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ABSTRACT. In this paper, we study the geodesics on the tangent bundle 7 M with respect to the vertical rescaled
Berger deformation metric over an anti-paraKéhler manifold (M, ¢, g). In this case, we establish the necessary and
sufficient conditions under which a curve be geodesic with respect to this. Finally, we also present certain examples
of geodesic.
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1. INTRODUCTION

On the tangent bundle of a Riemannian manifold one can define natural Riemannian metrics. Their construction
make use of the Levi-Civita parallelization. Among them, the so called Sasaki metric [9] is of particular interest. That
is why the geometry of tangent bundle equipped with the Sasaki metric has been studied by many authors such as Yano,
K., Ishihara, S. [13], Dombrowski, P. [3], Salimov, A. A., Gezer, A., Akbulut, K. [6] etc. The rigidity of Sasaki metric
has incited some researchers to construct and study other metrics on tangent bundle. This is the reason why they have
attempted to search for different metrics on the tangent bundle which are different deformations of the Sasaki metric.
Musso, E., Tricerri, F. has introduced the notion of Cheeger-Gromoll metric [5], this metric has been studied also by
many authors (see [4, 8, 10]). In this direction, Yampolsky, A. [11] propose a Berger-type deformed Sasaki metric on
tangent bundle over a Kéhlerian manifold, which was studied by Altunbas, M. and collaborators in [1]. The study of
the Berger-type deformed Sasaki metric on the tangent bundle or on the cotangent are not limited to those mentioned
above. We also refer to new studies by Zagane, A. among which we [15-20].

In previous work [19], we proposed a “Vertical rescaled Berger deformation metric on the tangent bundle”. Also
in [20], we presented “A study of harmonic sections of tangent bundles with vertically rescaled Berger-type deformed
Sasaki metric”, and as a supplement to these works, in this paper, we give some geodesic properties for the Vertical
rescaled Berger deformation metric, then we establish necessary and sufficient conditions under which a curve be
a geodesic with respect to this metric (Theorem 4.5 and Theorem 4.6). As well as, when it is the natural lift and
horizontal lift is geodesic (Corollary 4.7 and Corollary 4.8). Finally, we also mention special cases (Corollary 4.13,
Theorem 4.14, Corollary 4.15, Theorem 4.16 and Corollary 4.17).

Email address: Zaganeabr2018 @ gmail.com (A. Zagane)
The author is supported by National Algerian PR.F.U. project.


https://orcid.org/0000-0001-9339-3787

A. Zagane, Turk. J. Math. Comput. Sci., 14(1)(2022), 8-15 9

2. PRELIMINARIES

Let TM be the tangent bundle over an m-dimensional Riemannian manifold (M™, g) and the natural projection
7 :TM — M. A local chart (U, xi)i=1,71 on M induces a local chart (z~'(U), xi,yi)i:m on TM. Denote by l"fj the
Christoffel symbols of g and by V the Levi-Civita connection of g. Let C*(M) be the ring of real-valued C* functions
on M and Sé(M) be the module over C*(M) of C* vector fields on M.

We have two complementary distributions on 7 M, the vertical distribution ¥ and the horizontal distribution H,

defined by :

(v(x,u) = Ker(dﬂ(x,u)) = {fla_yikx,u); fl € R}’

e, c . 0 .
Heewy = {flﬁl(x,u)_é:lu]rf'(ja_ykkx,u); &' eR},

where (x, u) € TM, such that T, ) TM = Hxiy ® Vix .-

Note that the map X — X is an isomorphism between the vector spaces T.M and Hy,). Similarly, the map
X — XV is an isomorphism between the vector spaces T, M and V. . Obviously, each tangent vector Z € T, TM
can be written in the form Z = X7 + YV, where X, Y € T, M are uniquely determined vectors.

LetX = X' % be a local vector field on M. The vertical and the horizontal lifts of X are defined by
x¥Y = Xii
ay'’
) ;0 x 0
Xt = X' = =X{— -yT* =}
oxt {6x’ Y gyk }
dNH _ & a\V _ @ 5 8y
For consequences, we have (57)” = 5 and (55)" = D then (55, (,—y,,-)l.:hm is a local adapted frame on 77 M.

ol

ﬁ), the vertical lift UV is called the canonical

If U is a local vector field constant on each fiber T, M, i.e (U = u = u'
vertical vector field or Liouville vector field on 7M.

Lemma 2.1 ([3,13]). Let (M™, g) be a Riemannian manifold. The bracket operation of vertical and horizontal vector
fields is given by the formulas

() X7, v") = [X, Y17 = RX, V)w)",

2) X7, Y] = (VxY)",

3) X", Y"]1=0,
for all vector fields X,Y € Sg)(M), where V and R denotes respectively the Levi-Civita connection and the curvature
tensor of (M™, g).

3. VERTICAL RESCALED BERGER DEFORMATION METRIC

Let M be a 2m-dimensional Riemannian manifold with a Riemannian metric g. An almost paracomplex manifold
is an almost product manifold (M>™, ¢), ¢* = id, such that the two eigenbundles 7M* and T M~ associated to the two
eigenvalues +1 and —1 of ¢, respectively, have the same rank.

Let (M?", ¢) be an almost paracomplex manifold. A Riemannian metric g is said to be an anti-paraHermitian metric
if

g(pX. pY) = g(X.Y),

or equivalently (purity condition), (B-metric) [7]

g@X,Y) = g(X, pY)

forall X,Y € Sé(M).

If (M*", ) is an almost paracomplex manifold with an anti-paraHermitian metric g, then the triple (M?", @, g) is
said to be an almost anti-paraHermitian manifold (an almost B-manifold) [7]. Moreover, (M>", ¢, g) is said to be anti-
paraKihler manifold (B-manifold) [7] if ¢ is parallel with respect to the Levi-Civita connection V of g i.e (Vp = 0).

As is well known, the anti-paraKéhler condition (V¢ = 0) is equivalent to paraholomorphicity of the anti-paraHermi-
tian metric g, that is, (¢,g) = 0, where ¢, is the Tachibana operator [12].
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It is well known that, if (M?", ©, g) is an anti-paraKéhler manifold, the Riemannian curvature tensor is pure [7], and

R(pY.Z)  =R(Y,¢Z) = R(Y,Z2)¢ = ¢R(Y, 2),
R(eY,¢Z) =R(Y,Z),

forall ¥,Z € 33(M).

Definition 3.1 ( [19]). Let (M?", ¢, g) be an almost anti-paraHermitian manifold and f : M —]0, +co[ be a strictly
positive smooth function on M. Define a vertical rescaled Berger deformation metric noted & on T M, by

gx™ Yy = XY,
gx”y"y = o,
gXV. YY) = fleX.Y)+ 6%g(X, u)g(Y, pu)],

forall X,Y € 5[')(M), where ¢ is some constant [1,11] and f is called twisting function.

Remark 3.2.

1. If f =1and ¢ = 0, g is the Sasaki metric [9],

2. If f =1, g is the Berger-type deformed Sasaki metric [1],

3. If 6 = 0, g is the vertical rescaled metric [2],

4. 38XV, oU") = (1 + 6*r*) fg(X, u) and r* = g(u, u), for any X € Jy(M).

In the following, we consider A = 1 + %72 and 1> = g(u, u).

Theorem 3.3 ([19]). Let (M*™, ¢, g) be an anti-paraKdihler manifold and (T M, 3) its tangent bundle equipped with
the vertical rescaled Berger deformation metric, then we have the following formulas.

1.V Y2 = (VXY)H—%(R(X, ),

2.V Y = (VyY) + %X( nYY + g(R(u, X)),
v..vH _ i v J_C H

3.V Y? = sz(f)X + 5 R XN,
- -1 62

4.VpyY = ggoﬂ, YV)<gradf>H+jg(x,gon(pU)V,

for all vector fields X,Y € Sé(M), where V and R denotes respectively the Levi-Civita connection and the curvature
tensor of (M*", ¢, g).

4. GEODESICS OF VERTICAL RESCALED BERGER DEFORMATION METRIC
Let (M™, g) be a Riemannian manifold and x : I — M be a curve on M. We define a curve C : I — T M by for all
t€l,C@) = (x(1), y(t)) where y(1) € TyM i.e. y(¢) is a vector field along x(1).

Definition 4.1 ( [13]). Let (M™, g) be a Riemannian manifold and x(¢) be a curve on M. The curve C(¢) = (x(¢), x(¢))
is called the natural lift of curve x(¢).

Definition 4.2 ( [13]). Let (M"™, g) be a Riemannian manifold and V denotes the Levi-Civita connection of (M, g). A
curve C(¢) = (x(#), y(?)) is said to be a horizontal lift of the curve x(¢) if and only if V;y = 0.

Lemma 4.3 ([14]). Let (M™, g) be a Riemannian manifold. If X,Y € Sé(M) are vector fields on M and (x,u) € TM
such that Y, = u, then we have:

de(Xx) = X(Iiu) + (VXY)(‘;,M)'
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Proof. Let (U, x') be a local chart on M in x € M and (7~ '(U), x', /) be the induced chart on TM, if X, = X’(x)%h
and Y, = Yi(x)%lx = u, then
0

ox'

oYk
(e + X’(X)—x(x)a—ykl(x,u)

d.Y(X,) s

X'(x)

.8 B ik, O N &
= X @) len — X ()Y’ (x)Fij(X)a—ykIu,u) + X' ()Y (0 ,-_,-(X)a—ykkx,u) + X (x)W(x)a—ykl(x,u)

8 D vk )
= [X (% - yjrij a_yk](x,u) + [X (ﬁ + erij)a_yk](x,u)

oYk

H \%4
= X(x,u) + [X[(W + erl])

Oxk ](x,u)
H \%4
= X(x’u) + (VXY)(M).

]

Lemma 4.4 ( [14]). Let (M™,g) be a Riemannian manifold and V denotes the Levi-Civita connection of (M™, g). If
x(t) is a curve on M and C(t) = (x(¢), y(¢)) is a curve on T M, then

C =i+
Proof. Locally, if Y € I'(T M) is a vector field such Y(x(#)) = y(¢), then we have
C@t) = dC(t) = dY(x(?)).

Using Lemma 4.3, we obtain
C() =dY(x()) = i1 + (Vi)Y
O

Theorem 4.5. Let (M>", ¢, g) be an anti-paraKdihler manifold and (T M, ) its tangent bundle equipped with the verti-
cal rescaled Berger deformation metric. If C(t) = (x(1), y(?)) is curve on T M, then

_ |
VeC = [Vik+ RO, Vi)t = S(2(Vy, Viy) + 8°8(V iy, ¢y))grad i
1

+ ViV +
[)C X f

X(fHViy + i—zg(ny, oV eyl
Proof. Using Lemma 4.4 we obtain
Vel = Vi (o o]
= Vi +V (Vo) + 'V“(ny)vxf’ + €(ny)v(vxy)v

1 1 1
= (Vid) - 5 (R(x, 09+ (VVen) + 5NV )" + g(R(Y’ Vi) + —x(NH(V i)Y

2f 2f
1 52
+§(R(y, Vo - ch’((V N Vo grad HT + T80V Ny
1 1
= (V0" + f(RO, V)0 - Zpé((vxy)v, (Vi) )grad A + (ViViy)' + J—C)'C(f)(ny)v

62
+ 8V, oV iy

1
= [Vir + fRO.V )i = 5(8(Vi. Vi) + 6°8(V iy 9y))grad f1"
1

52
fx(f)V o+ 7g(ny, Vo]’

+[Vxny +
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Theorem 4.6. Let (M>", ¢, g) be an anti-paraKdihler manifold and (T M, g) its tangent bundle equipped with the ver-
tical rescaled Berger deformation metric. If C(t) = (x(t), y(¢)) is curve on TM, then C(t) is a geodesic on TM if and

only if
1
Vik = S(8(Vin Viy) + 6%8(Viy, y)?)grad f — fR(y,Viy)k

4.1)
1, 62
ViViy = —?X(f)V 2 = 78V eViy)ey
Proof. The statement is a direct consequence of Theorem 4.5 and definition of geodesic. O

Using Theorem 4.6 we deduce:

Corollary 4.7. Let (M*", ¢, 8) be an anti-paraKihler manifold and (TM, ) its tangent bundle equipped with the
vertical rescaled Berger deformation metric. The natural lift C(t) = (x(1), x(t)) of any geodesic x(t) on (M3, p,8)isa
geodesic on TM.

Corollary 4.8. Let (M*™, ¢, g) be an anti-paraKdihler manifold and (T M, g) its tangent bundle equipped with the
vertical rescaled Berger deformation metric. If C(t) = (x(t), y(¢)) be a horizontal lift of the curve x(t). Then C(t) is a
geodesic on TM if and only if x(t) is a geodesic on (M*™™, ¢, g).

Remark 4.9. If x(7) is a geodesic on (M, ¢, g) locally we have:

B dx dxl —
VX'=O — + _—— h.:O, ]’l=1,2
* < dr? i~ dt dr Y "

If C(r) = (x(¢), (1)) is a horizontal lift of the curve x(f), locally we have:

dy' 2 Ay h —
+ —yT7. =0, h=1,2m.
dt = dty Y m

ny =0 ©

Remark 4.10. Using the Remark 4.9 we can costruct an infinity of examples of geodesics on (T M, g).
Example 4.11. Let (R?, ¢, g) be an anti-paraKihler manifold such that

g= ele(dxl)Z +82x2(dx2)27

and 1 2
g e 0 0 e 0
Yort “ero 0 o T e ox
The non-null Christoffel symbols of the Riemannian connection are:
I =T, =1
The geodesics x(¢) = (x'(¢), x2()) such that x(0) = (a, b) € R?, %(0) = (v, w) € R? satisfy the system of equations,
d*x! dx! 5
2 & dv dyl a T =0 () = a+In(1 + i)
DI ©
! ij=1 rodt d*x* N (a’xz)2 -0 x2(®) = b + In(1 + we).
dr? dt’
. v 0 w 0
Hence x(¢) = + — and x(?) = (a + In(1 + vt), b + In(1 + we)).

T+vedax! 1+ wtax?
1) From Corollary 4.7, the natural lift C(f) = (x(f), x(¢)) is a geodesic on TR?.

2) If C(¢r) = (x(¢), y(¢)) is horizontal lift of the curve x(¢) i.e V;y = O then,

dy'  dx! ) ky
o B A R T
E + Z Ey FU =0 5 X L=
ij=1 dy dx” , 0 (1) = k>
a T at T ? 1+ wt
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ky, 0 k>
— —, where ki, k, € R.
T+viox  T+wiox L oefni
From Corollary 4.8, the horizontal lift C(f) = (x(t), y(¢)) is a geodesic on TR?.

Hence y(¢) =

Example 4.12. Let (]0, +oo[?, g, <p> be an anti-paraKihler manifold such that
g = Xdx* + y*dy?,
and
a xo0 o yo

ngc:;@_y Y- =

dy  xox
The non-null Christoffel symbols of the Riemannian connection are:

1 1

I=-, Th=-.
11 X 22 y

With similar calculations in the previous example, we find the curve
() = (\/Zaft + a2, \/ant + b2)

is geodesics on 0, +oo[2, where y(0) = (a, b), ¥’ (0) = (£,7) € R?, then, the natural lift C;(¢) = (y(f),y’(¢)) is a geodesic
on 770, +oo[2.
The curve C,(t) = (y(t), u(t)) such that

k k
S— SR
V2aét + a? \2bnt + b2

where ki, k, € R is a horizontal lift of the curve y(¢), hence it is a geodesic on 70, +o0[2.

u(t) =

Corollary 4.13. Let (M*", ¢, g) be an anti-paraKdihler manifold, (T M, g) its tangent bundle equipped with the vertical
rescaled Berger deformation metric and f be a constant. Then the curve C(t) = (x(1),y(?)) is a geodesic on T M if and

only if
Vit = —fR(y, Vi

52
ViViy = —7g(V > eV iV)gy.

Proof. The statement is a direct consequence of Theorem 4.6. O

Theorem 4.14. Let (M*", ¢, g) be an anti-paraKdéhler manifold, (T M, ) its tangent bundle equipped with the vertical
rescaled Berger deformation metric and x(t) be a geodesic on (M*", ¢, g). If the curve C(f) = (x(1), ¥(¢)) is a geodesic
on TM such Viy # 0, then f is a constant along the curve x(t).

Proof. Let x() be a geodesic on M , then V ;& = 0. Using the first equation of formula (4.1) we obtain
. 1 . -
gV 1) =0 = (Vi Vi) +6°8(V iy, 99))g(grad f, ) = g(R(y, Viy)i, ) = 0

1
= 5V Vi) + 6%8(V 5y, @) )x(f) = 0
= i(f)=0.
O

Corollary 4.15. Let (M, ¢, g) be an anti-paraKihler manifold and (T M, 8) its tangent bundle equipped with the
vertical rescaled Berger deformation metric. If the curve C(t) = (x(¢), y(t)) is a geodesic on TM such f is a constant

along the curve x(t), then
g(Vix, %) =0

52
ViViy = —jg(V W PV in)ey.

Proof. The proof follows directly from Theorem 4.14. O
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Theorem 4.16. Let (M*", ¢, g) be a flat anti-paraKdihler manifold and (T M, ) its tangent bundle equipped with the
vertical rescaled Berger deformation metric. Then the curve C(t) = (x(t), y(t)) is a geodesic on T M if and only if

1
Vit = 3(8(Vin Viy) + 6%8(V iy, y)*)grad f

1 PE
ViViy = —J—CX(f)ny - jg(V W PViey.

Proof. The statement is a direct consequence of Theorem 4.5. O

Corollary 4.17. Let (M*",¢,g) be a flat anti-paraKihler manifold, (T M, ) its tangent bundle equipped with the
vertical rescaled Berger deformation metric and f be a constant. Then the curve C(t) = (x(1),y(t)) is a geodesic on
TM if and only if x(f) is a geodesic on (M*", ¢, g) and
62
ViViy = = 8(Viy. oV iy)ey.

Proof. The statement is a direct consequence of Theorem 4.16. O

CONCLUSION

In this work, we studied the geodesics on the tangent bundle with respect to the vertical rescaled Berger deformation
metric and we gave the necessary and sufficient conditions under which a curve be geodesic respect to this metric. Also,
we studied certain examples of geodesic.
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