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ABSTRACT. The notions of a set of generalized eigenvalues and a set of generalized eigenvectors of a linear operator
in Euclidean space are introduced. In addition, we provide a method to find a biorthogonal system of a subsystem of
eigenvectors of some linear operators in a Hilbert space whose systems of canonical eigenvectors are over-complete.
Related to our problem, we will show an example of a linear differential operator that is formally adjoint to Bessel-type
differential operators. We also investigate the basic properties (completeness, minimality, basicity) of the systems of
generalized eigenvectors of this differential operator.
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1. INTRODUCTION

Let H be an Euclidean space with inner product (;-) : H x H — C, Ny = NU {0}, m € Ny,
mym = [n;m] NNy and n;m = 0 if n > m. Suppose that a certain linear operator A : H —
M has a countable set of simple eigenvalues {\; : £ € N} and a corresponding system of
eigenvectors {¢ : k € N} that is complete and minimal after removing, for example, the
first m € N members, or the adjoint operator of A has no eigenvalues. Such operators arise
naturally in the study of some boundary value problems (see, for example, [3, 4, 10, 14, 16]
and the reference therein), for instance, in the study of boundary value problems for Bessel’s
equation (see [8, 12, 13, 18, 19, 25, 26]). The problem is how to find a biorthogonal system
(Uy, : n € N\1;m). Such a biorthogonal system will be found if we can find the vectors U,, such
that (¢; U,) = 0 for all k € N\1;m and n € N\1;m.

Finding such biorthogonal systems often faces certain difficulties (see [3, 4, 8, 12, 13, 18, 19,
25, 26]). Sometimes, in the case of simple eigenvalues, such vectors U,, can be found by using
a notion of a set of generalized eigenvectors which we propose in this paper (see Section 2).
There are different methods to introduce the generalized eigenvectors with access to a wider
space (for details, see [2, 3, 4, 5, 9]). The peculiarity of our interpretation of a set of generalized
eigenvectors of a linear operator B : H — H with domain D(B) is that the generalized eigen-
vectors belong to H and the difference of eigenvectors belong to D(B). We show an example of
a linear differential operator B, : H” — H" in some Hilbert space #" that has no eigenvectors,
but has the generalized eigenvectors (see Section 3). In Sections 4 and 5, we will prove that
this operator, B,, is formally adjoint to Bessel-type differential operators A, - H" — H” and
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A, : HY — H" whose systems of canonical eigenvectors are over-complete. We also inves-
tigate the basic properties (completeness, minimality, basicity) of the systems of generalized
eigenvectors of an operator B, .

The introduced notions of the sets of generalized eigenvalues and eigenvectors probably are
of interest in some sense for spectral theory.

2. GENERALIZED EIGENVECTORS
Let €2 C N be some non-empty set.

Definition 2.1. The set M(B) = {u; : j € Q} is called a set of generalized eigenvalues of a linear
operator B : H — H with domain D(B) in a vector (linear) space H if there exists a set s(B) = {U; :
j € Q} of nonzero elements U; € H such that U,, — Uy, € D(B) and B(U,, — Ux) = pnUp — iUk
foreveryn € Qand k € Q. In this case, the set $\(B) is called a set of generalized eigenvectors of an
operator B.

We say that an operator B : H — H is a formally adjoint of an operator A : H — H ina
Euclidean space # with inner product (;-) : H x H — C, if (Ay; u) = (3»; Bu) for all ¢ € D(A)
and u € D(B).

Theorem 2.1. Suppose that A : H — H be a linear operator with domain D(A) in a Euclidean space H
with inner product (-;-) : H x H — C having a set of eigenvalues {\; : j € Q} and a set of eigenvectors
{¢j : j € Q}. Let each u; = N; be a generalized eigenvalue of an operator B : H — H that is a
formally adjoint of A, and let {U; : j € Q} be a set of generalized eigenvectors of B. Then (1y,; U,,) = 0
if A # An.
Proof. Indeed,
ANe{i; Un) = Mg (W; U — Ui) + M (P13 Uk) = (A¢g; Un — Uyg) + A (i Ug)

= (¢ B(Un — Ui)) + Me(¥k; Ur) = (Yrs i Un — pUk) + Nic (Y013 Uk)

= (V3 nUn) — (W e Uk) + A (¥r; Uk) = (Yrs inUn)

= /\n<¢k; Un>7

whence the theorem follows. Theorem 2.1 is proved. O

A linear operator can has several sets of generalized eigenvalues. The union of two such sets
may not be a set of generalized eigenvalues. Every set of eigenvalues is a set of generalized
eigenvalues. If for some b € #H and each j € ©, and the numbers 11, the equation B(u) = pju+b
has a nonzero solution u; € D(B), then the set M(B) = {u; : j € Q} is a set of generalized
eigenvalues of an operator B : H — H. If D(B) = H and the set M(B) = {p; : j € Q}isa
set of generalized eigenvalues of an operator B : H — H, then there exists b € H such that
for every k € Q the equation B(u) = pu + b has a nonzero solution u;, € H. In this case,
b= B(U,) — unUp and n € Q is arbitrary. If D(B) # H, then a linear operator B : H — H can
has generalized eigenvectors of other kinds.

Definition 2.2. Let m € Ny and Q@ = N\I;m. The set M(B) = {u; : j € Q} of generalized
eigenvalues of a linear operator B : H — H is called a set of generalized ezgenvalues of width m (with

respect to an operator B) if there exists a vector space H and a linear operator B : H — H with domain
D(B) that has a countable set of eigenvalues {py, : k € N} and a set of eigenvectors {uy, : k € N} such
that HNH # 0, U,, — Uy € D(B), B(U,, — U) = B(U,, — Uy,) foranyn € Qand k € Q, and

s = us Z Wy, suz S H Wi,s = (:U/S - Mi)_lv

iclm

s €.
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In this case, the set W(B) = {U, : j € Q} is called a set of generalized eigenvectors of width m.

Theorem 2.2. Assume that m € Ny, Q@ = N\1;m, B : H — H be a linear operator in a vector space
H,and {U; : j € Q} be some set of nonzero elements of the space H. Let there exist a vector space H and
a linear operator B : H — H with a countable set of eigenvalues {p, : k € N} and a set of eigenvectors
{Gk : k € N} satisfying HNH # 0,

= )
zElm

and U,, — Uy € D(B), B(U, — Uy,) = B(U,, — Uy) for every n € Qand k € Q. Then M(B) = {p; :
J € Q} is a set of generalized eigenvalues of width m of an operator B, and W(B) = {U; : j € Q} isa
set of generalized eigenvectors of width m.

ule’H s €,

Proof. Indeed, we have

B(U, — Uy) = B(U, - Uy)

= finU. — [y — Z L,
. Kk — M4
zelm i€lym
T AR e T T
= i | — Uk | Uk
"\ fin — i g — i
i€lym i€lym
1325 i ~ i Hn ~
+ Ui +
Zﬂk_ﬂi ' Z fin — i
i€l;m i€lym
= pnUp — ppUy
Theorem 2.2 is proved. O

Remark 2.1. Due to Theorem 2.2, if Uy, and U, are the generalized eigenvectors of width m of an
operator B : H — H, then

Z (Wi — Wi ) ithy — (Wi fbn, — Wi khti)U;) =0
i€l;m

for every k € Qand n € Q, because

B(U, — Uy) = B(U, — Uy)

=B | u,+ E Wi nl; — Up, — E Wi kU

i€lym i€1l;m

= Unln — prUg + E (Wi — Wi k) i,
1€lym

pnUn = U = pin [ Tn+ > wintli | = | G+ Y widli
i€lm i€l;m
Theorems 2.1 and 2.2 indicate the method of finding a biorthogonal system that can be used

in certain cases. In this paper, for illustrative purposes, we shall prove that there exists an
operator B, : H” — H" in some Hilbert space H" that has no eigenvalues, but has generalized
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eigenvalues and corresponding eigenvectors of width m € {0;1;2} (see Theorem 3.3). We also
study the properties of this operator B, (see Theorems 4.4 and 5.5).
To prove Theorems 3.3, 4.4 and 5.5, we need some preliminaries.

3. OPERATOR B,

Let C'(A) be a vector space of continuous functions f : A — C on the interval A C C, and
C®)(A) be a set of functions f € C(A) with f*) € C(A). Let a € R and L?((0;1); 2%dx)
be the space of measurable functions f : (0;1) — C such that t*/2f(t) € LQ(O' 1); the inner
product and the norm in L?((0; 1); z*dx) are given by (f1; f2) fo t*f1(t) f2(t) dt and || f|| =

v/ fol te|f(¢)|? dt, respectively. Let also
= (1) (/2

N
Ju() _kZ:O ET(v+k+1)

be a Bessel function of the first kind of index v € R, where I' is the gamma function. The
function J, is a solution (see, for instance, [1, 17, 27]) of the equation y”’ +y/ /z+(1—v?/2%)y = 0,
the function y(x) = J,(zs) is a solution of the equation —y” — v//x + yv?/2? = 5%y, and the
functions y(z) = v/xsJ1,(zs) satisfy the equation

—1/4
_y” + uy — S y.
Z'
For v > —1, the function J,, has (see [1, p. 59], [17, p. 350], [27, p. 483]) an infinite set {5}, : k € Z}
of real zeros, among them sj, k¥ € N, are the positive zeros and s_j := —5i, k € N, are the

negative zeros. All zeros are simple except, perhaps, the zero sy = 0. For v > 1, the function
J_, has (see [1, p. 59], [27, p. 483]) an infinity of real zeros and also 2[v| pairwise conjugate
complex zeros, among them two pure imaginary zeros when [v] is an odd integer. Let sy,
k € N, be the zeros of the function J_, for which Im s, > 0if s, € Cor s, > 0if s, € R.

Letv =1+ 1/2 withl € N, H” := L?((0;1);2**~!dz) and B, is the operator generated by
the formal differential operator

O (u) = —u" —2(2v — 1)%1/ —3((r—1)2— 1/4)%u

with domain D(B,) consisting of all functions u € C®)(0; 1] satisfying the boundary conditions

(3.1) u(z) = O(z7V*5/2), = 0+,

3.2) u(1l) =0,
and the asymptotic equality (3.1) can be twice differentiated termwise. Then ¢} (u) = O(x~**+1/2)
as z — 0+, and B, (u) € H” if u € D(B,). Letalso H = C(0; 1} and B, is the operator gen-
erated by the formal differential operator ¢}, (u) with domain D(Bl,) consisting of all functions
u € C?(0; 1] satisfying the boundary condition (3.2). Then B, (u) € H if u € D(B,).

In this section, we shall prove the following theorem.
Theorem 3.3. Let | € Nand v = | + 1/2. Then the operator B, has no eigenvalues. In this case,
M(B,) ={pnx: ke N}, i, = 3%, where Sy, are the zeros of .J,,, is the set of generalized eigenvalues of
width m = 0 of an operator B,, that corresponds to the operator B,,, and

Up(z) := , keN
§Z+1/2x2v—1
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are the generalized eigenfunctions of width m = 0 of the operator B,,. Besides, the set (B3 /2) = {jux :
k € N\{1}}, ur = s2, where sy, are the zeros of J_,,, is a set of generalized eigenvalues of width m = 1
of the operator Bs o which correspond to the operator Bs o, and

v/ aya(wsk) —sVE aja(es) gy

z2(s? — s2) ’

Uk,z3/2(z) :=

are the generalized eigenfunctions of width m = 1 of Bsjo. In addition, the set MM(Bs5/2) = {p :
ke N\ {1;2}}, ux = s3, is a set of generalized eigenvalues of width m = 2 of an operator Bs /o that

corresponds to the operator Bs /2, and

SiNESKI 52 (xsk) — 81/Ts1J_5/2(w51)

Ups/2(x) = z4(s — s})
75i\/ﬁ<]_5/2(17ik)2* SSQ/EJ—WQ(“Z), ke N\ {1;2}
x (Sk - 82)

are the generalized eigenfunctions of width m = 2 of the operator By 5.
To prove Theorem 3.3, we need some auxiliary lemmas.

Lemma 3.1. Let [ € Nand v = [+ 1/2. Then the operator B,, has no eigenvalues.

Proof. In fact, in the case s = 0, the functions u;(z) = x7"*3/2 and uy(z) = 27373/ are the

linearly independent solutions of the equation u” + 2(2v — 1)a '’ + 3((v — 1)? — 1/4)x " %u =
—s?u. In the case s # 0, the linearly independent solutions of this equation are the functions
vi(x) = 272 /x5, (zs) and va(z) = =21 /zsJ_, (xs). Using relation (see [15, p. 226], [17,
p. 346], [27, p. 43])

v

— mi v+2
Ju(x) = YT +1) +0(@""™), z=—0,
we obtain
zsJ,(xs svtl/2 _,
(3.3) \/;V_(l ) _ 21/1‘(1/4_1)9: +3/2+O(z +7/2)7 z — 0+,

(—1)ks—vH2h+1/2, =5+ 20k+3/2
2=V EID (- + k + 1)

G4y YIsTu@s) 3

g + Oz 32 04,

keosv

In view of this, every nonzero linear combination of these functions cannot satisfy (3.1), and
hence this operator has no eigenfunctions. Lemma 3.1 is proved. O

Letl e N,v=1+1/2,H = C(0; 1} and B, is the operator generated by the formal differen-
tial operator £}, (u) with domain D(B,) consisting of all functions u € C?)(0; 1] satisfying the
boundary condition (3.2). Then B, (u) € Hifue D(B,).

Lemma 3.2. Letl € Nand v = 1+ 1/2. Then STI(BV) ={ux : ke N}, iy, = 3?6, where 5}, are the
zeros of J,,, is the set of generalized eigenvalues of width m = 0 of an operator B,, which correspond to
the operator B,,, and Uy, ,,(x), k € N, are the generalized eigenfunctions of width m = 0 of B,,.

Proof Indeed, the numbers 1, = §% are the eigenvalues of the operator §,,, and Uy, l,( ) =
U;W( z) =3, V2=l /a5, (x5%) are the eigenfunctions of this operator. Further, Uk v
H”, by using (3.3)

1

—v+3/2 —v+7/2
2”F(1/+1)x +O(z ), *—0+.

Upo(z) =
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Besides,
Upp() = Upo(z) = Oy = O(@~"/?), = —0+.
Therefore, (j'lw — ﬁnw € D(B,) and ﬁkw — Nmu € D(Eu). In addition,

By(ﬁk,v - 0n,1/) = Eu(ﬁk,u - ﬁn,u) = g;(ak,u - an,l/) == g]Zgak,v - gzan,l/ = gﬁ,ﬁk,v - gg;,ﬁn,z/-

n

Hence, QJVT(BV) = {lx : k € N} is a set of generalized eigenvalues of width m = 0 of the

operator B,, and ${(B,) = {ﬁku : k € N} is the set of generalized eigenfunctions of width
m = 0. Lemma 3.2 is proved. O

Lemma 3.3. Let s, k € N be the zeros of the function J_,,. Then M(Bs/o) = {ur = k € N\ {1}},
e = sz, is a set of generalized eigenvalues of width m = 1 of the operator Bj > which correspond to the
operator §3/2, and Uy 3/2(x), k € N\ {1}, are the generalized eigenfunctions of width m = 1 of By 5.

Proof. Indeed, the numbers y;, = s; are the eigenvalues of the operator By /2, and the functions

Uy 3/2(x) = 2 2(s] — 7)) tspy/TSKJ_3/2(xsk), k # 1, and Uy 3/2(x) = 27 %s1,/Z51J_3/2(2s1) are
their corresponding eigenfunctions. Moreover, Uy, 3/2(%) = U 3/2(7) + w1 kU1 3/2(7) if w1 x =
(s3 — s?)~1. Using (3.4), we obtain

1

Uk73/2(x):%+0(x), xg)0+

Therefore, Uy, 32 € H*/2. Besides, Uy 32(2) — Uy 3/2(z) = O(x) as  — 0+. Hence, Uy 3/2 —
Un,3/2 € D(Bs)2), Uk 372 — Uy 372 € D(Bs)2), and

Bs/s(Ugsj2 — Unzje) = §3/2(Uk,3/2 —Un,3/2)
=l35(Us,372 — Un,3/2)
= U35 (Uk,3/2 + W1,kU1,3/2 — Un,3/2 — Wi,nl13/2)
= 8%%,3/2 + Wl,kS%al,B/Q - Sian,3/2 - wl,nS%aLs/z
= 3%(%,3/2 + w1kl 3/2) — 531(777:,,3/2 + Wi,nlly,3/2)
+ (Sf(wl,k —win) — (wl,ksi - w1,n83))a1,3/2
= S%CU]C’3/2 — siUnﬁ/Q.

Thus, M(Bs/2) = {ur : k € N\ {1}} is the set of generalized eigenvalues of the operator Bs,,

and U(Bsz/2) = {Ug,s/2 : k € N\ {1}} is a set of generalized eigenfunctions of width m = 1.
Lemma 3.3 is proved. O

Lemma 3.4. Let sy, k € N, be the zeros of the function J_,,. Then M(Bs2) = {pr : k € N\ {1;2}},
ik = s, is a set of generalized eigenvalues of width m = 2 of an operator By o which corresponds to

the operator Bs 2, and Uy 5/2(x), k € N\ {1;2}, are the generalized eigenfunctions of width m = 2 of
B5/2.

Proof. In fact, the numbers p;, = s2 are the eigenvalues of the operator B /2, and the functions

- (2) = si(s? — s%)./xskJ_s/g(xsk)
k,5/2 - )
o (sf — s7)(s - 53)

Uy 5/2(x) = —x’45%\/x51J_5/2(x51) and Uy 5/2(7) = ;1:7453,@52&7_5/2(:1:32) are their corre-
sponding eigenfunctions. Moreover, Uy 5/2(x) = Uj,5/2(%) + wi,xly5/2(x) + wolis5/2(x) if

ke N\ {1;2},
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wik = (s2 —s?)71, i € {1;2}. Using (3.4), we get
_ si—s}

AN o2
Therefore, U, € H°/2. Furthermore, Uk)\g,/g(x) —Up52(x) = O(1) as & — 0+. Hence, Uy, 52 —
Upnsj2 € D(Bs2), Uksjo — Up 52 € D(B5/2) and

Bs2(Uks/2 — Uns/2) = §5/2(Uk,5/2 —Uy,5/2)
=L5/5(Uk5/2 — Unys/2)

Uk75/2(.’17) +O(1>, I‘—>O+

.~ - ~ ~ ~ ~
= 55/2(1%,5/2 + w1 kU152 + Wkl /2 — Uns/2 — Winlls/2 — Wanllas/2)

_ 2 2 2~ 2 2~ 2~

= SjUp5/2 T W1,kSTUL 5/2 T W2, kS3U2 5/2 — Spln 5/2 — W1,nS1U1 5/2 — W2,nS2U2 5/2

2/~ ~ ~ 2 s~ ~ ~
Sk(uk,5/2 + w1 kU1 5/2 + wz,kU2,5/2) - Sn(un,5/2 + winl15/2 + w2,nu2,5/2)

+ (57 (wik — win) = (WikSk — Winsh)) U152 + (55 (wWa,k — wain)
—(

2 2\\~
W2 kS — w2,n3n))uz,5/2
_ o2 2

= SkUk,s/Q - SnUn,5/2~

Thus, M(B5/2) is the set of generalized eigenvalues of an operator Bs/,, and Uy, 5/, are the
generalized eigenfunctions of width m = 2. Lemma 3.4 is proved. O

Remark 3.2. Uy, — ﬁn,y ¢ D(B,) ifv = 3/20r v = 5/2. Lemmas 3.2-3.4 are leaving aside the
existence of other sets of generalized eigenvalues. We have not been able to extend Lemma 3.4 to an
arbitrary v =1+ 1/2 with [ € N.

Theorem 3.3 is an immediate consequence of Lemmas 3.1-3.4.

4. OPERATOR A, AND APPROXIMATION PROPERTIES OF THE SYSTEM (ﬁk 1k eN)

Let H be a Hilbert space and H* its dual space, i.e., the space of linear continuous functionals
on H. The system of elements (e; : k € N) is called complete ([11, p. 4258]) in H if span (e :
k € N) = H. The system of elements (e, : k € N) is said to be minimal ([11, p. 4258]) in H if
ex, ¢ span (e : k € N\ {ko}) for each ky € N. The system (e, : k € N) is called ([11, p. 4258]) a
basis for the space H if, for every f € H, there exists a unique series with respect to the system
(er : k € N) which converges to f (in H): f = > drex, di € C. Minimality of the system

k=1
(ex : k € N) in H is equivalent (see [11, p. 4258]) to the existence of the system of conjugate
functionals (fy : k € N) € H*, i.e., fx(en) = dkn, Where 0y, is the Kronecker delta. The system
(fx : k € N) is also called a biorthogonal system with respect to the system (e, : k € N). A system
(er : k € N) is said to be uniformly minimal ([11, p. 4258]) in H if there exists 6 > 0 such that for
every n € N the distance of e,, to the closure of the linear span of the system (e;, : k € N\ {n})is
greater than J||u,||. A complete system (e, : k € N) that has a biorthogonal system (f;, : k € N)
is uniformly minimal if and only if (see [11, p. 4258])

lim sup ||ex ||| fxl|* < +oo.

k—o0

Every basis is uniformly minimal system (see [11, p. 4258]).
Letv =1+ 1/2withl € N, H¥ = L?*((0;1); 2%~ 1dx), and A, is the operator generated by

the formal differential operator £, (¢) := —¢" + (v? — 1/4)x =21 with domain D(A4,) consisting
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of those functions ¢ € C?)[0; 1] which satisfy the boundary conditions (0) = (1) = 0. Then
0,(¢) = Oz~ ') as z — 0+, and A, (1) € H” if Y € D(A,).

In this section, we prove that the operator B, : H” — H" is formally adjoint in H” of an
operator A, : H” — HY. We also investigate completeness, minimality and basicity of the
system (Uy, : k € N) of generalized eigenfunctions of width m = 0 of a operator B,..

Lemma 4.5. Letl € Nand v = [+ 1/2. Then, the operator B, is formally adjoint in H” of an operator
A,

Proof. Letag = (V2 —1/4)22" =3, ay = —22 =L and £, (¢) = az)” + aph. Then % (u) = (@ou)” +
Gou is formally adjoint operator of the operator 7, (1) (see [9, p. 97]). Moreover, £, () =
—x?V Tl (V2 —1/4)2? 3y = 2?1, (1) and Z;(u) = Gou/" 4+ 2ahu’ +(ag+ay )u = —x® 1" —
2(2v—1)2* ' =3((v—1)*~1/4)2® ~>u = *~'£; (u). Furthermore, according to the Lagrange
identity (see [9, p. 97]), for every ¢ € D(A,) and u € D(B,),

2?0, (V)T — Pl () = 6, ()T — )i (u)

d
(4.5) = %((GQW — Yay)u — hagl’)
= (a2~ D)0 ),
Hence,
1 1
/ 2?7, (Y ude = / o2l (u) da
0 0
Lemma 4.5 is proved. O

Lemma 4.6 ([21, 6, 7]). Letl € Nand v = [ + 1/2. Then the system ((7;@,1, : k eN), (7;@7,,(:@ =
§;”_1/2x*2"+1\/x§k(]u(m'§k) is complete in the space H” := L*((0;1); 2*~*dx).

Lemma 4.7. Let | € Nand v = |+ 1/2. Then, the system (U, : k € N) in the space H" has a
biorthogonal system (Vi ., : k € N) that is formed by the functions

25~ 1/2

%c,u(HC)Z J2 \/ xSk J, (xSE).
V+1

The system (3, : k € N) is a system of eigenfunctions of an operator A,, which correspond to their
eigenvalues i, = 53, where 3y, are the zeros of J,,.

Proof. Since (see [17, p. 347], [27, p. 482])

1 1., B
/ :cJ,,(xgk)J,,(:cgn) dr = 2J +1(STL) k=n,
0 0, k#n,

it follows that

1 o~ \/’Svkifsvw 1/2
/ J,‘QU 1Uk7l/(g;)’yn u( )dl‘ = w+1/2 nS
0 5y Jy+1(5n

|1, k=n,
10, k#n.

)/0 xJy, (zsk)J, (x5,) dx
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Furthermore, since £, (Vx,,) = 537k, and J,(z) = O(z¥) as # — 0, we conclude that the num-

bers pi, = 5% are the eigenvalues of an operator A,, and 7%, (z), k¥ € N are the corresponding
eigenfunctions of this operator. Lemma 4.7 is proved. O

Lemma 4.8. Let [ € Nand v =1+ 1/2. Then, the system (Y, : k € N) is complete in the space H" .

Proof. Assume the contrary. Then, according to the Hahn-Banach theorem ([11, p. 4258]), there
exists a nonzero function h € H" such that

25"~ 1/2
/ v Jaspd, (25 h(z)de =0, k€ N.

z/+1 sk

Let () = z?*~'h(z). Then ¢ € L?*(0;1) and, therefore, the system (J;, : k € N) is incom-
plete in the space L?(0;1). We have a contradiction, because it is well known that the system
(VzJ,(x8) : k € N) is complete in L?(0;1) (see [15, p. 223], [17, p. 357]). Thus, the system
(Yk,v : k € N) is complete in H”. Lemma 4.8 is proved. O

We remark that Lemma 4.7 also follows from Lemmas 4.5, 4.8, 3.2 and Theorem 2.1.
Lemma4.9. Letl € Nand v = [+ 1/2. Then, the system (7, : k € N) is not a basis in the space H".
Proof. Using relations (see [15, p. 226], [17, pp. 346, 352], [27, pp. 43, 618])

Jy(x):\/Zcos(x—gu—4>+O( _3/2), T — 00,

Jo(z) = 0(z"),x — 0,3, = th + — — = + O(k™)

2 4
and
V31 (k) = V2/(1+ O(k™")) as k — oo,
we get
_ 4 1 1
e e sl = s [, alamlde [ 2|2, a5 da
v+1\5k) Jo 0
_ OGE)
Ju+1(5k)

=0(3'?) — +o0, k — <.

Hence, the system (7, : k € N) is not uniformly minimal in the space 7" and therefore is not
a basis in this space. O

From Lemmas 4.5-4.9, we obtain the following assertion.

Theorem 4.4. Let | € Nand v = | + 1/2. Then, the system (U, : k € N) of the generalized
eigenfunctions of width m = 0 of an operator B, is complete in the space H* and minimal in H".

Moreover, the operator B, is formally adjoint in H of an operator A, : H” — HY which has a
complete and minimal system of eigenfunctions (Y, : k € N) such that is not a basis in H".

Remark 4.3. Basis properties (completeness, minimality, basicity) of more general systems (Oy, . p :
k € N) with O, p(x) = 2 P~ 1\/x5J, (25%) in the space L*((0;1); x?Pdx), wherev > 1/2,p € R
and (Sk)ken is a sequence of distinct nonzero complex numbers, have been studied in [6, 7, 20, 21, 22,
23, 24].
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5. OPERATOR A4,

Letv =1+1/2withl € N, H” = L?((0;1); **~'dx), and A, is the operator generated by the
formal differential operator ¢, (1) and the boundary conditions

(5.6) ¥(1) =0,

(5.7) P(x) = Z caTVFETY2 Lo Y2 g 04
JEO; v

for some constants ¢; € C, j € 0;v. Suppose that the domain D(A4,) consists of those functions
¥ € C?)(0;1] that satisfy these boundary conditions and the asymptotic equality (5.7) can be
twice differentiated termwise. Then /,,(¢)) = 4¢y(—1 + v)a VT2 4 o(x™V+1/2) 4 o(x?—3/2) =
O(z7"* /%) asz — 0+,and A, (v) € H” if € D(A,).

In this section, we show that the operator B, : H” — H" is formally adjoint in " of an
operator A, : H” — H" whose systems of canonical eigenfunctions are over-complete. We also
remark about basis properties of the systems of generalized eigenfunctions of width m € {1; 2}
of an operator B,,.

Lemma 5.10 ([26]). Let | € Nand v = | + 1/2. The operator A, has a finite set {uy : k € N}
of eigenvalues, where yy, = si and sy are the zeros of the function J_,. Moreover, the functions

Y p(x) 1= 32_1/2. /TseJ_,(xs), k € N, are the eigenfunctions of this operator.

Lemma 5.11 ([13]). Letl € Nand v = | + 1/2. Then, the system (¢, : k € N\ {1;2;...;1}) is
complete in H".

Lemma 5.12. Let | € Nand v = 14 1/2. The operator B,, is formally adjoint in H" of an operator A,

Proof. Using relations (3.1), (3.2), (5.6), (5.7) and

W)=Y v+ 2+ 1/2a 7 o T2, a0+,
e

from (4.5), it follows that

1 1
/ 2?1, () ade = / 227 0 (u) da.
0 0

Lemma 5.12 is proved. ]

Remark 5.4. From Lemmas 3.3, 5.10, 5.12 and Theorem 2.1, it follows that ({y, 3/2; Uy 3/2) = 0, if k #
n, k € N\{1} and n € N\{1}. By direct calculations, we get (1, 3/2; Up 3/2) = 1 (seealso [18,19,25]).
Lemma 5.11 implies that the system (yy.3/2 : k € N\ {1}) is complete in the space H*/?. Moreover,
in [25, 26] the authors proved that this system is minimal and is not a basis in H3/2. Furthermore, the
biorthogonal system is formed by the functions gy, 3/2(x) = s}, * (1 + s2)(s3 — s2)Uy, 3/2(x). In [19],
it was shown that the system (gi 3,2 : k € N\ {1}) is also complete in H3/2. In addition, in [19] it
has been established that the system (Uy 3 « k € N\ {1}) has in the space H3/? a biorthogonal system

(Vi,a/2 + k € N\ {1}) that is formed by the functions vy 3/2(x) = ms; *(1 4 s2)(s3 — s3)¢y, 3/2(2).
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Since s, = wk — = 4+ o(k™%) as k — oo (see [1, 27]), and

1Us,3/211302 17,32 11322

2(1 4+ 2)2 [o* L siun/TsE T3 /0(tsk) — s1/ES1J—_3/0(ts1)|?
Sl 2 tsk)/ \t\/iJ_g/z(t)lzdt/ [sivEsT s (t5k) v y2(ts)”
Sk 0 0 t
_77(1—|—si)2

03 (140(1)) — 400, k— oo,

k
the system (U, 32 « k € N\ {1}) is not uniformly minimal in H3/? and, hence, is not a basis in this
space. Lemma 5.11 implies that the system (1y, 59 = k € N\ {1;2}) is complete in the space H>/2. From
Lemmas 3.4, 5.10, 5.12 and Theorem 2.1, it follows that (Y, 5/2; Uy 5/2) = 0if k # n, k € N\ {1;2}
and n € N\ {1;2}. In [12], it was proven by some other method that the system (Y, 5/ : k € N) has in
H>/% a biorthogonal system (Uy 55 : k € N\ {1;2}). However, the problem of finding a biorthogonal
system (Uk,, : k € N\ {1;2;...;1}) to the system (v, : k € N\ {1;2;...;1}) for an arbitrary
v=1+1/2withl € N\ {1; 2} remains open.

From Lemmas 5.10-5.12 and Remark 5.4, we obtain the following statement.

Theorem 5.5. Let [ € Nand v = | + 1/2. Then the system (U 3,5 : k € N\ {1}) of the generalized
eigenfunctions of width m = 1 of an operator By, is complete, minimal and is not a basis in the space
H3/2. The biorthogonal system (yy, 32 : k € N\ {1}) also is complete in /2. Furthermore, the
system (Uy 5,2 : k € N\ {1;2}) of the generalized eigenfunctions of width m = 2 of an operator B,
is minimal in the space H°/?, and its biorthogonal system (1y, 52 « k € N\ {1;2}) is complete in /2.
Moreover, the operator B, is also formally adjoint in H" of an operator A, : H” — H" whose system
of eigenfunctions (vy, : k € N) is complete after removing a finite number of eigenfunctions, i.e., the
system (Y, + k € N\ {1;2;...;1}) is complete in H" .

Remark 5.5. Let f € H?/? and dj, = fol 2 f(t)gr,3/2(t) dt. Since the system (gy. 32 : k € N\ {1}) is
complete in the space H>/?, the numbers dy, determine the function f € H>'? uniquely. But, the series

Z ditr3/2(T),  Vrzj2() = sp/aspd _z/a(wsk)
=2

does not converge for each function f € H>? in H3/? to the function f. We do not know whether
it converges in some sense, for example, whether a given series converges in H3/? to f in the sense of
Cesaro. Similar questions arise for the other series that can be constructed by using the above considered
biorthogonal systems.

6. CONCLUDING REMARKS

In this paper, the notions of a set of generalized eigenvalues and a set of generalized eigen-
vectors of a linear operator in an Euclidean space are introduced. A method is described to
find a biorthogonal system of a subsystem of eigenvectors of linear operators in a Hilbert space
whose systems of canonical eigenvectors are over-complete. This is illustrated by an example of
a linear differential operator that is formally adjoint to Bessel-type differential operators. Also,
basic properties of the systems of generalized eigenvectors of those differential operators are
studied. Those results can be used for the investigations in spectral theory and nonharmonic
analysis.

Remark that there are other points of view on how to study similar problems (see, for exam-
ple, [2,3,4,5,9, 10, 16] and the bibliography in them).
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