Theorem 3.4, the system {e},c forms a basis for Gp)(=m, 7). Then we have an
expansion

400 )
F(t) = Z cne™,
n=-—00

where
1 e

= — tye mtdt Z.
or | (t)e , nE

Cn

For the coeflicients ¢,, we have

1 us . 1 s . 1 T )
Cn = — / F(t)e "™dt = — / f(t)e ™dt — — / f(t)e™dt
2 J_x 21 Jo 2m Jo

- /Oﬂ FO) (M — emint)dt = L /O” F(t) sin ntdt = %gn(f), neN.

o ! 2

On the other hand, it is clear that c_,, = —c¢,, . Therefore, for Vm € N we obtain

M

m
2 : Cnemt

m
Cnemt o 2 : Cne—znt
n=—m n n=1

m m
cn (e — 7 = 24 Z cp sinnt = Z gn(f)sinnt.
n=1

n=1

I
—_

-

i
I

It is easy to show that F'(t)—> " _ cpe™™ is an odd extension of f(t) =Y g,,(f)sinnt

n=—m
to [—m, 7] . Therefore, for Ym € N we obtain

m
F — 2: Cneznt

Gp) (0,71') H n=-—m

£ s
n=1

Gpy (—m,m)

Hence, passing to the limit as m — oo , we obtain

+oo
ft) = Zgn(f) sin nt,
n=1

i.e. the system {sinnt},cn forms a basis for the space G},)(0,7), 1<p < +oo.
]

Similarly, we can prove the basicity of the system of cosines {cosnt},en, for the space
Gp(0,7), 1<p<+oo,

Acknowledgment. This work supported by the Science Development Foundation un-
der the President of the Republic of Azerbaijan Grand No. EIF-ETL-2020-2(36)- 16/04/1-
M-04).
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