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Abstract

In this paper, firstly we defined a new operator function class in Hilbert Space for
Hermite-Hadamard type inequalities via Godunova-Levin functions, i.e., we introduce S,0
class. Secondly, we established some new theorems for them. Finally, we obtained The
Hermite-Hadamard type inequalities for the product two operators Godunova-Levin
functions in Hilbert Space.
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HILBERT UZAYINDA OPERATOR GODUNOVA-LEVIN SINIFI
FONKSIYONLAR ICIN HERMITE-HADAMARD TiPLI ESITSIZLIKLER

Ozet

Bu calismada biz ilk olarak Hilbert uzayinda Godunava Levin fonksiyonlar yardimiyla
Hermite-Hadamard tipli esitsizlikler i¢in yeni bir operator smifi tanittik, yani S, 0 smifi.
Ikinci olarak bu sinif igin baz1 yeni teoremler ispat edildi. Son olarak Hilbert uzaymda iki
carpim durumunda operatér Godunova Levin fonksiyonlar i¢in Hermite-Hadamard tipli
esitsizlikler elde edildi.

Anahtar Kelimeler : Hermite-Hadamard eyitsizligi; Godunova-Levin fonksiyonlari sinifi
operatér Godunova-Levin fonksiyonlar: sinifi; Ozeslenik operatér; I¢ carpim uzayi; Hilbert
uzayu.
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1.INTRODUCTION

The following inequality holds for any convex function f define on R and a,b €
R, with a < b
a+b 1 b f(@)+£(b)
fE) S =), flode < =—— (L.1)
both inequalities hold in the reversed direction if f is concave. The inequality (1.1) was
discovered by Hermite in 1881 in the journal Mathesis (Mitrinovic’ et al 1985). But this
result was nowhere mentioned in the mathematical literature and was not widely known as
Hermite's result (Pec'aric' et al 1992), (Beckenbach 1948) a leading expert on the history
and the theory of convex functions, wrote that this inequality was proven by Hadamard in
1893. In 1974, (Mitronovic' et al 1985). found Hermite's note in Mathesis. Since (1.1)
was known as Hadamard's inequality, it is now commonly referred as the
Hermite-Hadamard inequality (Pec'aric' et al 1992).

In 1985 Godunova et al (1985) (see also (Mitrinovic et al 1990) and (Mitrinovic'
et al 1993)) introduced the following remarkable class of functions:

Definition 1.1 (Godunova et al 1985) 4 map f:1 — R is said to belongs to the class Q(I)
if it is nonnegative and, for all x,y € I and A € (0,1), satisfies the inequality

fx+ A= Dy) <3 f) +=f0) (1.2)

They also noted that all nonnegative monotone and nonnegative convex functions
belong to this class and they also proved the following motivating result:  If f € Q(I)
and x,y,z € I, then

fE =N =2+ fOEY -G -2 +f(2z-x)(z-y) =20,
(1.3)

In fact, (1.3) is even equivalent to (1.2) so it can alternatively be used in the definition of
the class Q(I) (see (Mitrinovic et al 1990)). Now, we associated with Linear Operator
Theory and Inequality Theory. Therefore we firstly define operator Godunova-Levin class
in Hilbert space, i.e., So0 operator class. Secondly, we established some new theorems
and finally, we obtained The Hermite-Hadamard type inequalities for the product two
operators Godunova-Levin functions in Hilbert Space.
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2. PRELIMINARY

Linear Operator Theory in Hilbert space plays a central role in contemporary
mathematics with numerous applications for Partial Differential Equations, in
Approximation Theory, Numerical Analysis, Probability Theory and Statistics and other
fields. In this paper we present results concerning Hermite-Hadamard type inequalities for
continuous functions of bounded selfadjoint operators on complex Hilbert spaces and give
some new definitions and theorems. So we are intended for use by both researchers in
various fields of Linear Operator Theory and Mathematical Inequalities, domains which
have grown exponentially in the last decade, as well as by scientists applying inequalities in
their specific areas.

Now, we give fundamental definitions.

Let (H,(.,.)) be a Hilbert space over the complex numbers field C. A bounded
linear operator A defined on H is selfadjoint, i.e. A = A" if and only if (Ax,x) € R for
all x € H and if A is selfadjoint, then

I A ll= supyyy=11(Ax, X}| = supyxy,iyn=1¢Ax, x)|.

We assume in what follows that all operators are bounded on defined on the whole Hilbert
space H. We denote by B(H) the Banach algebra of all bounded linear operators defined
on H.  First, we review the operator order in B(H) and the continuous functional
calculus for a bounded selfadjoint operator. For selfadjoint operators A,B € B(H) we
write, for every x € H

A < B(or B = A)if(Ax,x) < (Bx,x)(or (Bx,x) = (Ax, x))
we call it the operator order.

Let A be a selfadjoint linear operator on a complex Hilbert space (H,(-,-)) and
C(Sp(A)) the C* -algebra of all continuous complex-valued functions on the spectrum A.
The Gelfand map establishes a *-isometrically isomorphism ® between C(Sp(A)) and the
C*-algebra C*(A) generated by A and the identity operator 15 on H as follows (Furuta et
al 2005): Forany f,g € C(Sp(A)) and any a,ff € C we have [1i.]

L. ®(af +g) = a®(f) + fO(9) ;

O(fg) = ©(f)®(g) and®(f*) = ©(f)";

D) N=1f 1I: = supiespay | f (O]

®d(fy) = 1and O(f;) = A, wheref,(t) = 1 andf;(t) = t,for t € Sp(4).

Eall
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If f is a continuous complex-valued functions on C(Sp(4)), the element ®(f)
of C*(A) is denoted by f(A4), and we call it the continuous functional calculus for a
bounded selfadjoint operator A. If A is bounded selfadjoint operator and f is real valued
continuous function on Sp(A4), then f(t) = 0 for any t € Sp(A) implies that f(A) = 0,
i.e f(A) is a positive operator on H. Moreover, if both f and g are real valued functions
on Sp(A) such that f(t) < g(t) for any t € Sp(A), then f(A) < f(B) in the operator
order B(H). A real valued continuous function f on an interval I is said to be operator
convex (operator concave ) if

f(1=DA+4B) = (2)(1 - Df(A) + Af(B)

in the operator order in B(H), for all 1 € [0,1] and for every bounded self-adjoint operator
A and B in B(H) whose spectra are contained in 1.

3. THE HERMITE-HADAMARD TYPE INEQUALITIES FOR OPERATOR
GODUNOVA-LEVIN CLASS OF FUNCTIONS IN HILBERT SPACE

3.1. Operator Godunova-Levin class of functions in Hilbert space

The following definition and function class are firstly defined by Seren Salas.

Definition 3.1 Let I be an interval in R and K be a convex subset of B(H)*. A
continuous function f:1 = R is said to be operator Godunova-Levin class of function on
I, operators in K if

fAA+ (1 =1)B) < f(A) + = f(B)

3.1)

in the operator order in B(H), for all A € (0,1) and for every positive operators A and B
in K whose spectra are contained in [ .

In the other words, if f is an operator Godunova-Levin class of functions on I, we
denote by f € 5,0.

Lemma 3.1If f € S,0 in K S B*(H), then f(A) is positive for every A € K.
Proof. For A € K, we have

A A
fA) =[G +35) =2f(4) +2f(4) = 4f (A).
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This implies that f(4) = 0. (Moslehian et al 2011) proved the following theorem for
positive operators as follows :

Theorem 3.1 (Moslehian et al 2011) Let A,B € B(H)". Then AB + BA is positive if and
only if f(A+ B) < f(A) + f(B) for all non-negative operator functions f on [0,o).

Dragomir in (Dragomir 2013) has proved a Hermite-Hadamard type inequality for
operator convex function as follows:

Theorem 3.2 (Dragomir 2013) Let f:1 - R be an operator convex function on the
interval 1. Then for all selfadjoint operators A and B with spectra in I, we have the
inequality
A+B 1, .,34+B A+3B
FE2) 921 + r (A2
< [, f((1 - )A+tB))dt

1 A+B FA+f(B) f(A)+f(B)
< LIPS 4 LA E) (o LU EY)

2

Let X be a vector space, x,y € X,x # y. Define the segment
[x,y]:= (1 —t)x + ty;t € [0,1].
We consider the function f:[x,y]: = R and the associated function
g, y):[01] - R

g, y)(®):= f((1—t)x +ty), t € [0,1].
Note that f is convex on [x,y] if and only if g(x,y) is convex on [0,1]. For any
convex function defined on a segment [x,y] € X, we have the Hermite-Hadamard integral
inequality

FED S Jy £ = Ox + ty)de < HOT
which can be derived from the classical Hermite-Hadamard inequality for the convex

g(x,y):[0,1] - R,

Lemma 3.2 Let f:1 € R — R be a continuous function on the interval 1. Then for every
two positive operators A,B € K © B(H)* with spectra in 1. The function f € S50 for
operators in

[4,B]:={(1 - A +tB; t €[0,1]}
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if and only if the function ¢, 45:[0,1] > R defined by
(pX,A,B: =< f((l - t)A + tB)x,x >
is Gudonava-Levin on [0,1] for every x € H with || x ||= 1.

Proof. Since f € S50 operator in [A, B], then for any t;,t, € [0,1] and A € (0,1), we
have

Oxap(Aty + (1 —Dty)

=< F((1= Aty + (1 = DDA+ (A, + (1 — Dty)B)x, x >
=< fFA[(1 = t)A+ t.B] + (1 = D[(1 — t)A + t,B])x, x >

S <f((A-t)A+ 4B x > +—f((1 - t)A + t,B)x,x >

1 1
S S PxaB (t) + 17 Px.aB (t2)-

Theorem 3.3  Let f € Sy0 on the interval I € [0,0) for operators K € B(H)*. Then

for all positive operators A and B in K with spectra in I, we have the inequality
A+B

JED <, FAA+ Q- DBYdA (32)

Proof. For x € H with || x [=1and A € (0,1), we have
<((1=MDA+AB)x,x>=(1—-1) <Ax,x > +A1 < Bx,x >€ ], (3.3)
Since < Ax,x >€ Sp(A) € Iand < Bx,x >€ Sp(B) € 1. Continuity of f and 3.3

imply that the operator-valued integral fol f(AA+ (1 - A)B)dA exists.  Since f € S,0,
therefore for A in (0,1), and A, B € K we have

fAA+(1=NB) < f(4) + 5 (B) (3.4
To prove the first inequality of 3.2, we observe that
f(%) S2f(AA+(1-1)B)+2f((1-21)A+ AB) (3.5)

Integrating the inequality 3.5, over A € (0,1) and taking into account that

1 1
fo f(AA+ (1 —-A1)B)dA = fo f((1-A)A+ AB)dA
then we deduce the first part of 3.2.
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Remark 3.1 We note that, the Beta functions is defined as follows:

B(x,y) = [ 2511 = 2)P~dAx > 0,y > 0.

Theorem 3.4  Let f € S0 on the interval 1 S [0,0) for operators K € B(H)™. Then
for all positive operators A and B in K with spectra in I, we have the inequality

fy AA=Df QA+ (1 - )B)da < LB (3.6)

Proof. For x € H with || x [=1and A € (0,1), we have
<((1=MDA+2AB)x,x>=(1—-1) <Ax,x > +A < Bx,x >€ 1, (3.7
Since < Ax,x >€ Sp(A) S Iland < Bx,x >€ Sp(B) € 1. Continuity of f and 3.7
imply that the operator-valued integral | 01 f(AA+ (1= A)B)dA exists.  Since f € S,0,
therefore for A € (0,1), and A, B € K we have
f@AA+ (1= DB) < f(4) +5£(B) (3.8)

For the proof of (3.6), we first note that if f € S50, then for all A,B € K and 1 €
(0,1), it yields

AL=DfAA+ (A -DB) <A -ADf(A)+ Af(B) (3.9
and
AA=-Df(1=-AHDA+AB) < Af(A)+ (1A —-ADf(B) (3.10)
By adding (3.9) and (3.10) inequalities,
A=A+ A -1)B)+f(1—-AA+1B)) < f(A) + f(B) (3.11)

and integrating both sides of 3.11 over [0,1], we get the following inequality
fol A =ADFURAA+A-DB)+f(1-ADA+AB)dALS f(A)+f(B) (3.12)
Integrating the inequality 3.12 over A € (0,1) and taking into account that

1 1
fo A1 =ADf(AA+ (1 —-A)B)dr = fo A -=Df((1-1A+ AB)dA
then we deduce the first part of 3.6.
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3.2 The Hermite-Hadamard type inequality for the product two operators
Godunova-Levin functions

Let f, g belong to S;0 on the interval in I. Then for all positive operators A
and B on a Hilbert space H with spectra in I, we define real functions M(A4, B) and
N(A,B) on H by

M(A,B)(x) = (f(A)x,x)}(g(A)x, x) + {f(B)x, x{g(B)x, x) (x € H),
N(A,B)(x) = (f(A)x,x)}(g(B)x, x) + (f (B)x, x)(g(A)x, x) (x € H).

Theorem 3.5 Let f,g € Sy0 be function on the interval 1 for operatorsin K € B(H)*.
Then for all positive operators A and B in K with spectra in I, we have the inequality

fol PA=-DHfAA+ (A = D)B)x,x){g(AA+ (1 — )B)x,x)dA  (3.13)
< M(4,B) +-N(4,B)
hold for any x € H with || x [|= 1.
Proof. For x € H with || x l=1and t € [0,1], we have

<(A+B)x,x >=< Ax,x > +< Bx,x >€ 1 (3.14)

since < Ax,x >€ Sp(A) €1 and < Bx,x >€ Sp(B) < I. Continuity of f, g and imply
(3.14) that the operator-valued integral

[} fAA+ @ = 1)B)dA, [, g(AA+ (L —)B)dA and [, (fg)(AA+ (1 -

A)B)dA

exist.  Since f, g belong to 5,0, therefore for A in (0,1) and x € H we have
(fF@AA+ (1= DBYx,x) < G (A) + 15 f(B)x,x) (3.15)
(g@AA+ (1= DB)x,x) < (Gg(A) +159(B)x, x). (3.16)

From 3.14 and 3.15, we obtain
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(fAA + (1= DB)x, xXg(AA + (1 — HB)x, x) < = (f (A)x, x)(g(A)x, x)
,1(11_/1) (f(A)X, X)(g (B)X, X)
10 F(Bx (g (A)x, %)

+ Tz S (B)x, xXg(B)x, x)

+

Integrating both sides of ?? over (0,1), we get the required inequality 3.13.

Theorem 3.6 Let f,g belong to Sy0 on the interval 1 for operatorsin K € B(H)*.
Then for all positive operators A and B in K with spectra in I, we have the inequality

BB (ED)x, x)(g (5%, x)
<8 f01 21 —-D2fAA+ (1 — DB)x, x){g(AA + (1 — D)B)x, x)dA
+2M(A,B) +2N(A,B) (3.17)

hold for any x € H with || x [|= 1.
Proof. Since f,g € S50, therefore for any t €1 and any x € H with [l x =1, we

observe that

A+B

(f (D%, x)(g (5D, x)

AA+(1-)B | (1-A)A+AB

<(f S )X, X)

AA+(1-)B . (1-1)A+AB

x (g(MAU=RE | (D4R vy

SA{(f(AA+ (1 —=D)B)x,x) +{(f(1 —ADA+ AB)x,x)
X{(g(AA+ (A —=1)B)x,x) + (g((1 — )A + AB)x, x)}

< H[{f(AA + (1 — DB)x, x{g(A4 + (1 — D)B)x, x)]
F{F((L = DA+ tB)x, xM{g((1 — DA + AB)x, x)]

+(f (A)x,x) + = (f (B)x, x)]
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X [=5(g(A)x, x) + > (g (B)x, x)]
+H (F(A)x,x) + 2 (f (B)x, x)]
X [349(A)x,x) + = (g (B)x,x)]}

= 4{(f (A4 + (1 = DB)x, x)g(A4 + (1 — D)B)x, x)]
F(F((1 = DA + AB)x, x)(g((1 — DA + AB)x, x)]

+ s W @x,x)(g(A)x, x)] + 555 [ (A)x, x)(g (B)x, x)]

+ o [ B XN g (), )] + 155 [ B, 149 (B)x, )]

1 1

+ a0 W @x,x)g(A)x, x)] + 752 [{f (A)x, x}g (B)x, x)]

1 1

+ = [ (B)x, XN g (A)x, 0] + 15 [ (B)x, XN g (B)x, )]}

By integration over [0,1], we obtain

A+B

fo 2= DHFE0xg ()%, x)dA

<41 22(1 = D21 - DA+ AB)x,x) + g((AA + (1 — D)B)x, x)
+Hf(AA+ (1 = A)B)x,x) +{(g((1 —A)A + AB)x, x))]dA

+2M(A,B) +2N(A,B)

This implies the inequality 3.17.
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