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Abstract

The purpose of this paper is to present the relations among the completeness of sequences,
of filters and of nets in the framework of fuzzy quasi-pseudometric spaces. In particular,
we show that right completeness of filters and of sequences are equivalent under special
conditions of fuzzy quasi-pseudometrics. By introducing a kind of more general right K-
Cauchy nets in fuzzy quasi-pseudometric spaces, the equivalence between the completeness
of the nets and the sequential completeness is established.
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1. Introduction

The notion of quasi-metrics was introduced by Wilson [29] in 1931, which is relaxed by
omitting the symmetry condition. The lose of symmetry usually causes a lot of troubles
in which the appropriate generalizations of metric results are no longer valid, particularly
these for completeness [1,4,17,22,23]. In metric spaces, the notions of completeness of
sequences, of nets and of filters all coincide. But in the quasi-metric setting, there exist
situations such that these notions are different apart from changing certain conditions. A
kind of situation was emphasized by Stoltenberg [26], who proposed a notion of Cauchy
nets for which completeness coincides with the sequential completeness. Later Gregori
and Ferrer [9] further proposed a new version of right K-Cauchy nets for which the corre-
sponding completeness and sequential completeness coincide. In a recent paper [4], Cobzas
revisited Gregori and Ferrer’s notion of Cauchy nets and proposed a new notion of Cauchy
nets for which the equivalence with sequential completeness holds.

As a significant generalization of ordinary metric spaces, the theory of probabilistic
metric spaces can be traced back to the work of Menger [20] and Wald [28]. In the theory,
the notion of distance has a probabilistic nature. Namely, the distance between two points
is represented by a distribution function, assigning any positive number x the probability
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that the distance is less than . Such a probabilistic generalization is well adapted for
the investigation of physical quantities and practical problems. More information on this
subject can be found in the textbook [24].

In 1975, Kramosil and Michalek [19] extended the concept of probabilistic metric spaces
to the fuzzy context and gave a notion of fuzzy metric spaces. In particular, they observed
that the class of fuzzy metric spaces is “equivalent” to the class of probabilistic metric
spaces under continuous t-norms. In order to provide rich topological structures, George
and Veeramani [7] introduced and studied a notion of fuzzy metrics which constitutes a
modification of Kramosil and Michdalek’s fuzzy metrics. Subsequently, several properties
of classical metrics were extended to the fuzzy setting in [8]. Gregori and Romaguera
[13] proved the topology generated by any (complete) fuzzy metric space is (completely)
metrizable. Nevertheless, the completion theory of George and Veeramani’s fuzzy metrics
is quite different from that of ordinary or probabilistic metric spaces. Indeed, there exist
fuzzy metric spaces which are non-completable [10, 14]. Further, Gregori et al. [11] pro-
vided a characterization of those fuzzy metric spaces admitting a fuzzy metric completion.

The notion of fuzzy quasi-metric spaces was formally introduced by Gregori and Roma-
guera in 2004 [15]. They presented some preliminary concepts and facts for solving the
problem of bicompletion of fuzzy quasi-metric spaces in the sense of George and Veera-
mani. Subsequently, Gregori et al. [16] obtained an internal characterization of those fuzzy
quasi-metric spaces that admit a fuzzy quasi-metric bicompletion. Following the idea of
Doitchinov [6], Gregori et al. [12] introduced a notion of Cauchy sequence in fuzzy quasi-
metric spaces and studied a completion for a special class of such spaces. By extending the
Sherwood’s results on completion of probabilistic metric spaces [25], Castro-Company et
al. [3] showed that every fuzzy quasi-metric space (in the sense of Kramosil and Michélek)
has a unique bicompletion up to isometry.

To our knowledge, the relations among various notions of sequential completeness and
the corresponding notions of completeness of nets or of filters have not been investigated
efficiently in fuzzy quasi-pseudometric spaces. The aim of this paper is to present the sev-
eral versions of the completeness of sequences, nets and filters in fuzzy quasi-pseudometric
spaces in the sense of George and Veeramani, as well as their relations of these complete-
ness.

The outline of this paper is organized as follows. In the next section, the preliminary
notions on fuzzy metric spaces are recalled. In Section 3, following the idea of Reilly et
al. [22], we define seven kinds of Cauchy sequences, yielding fourteen different notions of
completeness in fuzzy quasi-metric spaces, all coinciding with the usual one in the fuzzy
metric case. Moreover, we exploit the relations between these notions and provide some
characterizations for sequential completeness in part. In Section 4, we present the relations
between completeness of sequences, of nets and of filters in fuzzy quasi-pseudometric
spaces. For some notions of completeness they coincide, but they can be different for
others, particularly in the study of right completeness. More precisely, we first give some
properties and show that the right completeness of filters coincide with the sequential right
completeness under these properties. Further, we show that a kind of more general right K-
Cauchy nets in fuzzy quasi-pseudometric spaces for which the corresponding completeness
are all equivalent to the sequential completeness. A brief conclusion is given in Section 5.

2. Preliminaries

In this section, we recall some basic concepts and results which will be used throughout
this paper. The letters R and N always denotes the set of real numbers and the set of
positive integer numbers, respectively.

A quasi-pseudometric on a set X is a map d : X x X — [0,+00) such that for all
x,y,z2€X:
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(i) d(z,z) = 0;
(ii) d(z,y) <d(z,2) +d(z,y).
A quasi-metric on X is a quasi-pseudometric d satisfying the condition:
(iii) d(z,y) =0=d(y,z) implies that x = y.
The pair (X,d) is called a quasi-metric space.

Definition 2.1 ([18]). A t-norm * on [0, 1] is a binary operation on [0, 1] which is commu-
tative (i.e., a*b = bxa whenever a,b € [0, 1]), associative (i.e., ax (b*c) = (a*b) *c whenever
a,b,c € [0,1]), monotone (i.e., a * ¢ < b+ d whenever a < b and ¢ < d for a,b,c,d € [0,1])
and has the top element 1 as the unit (i.e., b* 1 =b whenever b€ [0,1]). A t-norm is said
to be continuous if *: [0,1] x [0,1] — [0, 1] is a continuous function.

Example 2.2 ([18]). Three basic continuous t-norms:

(1) the minimum t-norm s, : @ %, b=aAb;

(2) the product t-norm %, : a *, b = ab;

(3) the Lukasiewicz t-norm %z :a*x,b=0v (a+b-1).

Lemma 2.3 ([7]). Suppose that % is a continuous t-norm.

(1) For any ri,re € (0,1], if 11 > ro, then there exists rs € (0,1) such that r1 % r3 > 9.

(2) If re[0,1), then there exists s € (r,1) such that s *s>r.

Proof. (1) Let 1,72 € (0,1] such that r; > r9. Define a map f : [0,1] — [0,1] by
f(x) =71 *z. Since

r= g )= g (Jim -2 = i £ (1-2) 5

n—oo

there exists r3 € {1 - % > 2} such that f(rs) >ro, i.e., r1 * r3>ro.
(2) Let r € [0,1) and define a map g:[0,1] — [0,1] by g(x) =z * x. Since

. 1 . 1 . 1 1
1:g(1)=g(hm 1——): lim g(l——): lim (1——)*(1——)>7’,
n—oo n n—o0o n n—oo n n
there exists 86{1—%:7122} such that s * s> r. O

Definition 2.4 ([15]). Let X be a nonempty set and let * be a continuous t-norm. A
fuzzy quasi-pseudometric on X is a pair (M, *) (or just M) such that the map M :
X x X x (0,00) —> (0, 1] satisfying the following conditions:

(FM1) M (z,y,t) >0 for all z,y € X and ¢ > 0;

(FM2) M (z,x,t) =1 for all ¢t > 0;

(FM3) M (x,y,r)* M(y,z,8) < M(x,z,r+s) for all x,y,z € X and r,s > 0;

(FM4) M(x,y,-):(0,00) — (0,1] is continuous.

A fuzzy quasi-metric on X is a fuzzy quasi-pseudometric (M, *) additionally satisfying
the condition:

(FM2") M (x,y,t) = M(y,x,t) =1 for all z,y € X and ¢ >0 implies = = y.
In this case, the triple (X, M, *) is called a fuzzy quasi-metric space.
Remark 2.5. The value of M(x,y,t) is usually understood as the degree of certainty
that the distance between x and y is less than ¢. It is easy to check that M(x,y,-) is
nondecreasing for all z,y € X [15].
Remark 2.6. If a fuzzy quasi-metric M on X satisfies:
(FM5) M (x,y,t) = M(y,z,t) for all z,y € X and t >0,
then M is a fuzzy metric in the sense of George and Veeramani [7].

The conjugate of a fuzzy quasi-metric M is the fuzzy quasi-metric M~! defined by
M (x,y,t) = M(y,z,t) (Va,y € X, Vt >0). Themap M?*(x,y,t) = M(z,y,t)AM~(z,y,t)
(Vx,y e X, Vt>0) is a fuzzy metric on X.
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Let (X, M,*) be a fuzzy quasi-pseudometric space. Then for z ¢ X, X € (0,1),¢ > 0,
define the open and closed balls in X by the formulae, respectively,

By(z, M\ t) ={ye X : M(x,y,t) >1-A} and By[z, N\, t] ={ye X : M(z,y,t) >1-\}.
It is easy to check that the following inclusions hold:
Bags (2, A\, t) € By(x, N\ t) and Bygs (2, A\, t) € By-1(x, A, t).

The similar inclusions are valid for the closed balls as well.
The topology 7as of a fuzzy quasi-pseudometric (X, M, *) can be defined through the
neighborhood system {Ny/(x):z e X}:

Ve Ny(x) <= 3IX€(0,1),3t >0 such that By (z,\,t) sV
<= 3N\ €(0,1),3¢t >0 such that Bys[x, A\, t] c V.

Obviously, the family {BM (x, %, %) ine N} is a base of the neighborhood Ny, (x) for all
x € X. Hence, the topology 73/ is first countable. The topological notions corresponding
to M will be prefixed by M- (e.g., M-open, M-closure, etc.). The ball By/(x,\,t) is
M-open, and the ball Bys[x, A, ] is indeed M ~!-closed but not M-closed [7,15].

If a sequence {x,} converges to x with respect to 757, then {x,} is called M-convergent

and denoted by z, M, x. It can be characterized in the following way:
T Mo @A%M(m,xmt) =1 (Vt>0)
<= Ve (0,1),Yt>0, Ing € N such that M (x,x,,t) >1 -\ (Yn>ng).
Dually,

-1
Tn, M, ¢ e lim M(zp,z,t) =1 (Yt >0)
n—oo

<~ VYA€ (0,1),Vt >0, Ing € N such that M (x,,z,t) >1 -\ (Yn >ng).
Example 2.7 ([7]). Let (X,d) be a quasi-metric space. Define a map My : X x X x
(07""00) - [07 1] by

Md(CIT,y,t): (V‘T?yGX7t>O)‘

t
t+d(x,y)
Then M, is a fuzzy quasi-metric under both %, and *,,. Furthermore, (X, Mgy, x,) is
usually called the standard fuzzy Typ-quasi-metric spaces. Furthermore, it is easy to check
that (My)~™' = My and (My)® = Mys, and that the topology 7(d) generated by d coincides
with that 7)7, generated by M.

We list some topological properties for fuzzy quasi-pseudometric spaces, which will be
used in the following sections.

Proposition 2.8. Let (X, M, *) be a fuzzy quasi-pseudometric space. Then the following
statements hold.

(1) The topology Tars is finer than the topologies Tay and Tys-1, which means that:
o An M-open (resp., M-closed) set is M?®-open (resp., M*-closed), and the similar
statement holds for the topology Tps-1;
o A sequence {x,} in X is M?®-convergent to x € X if and only if it is both M-
convergent and M~'-convergent to x.
(2) If M is a fuzzy quasi-metric, then the topology Tar is Tp.
(3) The topology Tar is Ty if and only if the condition M (x,y,t) = 1(Vt > 0) implies x = y.
(4) If M is a fuzzy metric, then the topology Tar is To.

Proof. The proof of (1) is obvious, and that of (2-4) can see [30, Theorem 2.8]. O
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3. Sequential completeness of fuzzy quasi-pseudometric spaces

In this section, we focus our eyes on the relations between the corresponding notions of
different completeness of sequences in fuzzy quasi-pseudometric spaces. We also provide
characterizations to certain sequential completeness by descending sequences of closed sets.

Definition 3.1. Let (X, M, *) be a fuzzy quasi-pseudometric space. We say that a se-

quence {z,} in X is

(1) left (resp., right) M-Cauchy if for all ¢t >0 and A € (0,1), there exist z € X and ng € N
such that M (x,x,,t) >1 - A (resp., M (zy,x,t) >1-A) for all n > ng;

(2) M-Cauchy if for all t > 0 and X € (0, 1), there exists ng € N such that M (zg, x,,t) > 1-A
for all n, k > ng;

(3) left (resp., right) K-Cauchy if for all ¢ >0 and A € (0,1), there exists ng € N such that
Mz, xp,t) > 1=\ (resp., M (zp,xg,t) >1-N) for all n >k > ng;

(4) weakly left (resp., right) M-Cauchy if for all ¢ >0 and X € (0,1), there exists ng € N
such that M (xy,,xn,t) > 1 - A (vesp., M(zy,xn,,t) >1-A) for all n > nyg.

To emphasize the fuzzy quasi-pseudometric M, we sometimes say that a sequence is left
(right) M-K-Cauchy in Definition 3.1 (3).

Remark 3.2. The names in Definition 3.1 (1) come from two aspects. On one hand, the
definition of a d-Cauchy sequence in a quasi-pseudometric space (X, d) was first introduced
in [21, Definition 3|, which is related to a generalized Banach contraction principle. On the
other hand, the distinction between left and right Cauchyness was made in [27, Definition
2] and those notions were used to establish several fixed point theorems. The letter K in
the definition of a left K-Cauchy sequence derives from Kelly [17] who was the first to
consider a notion of Cauchy sequences in quasi-pseudometric spaces.

Remark 3.3. Let (X, M, %) be a fuzzy quasi-pseudometric space.

(1) The relations among the notions in Definition 3.1 are presented in the following way:
M-Cauchy = left (right) K-Cauchy = weakly left (right) K-Cauchy = left (right) M-Cauchy.

None of the above implications is reversible, which will be shown by the examples
below.

(2) A sequence is (weakly) left K-Cauchy with respect to M if and only if it is (weakly)
right K -Cauchy with respect to M1,

(3) A sequence is M-Cauchy if and only if it is both left and right K-Cauch, since M-
Cauchy is equivalent to that of M?*-Cauchy.

(4) An M- (resp., M~!-)convergent sequence is left (resp., right) M-Cauchy, while the
converse is false (see Example 3.5).

Inspired by the classical setting, the following example shows that a sequence can be
left M-Cauchy, right M-Cauchy and convergent without being left or right K-Cauchy, and
one another sequence is weakly left K-Cauchy without being left K-Cauchy.

Example 3.4. Let X be the closed unit interval [0,1] and define a map d : X x X —
[0, 00) by

0, ifx<y;

1, ifx>y.

d(:E?y) = {

Then (X,d) is a quasi-pseudometric space [22, Example 1]. In the standard fuzzy quasi-
pseudometric space (X, My, *p), consider a sequence {z,} in X given by:
%+ , if n is odd;
ITn =731 it i
3+ 3w, if 0 is even.

Do
|H :|H
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Then Md(%,xn,t) =1 (Vn>1, Vt>0). Hence {z,} is left M-Cauchy and M-convergent.
Since M (xn,1,t) =1 (Vn > 1, Vt > 0), we have that {z,} is also right M-Cauchy. But
taking \ = % and t = 1, we have M (xzy,xm,1) = % =1- X whenever n is odd and m is even.
Thus, {x,} is not even weakly right or left K-Cauchy or M-Cauchy.
Observe another sequence
O R e

) 2) g)" ) n
Then it is weakly left K-Cauchy but not left K-Cauchy, since My(y1,yn,t) =1 (Yn > 1,
vVt >0), and Md(yl,yk,l):%:l—)\ (Vk>1>1) for A= % and t = 1.

Further, the following example shows that the notions of left M-Cauchy sequece and
right M-Cauchy sequence are distinct.

Example 3.5. Let X be the open unit interval (0, 1) and define a map d : X x X — [0, 00)
by
x -y, if x>y;

d(xa y) = {

Then (X,d) is a quasi-pseudometric space [22, Example 2]. In the standard fuzzy quasi-
pseudometric space (X, My, *,), we consider the sequence {z,} in X given by z, =
—L(Vn e N). Let k,l ¢ N with k> [. Then for 0 < 75 <t and 0 < £ < XA < 1, we
have

1, if z <y.

1 = I+1 k-1
Ma(@i, 2k, t) > Mg (xz,l’k:, )= — =1- >1- A
kel) pa+ (g -mn) k1 L+k

Hence {z,} is left K-Cauchy sequence and hence left M-Cauchy. However, {z,} is not
right M-Cauchy, since for t = 1 and \ = %, M(zp,z,t) = M(xpm,x,1) = % =1- X for all
x € (0,1) whenever m is enough large. Similarly, the sequence {y, : n € N} defined by
Yn = 1 — -1 is right M-Cauchy but not left M-Cauchy. We observe that {y,} is in fact

n+1

right K-Cauchy but not M-Cauchy: If [ > k, then for 0 < 2= <t and 0 < £ < X < 1, we

I+1 1+
have
1
1 T k+1 -k
Md(?/laykat)sz(ylaykal 1)= 1 ”11 Y7511 l>1—>\
* mt (e o) U +

While, if I < k, then for t =1 and A = 3, we have Mq(yi, Yk, t) = Ma(yr, s, 1) = 3 =1-A.
The following proposition gives a simple but useful property of Cauchy sequence.

Proposition 3.6. Let (X, M, *) be a fuzzy quasi-pseudometric space and let {x,} be a
left K-Cauchy sequence in X. Then the following statements hold.

(1) If {xn} has a subsequence M-converging to x, then {x,} is M-convergent to x.
(2) If {xn} has a subsequence M~'-converging to x, then {x,} is M~'-convergent to x.
(3) If {zn} has a subsequence M?-converging to x, then {xy} is M®-convergent to x.

Proof. (1) Suppose that {x,} is left K-Cauchy and {z,, : k € N} is a subsequence of
{zn} such that limy_. M(z,xy,,,t) =1 for all £ > 0. For A € (0,1) and ¢ > 0, choose
ng € N such that M (@, 2p,t/2) > 1 — X whenever n > m > ng, where X\’ € (0,1) satisfies
(1-A)*(1-X)>1-A Let ko € N such that ny, >ng and M(z,xy,,t/2) >1- X for all
k> kg. Then, for all n > ng,,

M(x,2p,t) ZM(xnko,xn,%) *M(m,xnko,%) >(1-N)»(1-N)>1-A\

(2) It is similar to (1).
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MS
(3) Suppose that there exists a subsequence {zy, : k€ N} of {z,} such that z,, — =.
.. M M1 M
Then by Proposition 2.8 (1), we have x,, — z and z,, — x. Hence, x, — z and

-1 s
Tn M e by (1) and (2). Appealing again to Proposition 2.8 (1), it follows that x,, M
x. U

Corresponding to the seven definitions of Cauchy sequence in a fuzzy quasi-pseudometric
space, we have seven notions of completeness.

Definition 3.7. Let (X, M, *) be a fuzzy quasi-pseudometric space. We call (X, M, %)

(1) sequentially M-complete if for every M-Cauchy sequence is M-convergent;

(2) sequentially left (resp., right) M-complete if for every left (resp., right) M-Cauchy
sequence is M-convergent;

(3) strongly sequentially left (resp., right) K-complete if for every weakly left (resp., right)
K-Cauchy sequence is M-convergent;

(4) sequentially left (resp., right) K-complete if for every left (resp., right) K-Cauchy
sequence is M-convergent.

Remark 3.8. The implications between these completeness notions can be obtained by
reversing the implications between the corresponding notions of Cauchy sequences by
Remark 3.3(1), i.e.,

sequentially M-complete = strongly sequentially left K-complete =—
sequentially left K-complete = sequentially left M-complete.

The same implications hold for the corresponding notions of right completeness.

Due to the equivalence
left M-Cauchy <= right M ~'-Cauchy,

we obtain nothing new by requiring that a left M-Cauchy sequence is M ~'-convergent.
For instance, the M ~!-convergence of any left M-K-Cauchy sequence is equivalent to the
right K-completeness of the space (X, M1, x). However, it is noteworthy that left M-
completeness and right M ~!-completeness do not coincide in general, due to the fact that
right M~'-completeness means that every left M-Cauchy sequence converges with respect
to Tys-1, while left M-completeness means the convergence with respect to ;.

The next example gives a fuzzy quasi-pseudometric space which is sequentially left
M-complete but neither sequentially left nor right K-complete.

Example 3.9. Let (X, Mg, %,) be the standard fuzzy quasi-pseudometric space in Ex-
ample 3.5. Then every M-Cauchy sequence in (X, My, *,) is eventually constant and
hence convergent. However, the left K-Cauchy sequence {ﬁ ‘ne N} is not conver-

gent in (X, My, *p). Furthermore, the sequence {1 -Lne N} does not convergent in

n+1
(X, Mg, %) but is right K-Cauchy.

The next example distinguishes between sequential M-completeness and sequential left
K-completeness.

Example 3.10. Defined a map d: N xN — [0, 00) by:
0, ifm=n;
d(m,n) = %, if m > n,m is even, n is odd;
1, otherwise.

Then (N, d) is a quasi-metric space [21, Example 3]. In the standard fuzzy metric space
(N, My, *;,), since there is no nontrivial right K-Cauchy sequence, (N, My, *,) is sequen-
tially right K-complete.
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However, (N, My, *,) is not sequentially right M-complete, since the sequence {2,4,6,8, -}
is right M-Cauchy but not convergent. For the conjugate fuzzy quasi-metric (Mz)™! of My
on N, (N, (My)™1, %) is sequentially left K-complete but not sequentially left N-complete.
We observe that the sequence above is left M~'-Cauchy but not weakly left K-Cauchy in
(N, (Mg)™", %p).

Remark 3.8 points out that a strongly sequentially left K-complete fuzzy quasi-pseudometric
space is sequentially left K-complete. We will further show that these two notions are ac-
tually equivalent.

Theorem 3.11. For a fuzzy quasi-pseudometric space (X, M, *),
it is strongly sequentially left K-complete <= it is sequentially left K-complete.

Proof. 1t suffices to shows that a sequentially left K-complete fuzzy quasi-pseudometric
space is strongly sequentially left K-complete. Suppose that the space (X, M, *) is se-
quentially left K-complete and let {x,} be a weakly left K-Cauchy sequence in X. We
need to show that {x,} is M-convergent to some x € X.

Let A€ (0,1) and let n(1) be the smallest natural number such that

Vn>n(l), M(zp,),7n,1)>1-A (3.1)

If M(2p(1),Zn,t) =1 for all n >n(1) and t > 0, then x, M, Ty (1)- Suppose that there exist
m(1) > n(1) and t; > 0 such that M(2p(1), Tm(1),t1) < 1. Note M (2 (1), Ty, 1) > 1= A
and let k9 € N such that

1
M (xn(l)vxm(1)7 k_g) <1=A, (32)

and let n(2) be the smallest natural number such that
1
Vn > n(2), M(:pn(g),xmk—) >1- A (3.3)
2

By the choice of n(1), we have n(2) > n(1) and by (3.2), n(2) # n(1) so that n(2) >n(1).

Again, if M (7,,(2),2n,t) =1 for all n >n(2) and ¢ > 0, then z, M, Tp(2)- If not, choose
m(2) >n(2) and t3 > 0 such that M (z,,2y, Zpm(2),t2) < 1. Note M (azn(g),xm@), é) >1-A
and let k3 € N such that

1
M(xn T, ,—)gl—)\, 3.4
() Tm(2) 7 (3.4)
and take n(3) to be the smallest natural number such that
1
Vn>n(3), M (:z:n(3),acn, k_) >1- A (3.5)
3

Continuing in this manner, we can get at some step ¢ an element z,; such that

M (), Tn,t) = 1 for all n > n(i) and t > klz > 0, which implies x, M, Tpe)- 1f such

an ¢ € N does not exist, we find the sequences of natural numbers
1=ky<kg<--and n(l)<n(2)<--
such that

1

vn>n(i), M (xn(i),:cn, k:_) >1-M. (3.6)
i

It is easy check that the condition (3.6) implies that the sequence {z,;) : i € N} is left

K-Cauchy. Hence, by the sequentially left K-completeness of the space (X, M, *), it is

M-convergent to some x € X. We want to show that the sequence {x,} is M-convergent
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to x. Since {x,(;) : 7 € N} is M-convergent to x, we have that for ¢ >0 and A € (0,1), let
19 € N such that
1 t t L
k_io < 5 and M(l’,l‘n(l), 5) >1-) (VZ > l(]),
where X € (0,1) with (1-X") % (1 -X)>1-X. Then for every n > n(ip),

M(x,xp,t) > M (x,xn(io), %) * M (xn(io),xn, %)

t 1
> M(m,mn(io), 5) * M (zn(io),xn, k:_)
20
>(1=-XN)*(1-X)
>1-\
Therefore, {z,} is M-convergent to . O

In what follows, we will present Cantor-type characterizations of certain completeness
in terms of descending sequences of special sets. For a subset A of a nonempty set X,
denote

B(A) = inf inf, M(z,y,t).

Theorem 3.12. A fuzzy quasi-pseudometric space (X, M, *) is sequentially M -complete
if and only if each decreasing sequence Fy 2 Fy 2 --- of nonempty M -closed sets with
B(F,) - 1 as n — oo has a nonempty intersection, which is a singleton if M is a fuzzy
quasi-metric.

Proof. Necessity. Let F} 2 F; 2 --- be a sequence of nonempty M-closed sets with 5(F},) —
1 as n — oo. Let x, € F,, for each n € N. For all A € (0,1), we take ng € N such that
B(Fy) >1- X for n >ng. Then zp,zy, € Fyy, for all n,m >ng. Hence, for all A e (0,1) and
t >0, M(xp,xm,t)>1— X whenever n,m > ng, which implies that {x,} is M-Cauchy. By
the sequential M-completeness of (X, M, ), we have that {x,} is M-convergent to some
x € X. Since for every n €N, .1 € F,.x € I, for all k e N, letting k£ - oo and taking into
account the closedness of the set F},, it follows that x € F}, for all n e N, ie., x € N2, F},.
If y is any point in N92, F,, then

ingM(x,y,t) > f(F,) and %ngM(y,:r,t) > [(F,) (VneN).
> >

Thus M (z,y,t) = M(y,z,t) =1 for all t >0, so y =z if M is a fuzzy quasi-metric.
Sufficiency. We shall prove it by contradiction. Suppose that there exists an M-Cauchy
sequence {z,} in X which is not M-convergent. By Remark 3.3 (1), we have that {z,} is
left K-Cauchy. By Proposition 3.6 (1), it is M-convergent if it contains an M-convergent
subsequence. Thus, {z,} does not contain M-convergent subsequence. Let F,, = {x} : k >
n}. Then F), is decreasing and nonempty M-closed for each n € N. Since {z,, } is M-Cauchy,
it follows that S(F,) - 1 as n - oo. Hence, there exists € X such that x € N2, F),.
Thus, ilggM(x,xn,t) > B(F,) for all n e N, which implies T}gxolo M(x,xp,t) =1 for all t >0,

i.e., ©,, — x, a contradiction. Therefore, (X, M, %) is sequentially M-complete. ]

The following theorem gives a characterization of sequential right K -completeness using
a different terminology.

Theorem 3.13. A fuzzy quasi-pseudometric space (X, M, *) is sequentially right K-
complete if and only if each decreasing sequence Bps-1[x1,A1,t1] 2 Bp-1[x2, A2, t2] 2 -+
of closed balls with

1> \>X>->0and limt¢,=0

n—00

has nonempty intersection, which is a singleton if the topology Tar is Hausdorff.
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Proof. Necessity. Let (X, M, *) be sequentially right K-complete and let { By-1[Zn, An,Tn] :
n € N} be a sequence of closed balls satisfying the requirements of this theorem. We show
first that the sequence {z,} is right K-Cauchy. For all X € (0,1) and ¢ > 0, there exists
ng € N such that 0 < A\, < A <1 and 0 < t, <t for all n > ng. If ng £ n < m, then
T € Byr-1[Zn, An, tn], which implies

M YN &p, Tmst) 2 M@, T tn) > 1= Ay > 1=\, e, M (2, 2n,t) > 1=\

Hence {x,} is right K-Cauchy. It follows that there exists x € X such that z, M, & For
every k € N, x,, € Bys-1[xk, A, ti] for all n > k. Since the ball By;-1[xg, Ak, tx] is M-closed,
it follow that z = lim x,, € Byy-1[zg, A, ti], showing @ € N2 By-1 (@, Ak, tr]-

n—o0

If y e NP2y By-1[Tn, An, tn], then for all n e N, MYz, y,tn) > 1 - \,. Hence,
M(yaxnat) 2 M(y7x7L7tn) >1 _)\n >1- A7
which implies z,, M, y. If the topology 7js is Hausdorff, then y = .

Sufficiency. Let {x,} be a right K-Cauchy sequence in (X, M, *). Then for A\ € (0,1),
there exists ny € N such that M (x,, Tn, %) > 1 - Ag for all m >n > ny, where Ay € (0,1)
such that (1 —-MX2) * (1= XA2) >1-A;. In particular,

1 1
M1 (a:nl,xn, 5) = M(mn,xnl, 5) >1-Xy (Vn>ng). (3.7)

Consider the closed ball By-1[zp,, A, 1].

Let now ny > ni such that M (xm,xn, L

22) >1 - Ao for all m >n >ns. In particular,
_ 1 1
M l(xm,xn,ﬁ):M(:En,xn2,§)>1—)\2 (Vn >ng). (3.8)

We claim
Bur-1[%ny, A2, 1/2] € By-1[2n,, A1, 1]
Indeed, if y € Byj-1[2n,, A2, 1/2], then M~ (z,,,y,1/2) > 1 - Aa. Hence, we have
1 1
M_l(xnpya 1) 2 M_l (xnuxngv 5) * M_l (xn27y7 5) 2 (1 - )\2) * (1 - )‘2) >1- >\1-
Continuing in this manner, we obtain s sequence nj < ny < --- such that
_ 1 1
M 1($nk7xn72_k):M($n7xnka2_k)>1_)‘k (Vnan). (3.9)
It follows that M~ (zp,,Zn,,, 3¢ ) > 1 = Ak and
Byi-1[Zng, s Aer1, 1/25] € Bagi [y, Ak, 1725707 (VE € N).

Hence, there exists z € X such that

z e () Byt [2ng, A, 1/257D].
k=1

Forallt>z(k—l_l)>0anda110<)\k<)\<1,askaoo,wethenhave
M M LERBSYS! L L-Xg>1-A
(l’,l‘nk,t)z (x7$nk7m)_ (‘rnk’l"m)> — A > 1A,

which implies I}im Zp, = 2. By Proposition 3.6 (2), we can obtain that the right K-Cauchy

sequence {x,} is M-convergent to z. O
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4. Completeness of filters and of nets

In this section, we shall examine the relations between completeness of sequences, of
nets and of filters in fuzzy quasi-metric spaces. For some notions of completeness they can
keep coincidence, but they can be different from others.

A filter on a set X is a nonempty family F of the subsets of X satisfying the following
conditions:

(FO) @¢ F;
(F1) if Fc G and F € F, then G € F;
(F2) if F,G e F, then FnGeF.

A base of a filter F is a subset B of F such that every F' € F contains a B € B.
A nonempty family B of nonempty subsets of X is called a filter base provided that

(BF) VB1,BoeB, iBeB, B< By n Bs.
Furthermore, a filter base generates a filter F3 by the following way:
Fg={UcX:3BeB, BcU}.

Let D be a set. A pair (D,<) is a called a partially ordered set (in short poset) if <
is a partial order on D, i.e., it is reflexive, transitive and antisymmetric. A poset (D, <)
is called directed provided that for all ¢1,i9 € D, there exists j € D such that ¢; < 7 and
12 < 7.

Throughout this paper, we suppose that in the definition a directed set (D,<), the
relation < is always supposed to be a partial order.

A net in a set X is a map ¢: D — X, where (D, <) is a directed set. The alternative
notation {x; };ep, where x; = ¢(i) (Vi e D), is also used.

Definition 4.1. Let (X, M, *) be a fuzzy quasi-pseudometric space. We say that

(1) afilter F in (X, M, %) is left K-Cauchy if for all A € (0,1) and ¢ > 0, there exists F' € F
such that Bys(z, A\, t) € F for all x € F;

(2) a net in (X, M, *) is left K-Cauchy if for all A € (0,1) and ¢ > 0, there exists ig € D
such that M (z;,z;,t) >1 - X for all 4, j € D with 49 <4 < j.

Theorem 4.2. Let (X, M,*) be a fuzzy quasi-pseudometric space. Then the following
statements are equivalent:

(1) the space (X, M, *) is sequentially left K-complete;
(2) every left K-Cauchy filter in X is M -convergent;
(3) every left K-Cauchy net in X is M -convergent.

Proof. (1) = (2). If F is a left K-Cauchy filter in (X, M, ), then for all n € N and
A€ (0,1), there exists F), € F such that By(z, A, 1/2") € F for all x € F,. Pick

n—1
x1€F and z,, € F,, n (ﬂ B (2, A, 1/2’“)) (Vn>1).
k=1

We claim that the sequence {x,} is left K-Cauchy. In fact, for given ¢ > 0, let k € N such
that 2% < t. Then, by the choice of z, for k <m <n, x,, € Bys (, A, 1/2™), which implies

1 1
M (T, t) > M(azm,xn, 2—k) > M(:cm,xn, Z_m) >1- A

Since (X, M, *) is sequentially left K-Cauchy complete, there exists z € X such that

s = lim M(z,2n,t) - 1 (V> 0). (4.1)
n—oo
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We want to show that = = lim F, or, equivalently, By, (:c,)\, 1/2’“) e F for all Kk € N and
A€ (0,1). Given ke N and A€ (0,1), by (4.1), there exists n > k such that

1 /
M(a:,xn,%)>1—)\,

where X' € (0,1) with (1 -X)* (1 -X) > 1-X Let y € By(an,\N,1/2"). Then
M (:cn,y, 2%) >1 -\, which implies
1 1
M(xn,y, —2k+1) 2 M(a;n,y, 2—n) >1-\.

Thus,
1 1 1 ! '
M:E’y’z_k: >M xyl'n;% * M xn,y,ﬁ >(1=-A)*(1=-X)>1-A.

This shows that By (z,, ', 1/2") € Bas(z, A, 1/2%). Since By (2, ', 1/2"%) € F for z,, € Fy,
we have By (x, A, 1/2F) € F.

(2) = (3). If {x;}iep is a left K-Cauchy net in X. Put F; = {z;:j>i} (Vie D). By
the definitions of nets and filter bases, we have that F = {F;:i € D} is a filter base on X.
Let A € (0,1) and ¢ > 0 and fix ig € N with 49 <@ < j. Then M(x;,z;,t) > 1 - A. Hence
F; € By(wi, A\ t), and so By(z4, A, t) € F for every z; € F;,. Thus, F is a left K-Cauchy
filter. By (2) there exists x € X such that x = lim F. Using the definition of F, it is easy
to check that x = lim; z;: For all A€ (0,1) and ¢ >0, By (x, A, t) € F, and thus there exists
ip € D such that F;, ¢ Bys(z, A, t), implying M (z,z;,t) > 1 — X for every i > ip.

(3) It is obvious by the definition. O

However, some results similar to left completeness are valid for right completeness via
supplying some conditions.

Definition 4.3. Let (X, M, *) be a fuzzy quasi-pseudometric space. We say that (X, M, *)

is

(1) point-symmetric if 7p7 € 737-1;

(2) locally symmetric if for all z € X, A€ (0,1) and ¢t > 0, there exist p € (0,1) and >0
such that

U {BM_I (ya My 7n) ‘Y€ BM(:L‘a Mar)} < BM($, )‘a t)
or, equivalently, if

VzeX, Jye X, M(z,y,r)>1-pand M(z,y,7)>1—p=— M(z,z,t)>1-A\. (4.2)

We first give some basic properties concerning point-symmetry and local symmetry.
Proposition 4.4. Let (X, M, *) be a fuzzy quasi-pseudometric space. Then the following
statements hold.
(1) If (X, M, *) is locally symmetric, then it is point-symmetric.
(2) If (X, M, *) is point-symmetric if and only if for every sequence {xy} in X,

M1 M
Ty —> T =—> Ty, —> .

Proof. (1) If U ¢ X is open with respect to 7as, then for every x € U, there exist A € (0,1)
and t > 0 such that By (z,\,t) € U. Choosing p € (0,1) and r > 0 by the local symmetry
of (X, M, ), it follows that the 7j,-1-open set U{Bp;-1(y,p,7) :y € Bpr(2, p,7)} contains
x and is contained in U. Thus U is 7y;-1-open.

(2) The equivalence follows from the fact that F is a closed subset of (X, M, *) if and

only if for every sequence {z,} in F, if x, M, x, then x € F (see [2, Theorem 3.7]). O

Proposition 4.5. Let (X, M, *) be a fuzzy quasi-metric space. If (X, M, *) is strongly se-
quentially right K-complete and the induced topology Ty is 11, then it is point-symmetric.
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Proof. Let {x,} be a sequence in X which is M ~!-convergent to y € X. Define a sequence
{yn :n e N} by yor_1 =y and yoy = zj for k € N. Then {y, : n € N} is clearly weakly right
K-Cauchy. By the strong sequential right K-completeness of (X, M, ), it follows that
{yn :m € N} is M-convergent to some point z € X. Since M (z,y,t) = klim M(z,y25-1,t) =1

for all t > 0, we have M(z,y,t) =1 for all ¢ >0, which implies z = y by Proposition 2.8(3).
Since

khm M(y,ilfk,t) = khm M(zakaat) =1 (Vt > 0)7

M
we get x, —> y. By Proposition 4.4 (2), we conclude that (X, M, ) is point-symmetric.
]

We have seen in Theorem 3.11 that strong sequential left K-completeness and sequential
left K-completeness are equivalent notions for every fuzzy quasi-pseudometric space. The
following example illustrates that this result is not true for right completeness even with
the point-symmetry, i.e., there exists a point-symmetrically sequentially right K-complete
fuzzy quasi-metric space which is not strongly sequentially right K-complete.

Example 4.6. Let X = {0} u {% :n € N} and define a map d : X x X — [0,00) by:
d(z,z) =0 for all z € X and

ﬁ ifsz,yzﬁ;
d(z,y) = ﬁ—% if‘r:%,y:%andn>2k; (Vx #y).
1 otherwise.

Then (X,d) is a quasi-pseudometric space (see [1]). Consider the standard fuzzy quasi-
pseudo metric space (X, Mg, *p). Then 7(,;,)-1 is the discrete topology (since it coincides
with 74-1), so that a1, € 7(pr,)-1, that is the space (X, Mg, *,) is point-symmetric. A
right K-Cauchy sequence in (X, Mg, ;) is either eventually constant or a subsequence of
{ﬁ ke N}, denoted by x; = 2%1 (¢ € N). In this case,

t
lim M4(0,x;,t) = lim — =1 (vt>0).
1—00 i—oo t + ——

2k;

Hence, (X, My, *p) is sequentially right K-complete. But the sequence {%:neN} is
weakly right K-Cauchy without being M-convergent. Hence, (X, My, *,) is not strongly
sequentially right K-complete.

Further, the right version of Theorem 3.11 can be obtained by supplying certain pre-
requisite.

Theorem 4.7. For a locally symmetric fuzzy quasi-pseudometric space (X, M, *),
it strongly sequentially right K-complete < it is sequentially right K -complete.

Proof. 1t suffices to prove that the sequential right K-completeness of (X, M, x) implies
strong sequential right K-completeness. Let {x,} be a weakly right K-Cauchy sequence
in X. We need to show that {z,} is M-convergent to some z € X.

For all A € (0,1), let n; be the first natural number such that

1
Vn >nq, M(mn,xn1,§)>1—)\. (4.3)

-1

If M(xp,xn,,t) =1 for all n > ny and ¢ > 0, then =z, M, T, . Since (X, M, ) is locally

M
symmetric, it follows from Proposition 4.4 (2) that x,, — x,,. Otherwise, let m; be the
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first natural number greater than ny such that M (x,,,,xn,,t1) < 1 for some ¢; >0, and let
ko € N such that

1
M (.’L'ml,.%'nl, W) >1- )\, (44)

Since M (%, ,Zn,,1/2) > 1 -\, we have ky > 1. Let ng be the first natural number such
that )
Vn > nog, M(Cﬂn,l‘n2,272)>1—)\. (4.5)

If no < nq, then, by the definition of the number nq, there exists m € N with no < m < nq
such that M (xy,, Tn,,1/2) <1 - A, resulting in the contradiction

1 1
1—>\2M(:L‘m,l’n2,§) 2M(mm,mn2,272) >1-A
If ny <mg <my, then M(zy,,xy,,t) =1 for all t >0. Thus

1
M(xml,xm, ) = lim M (xm,y,Tn,,t1 +1t2)

2k2 -1
t1+to 72

> lim M (Tmy, Tny,t1) * M (Tpy, Tny, t2)
t+ta=

= lim M (Xmy,Tn,,t1) * 1
__1
t1+t2—72k2

1
= M(xmlaxnga%)7

a contraction, again. Consequently, na > m; > n; and M (xp,,%n,,1/2) > 1 - X for all
Ae(0,1).

Continuing in this way, we can get at some step ¢ an element x,,, such that M (zp, zp,,t) =
. . M! . . .
1 for all n > n; and ¢ > 0, implying x, — x,,. If such an ¢ € N does not exist, there exist

the increasing sequences of natural numbers
ny<ng <--and ky <kg < -

such that .
VieN, Vn >n;, M(azn,xni,ﬁ) >1-M,

which implies

. 1
VieN, M($ni+1,$n“%)>1—)\- (4.6)

It is easy check that the condition (4.6) implies that the sequence {x,, : i € N} is right
K-Cauchy. By the sequentially right K-completeness of (X, M, %), there exists z € X such

M
that z,, — z, i.e., lim M (z,x,,,t) =1 for all £> 0.
1—>00

Finally, we show that the sequence {x,} is M-convergent to x. For A € (0,1) and ¢ > 0,
choose p € (0,1) and r > 0 according to (4.2).
Let ip € N such that
Vi>ig, M(x,xpn;,7)>1-p,
and let j > i such that 2%] <r. Then for n > n;,

1
M(x,2p,;,7) > 1~ pand M(xp,xp,,7) zM(mn,xnj,?) >1-p.
J

Hence M (z,2y,,t) >1 - X for all n > n;. Therefore, {x,} is M-convergent to . O

Definition 4.8. Let (X, M, *) be a fuzzy quasi-pseudometric space. We say that

(1) afilter F in X is right K-Cauchy if for all A € (0,1) and t > 0, there exists F' € F such
that Bys-1(x,\,t) € F for all x € F;
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(2) a net in X is right K-Cauchy if for all A € (0,1) and ¢ > 0, there exists ig € D such
that M (zj,2;,t) >1- X for all 4,j € D with ig <i<j.

(3) the space (X, M, *) is right K-complete of filter if every right K-Cauchy filter in X is
M-convergent to some = € X;

Lemma 4.9. Let (X, M, *) be a fuzzy quasi-pseudometric space. If (X, M, *) is right K -
complete of filters, then every right K-Cauchy net in X is M-convergent. In particular,
every right K-complete of filters fuzzy quasi-pseudometric space is sequentially right K-
complete.

Proof. If {x;}iep is right K-Cauchy net in X, then F; = {z;:j € D,i < j} (i€ D) is the
base of a filter F in X. For A€ (0,1) and ¢t > 0, let ig € D such that M (xj,z;,t) >1- A,
ie., M‘l(xi,xj,t) > 1=\, for all 4,5 € D with ¢g < ¢ < j. Then for every n > ng,
F, € Bys-1(xp, A\, t), implying By-1(x, A\, t) € F for every i > ig. Hence, the filter F is right
K-Cauchy. Since (X, M, *) is sequentially right K-complete, we have that F is convergent
to some x € X. It is easy check the net {z;};cp is M-convergent to z: For all A € (0,1) and
t >0, By-1(z, A\ t) € F, and so there exists ig € D such that F, ¢ By;-1(z, A, t), implying
MY (z,x5,t) = M (x5, 2,t) > 1=\ for all i > . O

Inspired by Davis [5], we will propose the following definition on fuzzy quasi-pseudometric
spaces, which will be useful to obtain an analog of Theorem 4.2 for right K-completeness.

Definition 4.10. Let (X, M, %) be a fuzzy quasi-pseudometric space. We call (X, M, *)
R provided that if for all z,y € X, clpy/{z} # clps{y}, then there exist two disjoint M-open
sets U,V such that x e U and y e V.

Theorem 4.11. For an Ry fuzzy quasi-pseudometric space,

it is right K-complete of filters < it is sequentially right K-complete.

Proof. By Lemma 4.9, we only need to prove that a sequentially right K-completeness
implies right K-completeness by filters. Let F be a right K-Cauchy filter on X. Then for
each n € N and A € (0,1), there exists F,, € F such that By;-1(z,\,1/2") for all z € F,.
Let x1 € Fy and

n—-1
T € Fryn () Ba1 (2, A, 1/2F) (Vo> 1).
k=1
It follows that the so-constructed sequence {x,} is right K-Cauchy, so it is M-convergent
to some x € X. We shall show that the filter F converges with respect to 73 to .
Supposing the contrary, there exists m € N such that By (x, A, 1/2™) ¢ F. We construct a
new sequence {y, :n € N} in the following way: Take

y1 € Fy 0 By (21, M, 1/2) N By (, A, 1/2™)

and

n-1

Yn € Funt Byro1 (20, A, 1/2") 0 () Bag-1 (s M, 1/28) N Bag (2,0, 1/2™) (Vo> 1).
k=1

Since y,, € NEZL Bas-1(yk, A, 1/2%) (¥n > 1) implies that {y,} is also a right K-Cauchy
sequence, so it is M-convergent to some y € X.
If clps{z} = clpr{y}, then x € clps{y}, which implies M (z,y,t) =1 for all ¢ > 0. Since

M(.’E,yn,t) = tlliglth(x7yn7tl + t?)
2 lim M(.’E,yﬂfl) * M(yvynatQ)
t1+ta=t

= lim 1*M(yayn7t2)

t1+to=t

= M(y,Yn,t)
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and yp, M, y, it follows that lim M(x,y,,t) - 1 for all ¢t > 0. Thus y, M, x, which
n—oo

contradicts with y,, ¢ Bas(x, A,1/2™) for all n € N. Hence cly/{z} # clp/{y}. By Condition
Ry, there exist A € (0,1) and t > 0 such that Bys(z,\,t) n By (y,\,t) = @. Since y, €
Byy-1(2p, A, 1/2™), it follows that for all ¢ > 5 >0,

1
M(ynvl‘n7t) 2 M(ynaxna 2_n) - 17 as m — oo.
Then for all ¢ > 0,

t t
M(y7$n7t) 2 M(yvy’na 5) *M(ynaxTwi) - 17 as m — oo.

M M
Consequently, x,, — x and z,, — y, implying that z, € By/(z,\,t) n By (y, A\, t) for
sufficiently large n, a contradiction. O

In the sequel, we are interested in the equivalence between right K-completeness of
sequences and of nets. In ordinary quasi-metric spaces, Stoltenberg has shown these
notions are not equivalent in general [26, Example 2.4]. To achieve the effective goal,
accordingly, we shall introduce a kind of more general right Cauchy nets in fuzzy quasi-
metric spaces, which follows from the ideas of Stoltenberg [26] and Gregori and Ferrer [9].
Let us begin with some basic notions and results.

Let (P, <) be a poset. An element j € P is called maximal if there is no i € P\ {j} with
j <1, or, equivalently, j <4 implies ¢ = j for all ¢ € P;

Proposition 4.12 ([4]). Let (P,<) be a poset. Then the following statements hold.

(1) Every mazimal element j of P is a mazximum for P, i.e., i< j for allie P.

(2) If j is a maximal element and j' € P satisfies j < j', then j' is also a mazimal element.

(3) (Uniqueness of the maximal element) If j is a maximal element, then j' = j for any
mazimal element j' of P.

Next, we analyze the relations between maximal elements in posets and the convergence
of nets in fuzzy quasi-metric spaces.

Proposition 4.13. Let (X, M, *) be a fuzzy quasi-metric space, let (D,<) be a directed
set and let {x;}iep be a net in X.

(1) If (D, <) has a mazimal element j, then the net {x;}icp is M-convergent to x;.

(2) If the net {z;}iep is M-convergent to x € X, then M(x,z;,t) =1 for allt>0 and all
mazximal element j in D. If the topology Tar is T1, then xj = x.

(3) If the net {x;}iep is M-convergent to x; and xj, where j,j' are mazimal elements of
D, then zj =xj.

(4) If D has mazimal elements and there exists x € X such that x; = x for every mazimal
element in D, then the net {x;}iep is M-convergent to x.

Proof. (1) For all A€ (0,1) and t > 0, take igp = j. Then i > j implies i = j, and so
M (zj,2i,t) = M(2j,2j,t) =1>1-\.

This shows that {z;}cp is M-convergent to x;.

(2) Since the net {x;};cp is M-convergent to x € X, we have that for all A € (0,1) and
t > 0, there exists ig € D such that M (x,z;,t) >1- X\ for all ¢ > ig. By Proposition 4.12(2),
we have j > ig for every maximal j, and so M(x,zj,t) > 1 - A for all A € (0,1), which
implies M (x,z;,t) = 1 for all ¢ > 0. If the topology 7as is 17, then x; = 2 by Proposition
2.8(3).

(3) By (2), we have M(xj,z;,t) =1 and M (z;,z;,t) =1 for all > 0. Hence x; = zjr.

(4) Let x € X such that z; = z for every maximal element j in D and let j be a fixed
maximal element in D. For all A € (0,1) and ¢ > 0, put ég = j. Then by Proposition
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4.12(3), any ¢ € D such that ¢ > j is also a maximal element, and thus x; = z. Hence
M(z,x;,t) =1>1-\. This shows that the net {x;};cp is M-convergent to x. O

Definition 4.14. Let (X, M, %) be a fuzzy quasi-metric space. We say that a net {z; };ep
in (X, M, *) is M-GF-Cauchy if the net {z;};cp satisfies the following condition:

VA€ (0,1),Vt>0, Jig € D such that M (z;,2z;,t) >1-X (Vi,j>io with i £7).  (4.7)

Further, we say that a fuzzy quasi-metric space (X, M, *) is M-GF-complete if every
M-G F-Cauchy net is M-convergent.

Theorem 4.15. For a fuzzy quasi-metric space (X, M, ) with the topology Tas being T1,
it 1is sequentially right K-complete <= every M-GF-Cauchy net is M-convergent.

Proof. It suffices to prove that the left-to-right implication holds. Suppose that a net
{z;}iep in X is M-GF-Cauchy. For all X € (0,1), let {iy : ix < ixs1, k € N} be a sequence of
indices in D such that M (x;,x;, 1/2%) > 1= X for all 4,4 > i), with i ¢ j. We show that we
can further suppose ip,1 £ k.

Indeed, the fact that D has no maximal elements implies that for every i € D, there
exists 7’ € D such that

i<i and i’ £i. (4.8)

Let i} € D such that (4.7) holds for t = 1/2, i.e., M (x;,z;,1/2) >1 -\ for all 4,7 > ¢} with
i £ j. Then we pick i1 such that i} < iy and iy £ i]. Let i} > i3 such that (4.7) holds for
t =272 and let iy € D satisfy i) <49 and ip £ i5. Then i1 <9 and iy £ i1, since iy < i1 < i)
contradicts to the choice of i3. By induction, we obtain a sequence {ix : k € N} in D
satisfying iy, < ips1 and igeq £ i such that (4.7) us satisfied with ¢ = 27% for every i), and
every A € (0,1). The condition M (iy,z;,,,,1/2¥) > 1=\ (Vk € N) implies that the sequence
{z;, : k € N} is right K-Cauchy. Hence, there exists « € X such that

klim M (z,z;,,t) =1 (Vt>0).

We want to prove that {x;};cp is M-convergent to x. We distinguish two cases.

Case I. 3jp e D, Fkg e N, VEk > ko, ix < jo.

Let i > jo. By (4.7) there exists i’ € D such that ¢ < i and ¢’ £ i, which implies
M (zyr,25,1/2%) > 1= X for all k > ko, and so M (x;,x;,t) = 1 for all t > 0. By T} of the
topology 7, we get zy = x;.

We also have i’ £ jo since i’ < jo can imply ¢’ < 4, in contradiction to the choice of 7’
Thus, M (zy,xj,,1/2%) > 1~ X for all k > ko. So M(xy,xj,,t) = 1 for all ¢ > 0. Thus
xy = x4, by T of Tar.

Therefore, x; = x;, for all ¢ > jo. This shows that the net {z;};cp is M-convergent to
Tjg-
CaseII. Vje D, VkeN, 3k’ >k, iy £ J.

For all ¢ > 0 and A € (0,1), choose kg € N and A" € (0,1) such that 2%0 < & and
(1-XA)*(1-X)>1-\ Then by the convergence of {z;, : k € N}, we have

t
M(m,xik,i) >1-)\ (Vk > k).

Let i € D such that i > iy,. By the hypothesis of Case II, there exists k > ko such that
ir, £ 4. The conditions k > ko, i, <1, ig, < and i £ imply that

t t
M(a:,xik,g) >1-)\ and M(acik,:ci, 5) >1-\.
Hence,

t t
M(z,x;,t) ZM(x,a:ik,ﬁ) *M(ﬂ:ik,xi,i) >(1=X)*(1=-XN)>1=X (Vi>ig,).

This shows that the net {z;};ep is M-convergent to z. O
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5. Conclusions

In this paper, we studied the relationship between various notions of sequential com-
pleteness and the corresponding notions of completeness of nets or filters in fuzzy quasi-
pseudometric spaces. In particular, we showed that the right completeness by filters coin-
cide with the sequential right completeness under the certain condition, and proposed two
new types of right K-Cauchy nets in fuzzy quasi-metric spaces for which the corresponding
completeness is equivalent to the sequential completeness.

Metric, uniformity and general topology are three closely related mathematical struc-
tures. In probabilistic quasi-metric spaces, Yue and Fang [32] presented the relationships
between the bicompleteness of the induced classical quasi-uniform space and that of prob-
abilistic quasi-metric space. In the future, we will study the completess of the associated
quasi-uniform spaces by fuzzy quasi-metric spaces. In addition, fuzzy metric spaces could
be applied in the context of fuzzy convex spaces [31,35] and fuzzy convergence spaces
[33,34].
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