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THE REAL MATRIX REPRESENTATIONS OF SEMI-OCTONIONS
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ABSTRACT

Rosenfeld’s book [6] is a wonderful introduction to the normed division algebras: the real numbers, the complex numbers, the
quaternions, and the octonions. A brief introduction of the semi-octonions is provided in this book. In [3], we studied some
fundamental properties of the semi-octonions, Os, and show that the set of unit semi-octonions is a subgroup of Os. In this
paper, we give a complete investigation to real matrix representations of semi-octonions, and consider a relation between the
powers of these matrices. The De Moivre's formula implies that there are uncountably many matrices of the unit semi-octonions
A satisfying A" = |g for every integer n > 3.
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YARI-OKTONYONLARIN REEL MATRIiS GOSTERIMLERI

OZET

Rosenfeld’in kitabinda normlu boliim cebirleri, reel sayilar, kompleks sayilar, kuaterniyonlar ve oktonyonlara harika bir giris
yapilmistir [6]. Yari-oktonyonlara bir ufak giris bu kitapta bulunabilir. Biz daha once yari-oktonyonlarin (Os) bazi temel
ozelliklerini inceledik ve gosterdik ki birim yari-oktonyonlarin kiimesi, Os’nin bir alt-kiimesidir [3]. Bu makalede, yari-
oktonyonlarin reel matris gosterimini inceleyip aralarindaki bazi iligkileri verdik. De-Moivre formiilii, birim yari-oktonyonlara
karsilik gelen sayilamaz sayida A matrisinin her n > 3 tam sayisi i¢in A" = g seklinde var oldugunu sdylemektedir.

Anahtar Kelimeler: Alternatiflik, De Moivre’s formiilii, Euler’s formiilii, Yari-oktonyon

1. INTRODUCTION

Quaternions and octonions are useful tool for the representations and generalizations of quantities in the
high-dimensional physical theory. These algebraic structures are used in areas such as quantum physics,
classical electrodynamics, the representations of robotic systems, kinematics, acoustics, wave and group
theory, supersymmetric quantum mechanics etc. While quaternions have a four dimensional non-
commutative but associative algebraic structure, the octonions possess eight components and both non-
commutative and non-associative algebraic properties.

Let x be an octonion, expressed as,

7
x=(a,,8,,8,,8;,8,,8,8,8) =) a,€,
n=0

where terms a, are real number coefficients of the octonion and the e, ’s are its basis elements [4]. In
[3], we studied some algebraic properties of semi-octonions, Os, and show that the set of unit semi-
octonions is a subgroup of Os. By using De-Moivre’s formula, any powers of these semi-octonions can
be obtained. In this paper, after a review of some algebraic properties of Os, we investigate real matrix
representations of semi-octonions. Moreover, by using De-Moivre’s formula for this matrix, from which
the n-th power of such a matrix can be determined. We give some examples for the purpose of more
clarification.
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2. SEMI-OCTONIONS ALGEBRA

A semi-octonion X has an expression of the form

7
X=8,€+2,€ +8,8,+8,8;+8,0,+856 +3;6 +3,€, =8,€ + Y a €,
i=1

wherea,,..., a, are real numbers and g, (0<i <7) are octonionic units satisfying the equalities that are
given in the table below;

e er €3 | €s| €5 €6 €7
€1 | -1 | € | -ex| €5 | —-e4 | —€7| €6
€2|-e3| -1 | €1 | €| €7 | —€4| —B5
€3 | €2 -e1| -1 |e7| -e| €5 —€4

€s| -es| -es| -e7| 0 0 0 0
es| es | -e;| e | 0] O 0 0
€6 | €7 es | -es| 0 0 0 0
e7| -es| & | e |0 | O 0 0
A semi-octonion x can also be written as
Xx=q+q'e,

wheree” =0andq=a,e,+a,€ +a,e,+a,e, , q'=a, e, +a,e +a,e, +a,e,are the real quaternion
division algebras. The set of all semi-octonions is denoted by Os. A semi-octonion X can be decomposed
in terms of its scalar (S, ) and vector (V) parts as

Sx:aOeO' \7Xzaie1+a‘2e2+a3e3+a4e4+a5e5+a6e6+a7e7'

Multiplication of two semi-octonions can be described by a matrix-vector product as

a, - -a, -a;, 0 0 0 0 ||h
a a -3 @ 0 0 0 0|hb
a, a a -a 0 0 0 0 b
a, -a, & a 0 0 0 0 |b
X. = )
8 & 3 & 8 - & & b4
a —a, 7 T8 & & & & bs
8 —a, -8, & & -8 & & |b
& & —& - & a - & | _b7_

where X, w € Os.

Semi-octonions multiplication is not associative, since

el(ez e4):e1eﬁ =-€,
(elez)e4 =66, =€;.

But it has the property of alternativity, that is, any two elements in it generate an associative subalgebra
isomorphic to R, C, C° H, Hs, H°.
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g,and e (1<i<3) generate a subalgebra isomorphic to C (complex numbers).
e, and e, (4 <i<7) generate a subalgebra isomorphic to C° (dual numbers).
Subalgebra with bases e, €, €,, €;is isomorphic to H, and the subalgebra with bases e, e, e,, e is

isomorphic to Hs (semi-quaternions, see [5]).
Subalgebra with bases e, e,, e, €;is isomorphic to H® (quasi-quaternions, see [2]).

Corollary 1. Os is a non-commutative non-associative algebra which is isomorphic to the subalgebra of
the algebra C° ® O [6].

3. SOME PROPERTIES OF SEMI-OCTONIONS

7
1) The conjugate of semi-octonionx = a, e, + > a, € =S, +V, is
i=1

7
&—>.86=S-V,.
i=1
Conjugate of product of two semi-octonions and its own are described as
Xy=YX, X=X
X+ X -X

It is clear the scalar and vector parts of x is denoted by S = Tand V, =

2) Thenorm of xis

It satisfies the following property

If N, =1,then x s called a unit semi-octonion. We will use O} to denote the set of unit semi-octonions.

3) Theinverse of xwithN =0, is
1
-1

X" =—2X.
N

4) Every nonzero semi-octonion x=a, e, +a,€ +a,€, +a,€,+a, &, +a & +a & +a, e, can be written
in the polar form

X

x=,/Nx(cose+vT/sin0)

3 1/2
2#)
where cosg = % and sin@=~1=L_Z . The unit vector W is given by
N

q q
Example 1. The polar form of the semi-octonions X, _£+ 1 i i,_l, 2,1,1)is
—cosZ i, sin
% 4 T4
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and, :\/§+(%,_i 1 1201 is

J2'2
T . . 7T
X, = 2(cosg+w2 smg),

where

W1:(

1 dw 11
J’z[ff)an 2 52 1,2,0,1).

L5

E
It is clear that Nwl = N 1.

EA
I

Theorem 1. (De-Moivre's formula) Let x=,/Nx(cose+v”vsin 6) be a semi-octonion. Then for any
integer n;

X" = (,/NX )".(cosn 6+ wsinn &)

Proof: The proof will be by induction on n [3]. [

Example 2. Lety = \/§+(%, j_ ; -1,2,0,1) be a semi-octonion. Every power of this octonion is
2

found with the aid of Theorem 1. For example, 20-th and 83-th powers are
% = 2%(cos 20% +Wsin 20 E)

=22°(—;—”/2_ —2°[1+ \/'(f 5 %,—1,2,0,1)],

and
8 — 2%(c0s83 7 + wsin83%)
6 6
=2%(J3-W).
Theorem 2. De Moivre’s formula implies that there are uncountably many unit semi-octonion X
satisfying x" =1for n>3.
Proof: For every unit vector W, the unit semi-octonion

2r . . 2rx
X=CO0S—+W SIn—,
n n

is of order n. For n=1o0r n=2, the semi-octonion x is independent of W. [

Example 3. x = £+ (l,i,_i,_l, 2,1,1) is of order 8 and x = 1+1(1, 11, _z,z,i,i) is of order
2 2'\8 B 2 2 V22

6.

Theorem 3. [4] Let x =cos@+wWsin @ be a unit semi-octonion. The equation a" = x hasn roots, and
they are

2k . O+2krx
n

)+ wWsin( ), k=012,..,n-1

0+
a, = cos(
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Example 4. Let x = £+1(1, 21, o,i,—l, 0) = cos” +wsin Z be a unit semi-octonion. The cube
2 4 6 6

N7

7/6+ 2k
3

roots of the octonion x are

)+ wsin( ), k=012

Xk%:COS( 7z/6-;2k7r

For k=0, the first root is x5 —cos” +wsinZ —098+0.17w. and the second one for k=1 is

xf/3 = coslls—ngv“vsinB—” ——0.64+0.76w and third one is x5 :00521'5—8”+Wsin215—8” =-0.34-0.93w. Also, it

1 1 1

is easy to see that x2 +x2 + x3 =0.

The relation between the powers of semi-octonions can be found in the following Theorem.

Theorem 5. Let X be a unit semi-octonion with the polar form x =cos@+usiné. If p :%ﬂ eZ' {1},

then x" =x™ if and only if n=m (mod p).
Proof: Let n=m(mod p). Then we have n=ap+m, where aeZ

X" =cosnd +0sinnd

=cos(ap+m)@d-+usin(ap+m)é
2 . 2
= cos(a% +m)é+ Usm(a?” +m)é
=cos(m@ +a2x)+0sin(mé +a2r)
=cosmé + i sinmé
=x".
Now suppose x" =cosn@+dsinng and x™ =cosmé + i sin mé.

If X" =x" then we getcosnd = cosm@ andsin nd =sin mg, which means

ng=mé+2rza, ac”

Thusn:m+2la or n=m(mod p). u
0
Example 5. Letx = QJF (E'L , —i,—l, 2,1,1) be a unit semi-octonion. From Theorem 5, p = 2r _ 8,
2 2'8" s nl4
so we have
x=x"=x"=
X2 — XlO — X18 —
X3 — Xll — X19 —
oxox®_ 1
e —x®—x?* - -1
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4. RESULTS
4.1. 8X 8 Real Matrix Representations of Semi-Octonions

We introduce the R-linear transformation representing left and right multiplication in Os and look for
also the De-Moivre's formula for corresponding matrix representations.
Letx=q+q'e, be a semi-octonion and L, : Os—Osand R, :Os—0Os are defined as follows:
L (w)=x0w, R (®)=wX, @ e Os
The transformations L and R are, respectively, defined as

(a, -, -a, -a, 0 0 0 O
a a -a a 0 0 0 0
a, a a -a 0 O 0 0
a, -a, a a 0 O 0 0
P(x) = , 60
a, as a a, Q@ —a - -4
& -8, & -8 a 3§ 8 —8
3 —& -3, a & - 3 @
_a7 a -2 -4, g a, —a a, |
and
la, -, -a, -a, 0 0 0 0|
a a 4a -a 0 O 0 0
a, -a, a a 0 O 0 0
a, - 0 O 0 0
T D , 2)
a - % - -4 -3, —§4
5 a, —a; a a a, —a a,
as a, a, as a, a3 ao —q
a, —& a; a, a; -4 a a, |
or equality
H 0 H 0
(p(x):ﬂ @ ] W(X){*(q) 7 } @
H(@)K H(a) H(@) H@)

where |ﬁ| H are Hamilton operators and K =diag(1,-1-1-1).
(See [4] for Hamilton operators in R%)
Using the definitions of ¢(x) andy (x), the multiplication of the two semi-octonions x,e is given by

Xw=p(X)w, ox=y(X)w

Theorem 6. Let x,@ e Osand 1R be given. Then
1. x=0<o(X)=p(0)=p(X) =y (w)
2. p(x+a)=p(X)+p(@), y(x+a)=y(X)+y(w)
3. p(Ax)=2p(x), w(Ax) = Ay (X)
4 o) =[pM] . v =[r]
5. tro(x)=8a,, try(x) =8a,

Proof: Follows from a direct verification. ]
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Theorem 7. Let xe Os be given. Then

XE,=E,p(x), and Ex=p(X)E,
where E;=[e, e .. &] E;=[¢e, —& .. —&].
Proof: Follows from a direct verification. n

Theorem 8. Let xe Os be given. Then
det p(x) = det w(x) =(N,)*.
Proof: Write x=q+q'e. Then we easily find by Eq. (3) and Theorem1 of Ref. [1], that

¥ 0 + - + -

detp()=| @ O |- det[Fi (g) H (a)] = det F (g).det i (q) = (N, )2.(N,)? = (N,)*
H@)K A
a@ o o -

detyx)=| @O |_det[i(q) H(@)] = det F (q).det H (@) = (N,)2.(N,)? = (N,)".
M) A

Theorem 9. Let x be a unit semi-octonion. Matrix generated by operator L is a quasi-orthogonal
matrix, i.e.

p() e[pM] =[p(X)] cp(x) =¢,

det p(x)=1, Wwhere ¢= 0 .
00

Example 6. Let x — ‘/§+1(1, J21 O,L,—l,l) —cos” +vusin ” be a unit semi-octonion. The matrix
4 2 6 6

2 2
corresponding to this semi-octonion is
3 1 1 1
% 2 "B i 0 0 0 0
1 3 11
" % i 2% 0 0 0 0
EETR. RER 0 0 0 0
22 4 2 4
11108 0 0 0 0
()= 4 22 4 2
o L 1 1 3 1 1 1
a2 4 4 2 4 22 4
EE E O N S O
NP 4 4 4 2 4 242
11, 111 31
4 4 a2 242 4 2 4
L S W S S
4 4 42 4 222 4 2 |

o(x) Is a quasi-orthogonal matrix.

Let X be a unit semi-octonion with the polar form x =cos@+wsin &. The polar form of matrix (1) is
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[ cos@
w, sin@
w, sin @
w; sin &
w, sin @
w; sin @
w; sin @

| W, sing

—-w,siné
cosé
W, sin @
-w, siné@
W sin @
-w, sing
—-W, siné@
W, Sin 6

-w,singd —w,sind 0
-W,sing  w,siné 0
cosé  —w;sind 0
w, sin@ coséd 0
w,sing  w,sing  cosé
w,sin@  —wgsingd w;siné
-w,sing wsingd w,sing
-w,sin@ -w,sin@ w,sind

0 0 0 |
0 0 0
0 0 0
0 0 0
-w,sing —w,singd —w,siné
cosé w,singd  —w,siné
-W,sing  cosé w, sin @
w,sing -wsing  cos@ |

Theorem 10. (De Moivre's formula for matrices of semi-octonions) For an integer n and matrix

[ cos® -wsing -w,sind -w,sind 0 0 0 0
w;sind  cosd  -w,sind w,sind 0 0 0 0
w,sing  w,siné cosd  —w;sind 0 0 0 0
Ao w,singd —w,sing w,siné@ cosé 0 0 0 0 | @
w,sind wgsind  w,sind w,sind cosd -wsind -w,sind -w,sind
w,sind -w,sin@ w,sind —wgsind w,sind  cosé w,sind  —w,sinéd
w,sing —-w,sin@ -w,sing w.sind w,sin@ -w,sind  coséd w, sin @
|W,sing  wgsing  —wgsing  —w,sind wsingd w,sing -w;sind  cos@ |
n -th power of the matrix A reads as
[ cosn@ —wsinnd -w,sinnd -w,sinnd 0 0 0 0 ]
w;sinng  cosnd  —w,sinnd  w,sinné 0 0 0 0
w,sinng  w,sinnéd cosnd  —w;sinnéd 0 0 0 0
A= w,sinngd  —w,sinnd  w,sinn@ cosnéd 0 0 0 0
w,sinng  wsinn@  w,sinnd w,sinng  cosnd —w,sinnd —w,sinngd —w,sinnd
w;sinnd —w,sinnd w,sinnd —w,sinnd w,sinnd  cosné w;sinng  —w,sinné
wgsinng —w,sinnd —w,sinnd w,sinnd w,sinnd -w,sinnd  cosnéd w, sinné
W, sinngd  wgsinnd  —wgsinng —w,sinnd w;sinnd w,sinnd -w;sinnd  cosnd |
Proof: The proof is easily followed by induction on n. [
ﬁ L1

Example 7. Let x = -1,2,1,1) = COSZ-HNSInZ be a unit semi-octonion. The matrix

2\/_\/_

corresponding to thls semi-octonion is
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o o o
o o o
o o o
o o o

S ) yfw
1_72 ﬁT/_ 1_7_%
_ﬁT/_ — | liroW

17_% 17__% — | _gﬂiZ_
1_7_% 17__%_@72 1__,2
RGP R EY

o F?V;Z — | 1;_% l_i_goW
1 Al s

— | N —
— — — N
I — N —
- ~ - —

every power of this matrix with the aid of Theorem 10 is found to be expressible similarly, for example,

52-th and 135-th powers are

o

o

o

0

12 e e
1;_% l?o%ﬁT/. |
o PN ﬁ72 1_7_% 1_7_%

0

fee)
o~ AN @©
I | _J

(e ] 0
e TP T T |
| |

o0
alg R igla N
|

-1
1

N FmW_T/_ 1;_50% 1?0% o A — A

e 0]
S o IS e
|

n/__ — —

0
3
<<
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Theorem 11. De Moivre's formula implies that there are uncountably many matrices of the unit
octonions A satisfying A" = Is for every integer n > 3.
Proof: The proof is similar proof of Theorem 2.

4.2. Euler’s Formula for Matrices Associated with Semi-Octonions

Let

[0 -w, -w, ~w;, 0 0O O 0]

w 0 -w, w, 0 O 0 0

W, W, 0O -w 0 O 0 0

W W, ow 0 0 O 0 0
W= w, w2 w2 w, 0 -w o-w, -w|

w, -w, w, -w, w2 0w, —w,

W, -w, -w, w, w, -w, 0 w
(W, Wy W W, ow, W, w0

be a real matrix. One immediately finds w? = —1,. We have a natural generalization of Euler's formula
for matrixW ;

we) (we) (we)'
(woy'  (we)  (wo)

e =1, +Wo+ +...
! 3! 41

0> 04 0 & ,

_I8(1_§+Z_-.l)+W(9_§+a_'.')

=l;cosd+W.sind

4.3. n-th Roots of Matrices of Semi-Octonions

For k =0, the first root is

108

Let x=cos@+wsing be a unit semi-octonion. The matrix associated with this semi-octonion x is of

the form (1).

The equation x" = A has n roots, and they are as follows
cos 2T wsin@ 2, sin@ AT sin 2T 0 0 0 0
wsin(ZEEE) g CHBEY -y gin(TEEE) -y i @2, 0 0 0 0
w, sin( 22K w3sin(9+:k”) cos(ngjkﬂ) —wlsin(imjkﬂ) 0 0 0 0

R wzsin(L:k”) —Wzsin(mjkﬂ) Wlsin(9+jk”) cos(i‘g*nz"”) 0 0 0 0

A= . 0+2kr . 0+2kr . 0+2kr . 0+2kr 0+ 2k . 0+2kr . O0+2kr . 0+2kr
w, sin( . ) wgsin( p ) wgsin( p ) w,sin( p ) cos( p ) —w,sin( N )—wzsm(T) —Wasm(T)
Wﬁin(%) —stin(ngjkﬂ) W7sin(9+§kﬂ) —wesin(e+2k”) Wlsin(9+r12k”) cos(e+§k”) Wﬁ”‘(%) —wzsin(w)
Wssin(asz) 7W7sin(0+§k7r) 7W45in(0+§k7r) Wssin(¢9+:k7r) wzsin(‘9+§k”) 7W35in(0+:k7r) cos(6+§k7r) Wlsin(m;kn)
W7sin(‘9+r12k”) wssin(e*nZk”) 7W55in(6+jk7r) 7W48in(9+:k7r) Wgsin(9+§k”) wzsin(mjk”) WSm(m:kﬂ) Cos(9+r12k7r)




Jafari / Anadolu Univ. J. of Sci. and Tech. B — Theoretical Sci. 4 (2) - 2016

4 .0 .0 .0 i
cos— —wsin— -w,sin— -w,sin— 0 0 0 0
n n n n
.0 0 .0 .0
w;sin—  cos—  -W,sin— w,sin— 0 0 0 0
n n n n
.0 .0 0 .0
W, sin—  w,sin— cos—  —w,sin— 0 0 0 0
n n n n
.0 .0 .0 0
1| Wsin—  —w,sin—  w,sin— Cos— 0 0 0 0
A = n n n n
. 0 . 0 .0 .0 0 .0 .0 .0
w,sin— wgsin—  wgsin— w,sin— cos— -wsin— -w,sin— -w,sin—
n n n n n n n n
. - - .0 .0 0 .0 .0
w,sin— -w,sin— w,sin— -wsin— wsin—  cos— w,sin—  —w,sin—
n n n n n n n n
. - . .0 .0 .0 0 .0
w,sin— —-w,sin— -w,sin— w,sin— w,sin— -w,sin—  cos— w, sin—
n n n n n n n n
. .0 .0 .0 .0 . 0 .0 0
w,sin—  wgsin— —w,sin— -w,sin— w,sin— w,sin— -w;sin—  cos—
L n n n n n n n n

Similarly, for k =n-1, we obtain the n-th root.
4.4 Relations Between Powers of Matrices

Some relations between the powers of matrices associated with a real octonion is sketched in the
following theorem.

Teorem 12. Let x be a unit semi-octonion with the polar form x =cos@+using. And let

2
eZ"-{I
P=" —{3

and the matrix A correspond to x. Then n=m(mod p) is true if and only if A" = A",
Proof: The proof is similar proof of Theorem 5.

Example 8. Let x= */_ */_ \/_

-, —,~—,1,2,-11) =cos 23 +Wsm?be a unit semi-octonion. The

matrix corresponding to thls seml—octonlon is

_1 _ﬁ _ﬁ _ﬁ 0 0 0 0
2 4 4 4
ﬁ 1 _ﬁ ﬁ 0 0 0 0
4 2 4 4
ﬁ @ _1 _ﬁ 0 0 0 0
4 4 2 4
NI o 0
Al 4 4 4 2
1 2 -1 1 _1 _ﬁ _ﬁ _ﬁ
2 4 4 4
2 -1 1 1 ﬁ _1 @ _ﬁ
4 2 4 4
404 a4 o B 1B
4 4 2 4
R T T R RN AR
4 4 4 J

The square roots of the matrix A are:

i. The first root for k =0 is
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1B BB,
2 4 4 4
BB
4 2 4 4
N
4 4 2 4
. o BB
p| 4 4 42
1 2 a4 1 L B Bk
2 4 4 4
2 a4 1 1 ¥ 1 B
4 2 4 4
4 a4 a4 o, W 1 B
4 4 2 4
1 a1 2 4 Y6 B 1
L 4 4 4 2 ]

il. and the second one for k=1 is

1 6 BB 0 0 0 0
= 4 4 4 2
-1 -2 1 -1 _1 ﬁ ﬁ ﬁ
2 4 4 4
b 1 a4 a4 B 1 B
4 2 4 4
1 1 1 -2 RERE R )
4 4 2 4
-1 1 2 1 _ﬁ _ﬁ ﬁ _1
L 4 4 4 2 |
1 1
See appendix for more clarification. Also, it is easy to see that A2 + A? =0.
From the Theorem 12, with p = 27 _ 3 we get
s
3
A=A =A"=A"=
A =N =A=A"=
A=A=A=A%=.=1,
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APPENDIX

In example 8, the square roots of the matrix A can be calculated as follows:

COS(2k7r+22ﬂ/3) _Wlsin(ZklerZZH/S) _Wzsin(ZkﬂJrZir/S) _Wasin(2k7r+227r/3) 0 0 0 0
W,Sin(Zk” +227r/3) COS(ZK” +227z/3) -, Sin(Zk/r+227r/3> w, Sin(zk” +227r/3) 0 0 0 0
Wzsin(2k7r+22/r/3) Wzsin(2k7r+227z/3) cos(Zkﬂ+227z/3) —Wlsin(Zkﬂ+22”/3) 0 0 0 0
Wgsin(zkiz+227r/3) 7W25in(2k”+22”/3) Wlsin(zkir+2271/3) Cos(Zkﬂ+227zl3) 0 0 0 0
- . 2kw+2713 . 2kz+2713 . 2kz+2713 . 2kz+2713 2k +2713 . 2kz+2713 . 2kr+2713 . 2km+2713
w, sin( 2 ) wsin( 2 ) wgsin( 2 ) w,sin( 2 ) cos( 2 ) —w;sin( 2 ) —w,sin( ) —w;sin( 2 )
. 2kz+2713 . 2kw+2713 . 2kz+2713 . 2kw+2713 . 2kw+2713 2k +2713 . 2kz+2713 . 2kz+2713
- - - ]
W sin 2 ) —w,sin( 2 ) w;sin( 2 ) —wgsin( 2 ) wsin( ) cos( 2 ) w, sin( 2 ) w, sin( )
. 2kr+2713 . 2kw+2713 . 2kw+2713 . 2kw+2713 . 2kz+2713 . 2kz+2713 2k +2713 . 2kw+2713
W sin( 2 ) —Ww, sin( 2 ) —w,sin( ) wgsin( 2 ) w,sin( ) —w,sin( ) cos( 2 ) wlsln(f)
. 2kw+2713 . 2kr+27m13 . 2kr+2713 . 2kw+2713 . 2km+2713 . 2kr+2713 . 2kw+2713 2k +2713
w, sin( ) w,sin( ) —wgsin( ) —w,sin( ) w;sin( ) w,sin( ) —w;sin( ) cos( )
L 2 2 2 2 2 2 2
If k=0,then
[ 4 T . T T i
cos— —wsin— -w,sin— -w,sin— 0 0 0 0
3 3 3 3
. T T . . T
wlsm§ cosg —wssmg WZSII’IE 0 0 0 0
. T . T T . T
WZSIHE w35|n§ cosg fwlsmg 0 0 0 0
. T . T . T T
1 W3SIn§ —W, smg wlsmg cosg 0 0 0 0
3
Ab . T . T . T . T T . T . T . T '
A smg Wssm§ Wy smg W, smg COSg —Wls|n§ -W, smg —W35|n§
. T . T . T . T . T VA . T . T
Wy smg —W4SII’I§ W, smg —W, SII’]E WISIHE COSE Wgslng —W, smE
. T . T . T . T T . T T . T
Wy SII’IE —-W, smg —w4sm§ WSSIHE W, smg —W35In§ COSE wlsmg
. T . T . T . T . T . T . T T
W, smg W smg —W; SII’]E —W4SII'1§ W3SII’]§ W, sm; —wlsm§ COSE
If k=1, then
i Az . Ar . Arx . Arx i
cos? —wlsm? —wzsm? —wasm? 0 0 0 0
. 4rx 4z . Ar . 4r
wlsm? cos? —wgsln? wzsm? 0 0 0 0
. 4r . 4rx 4z . 4rx
wzsm? Wssln? cos? —Wlsln? 0 0 0 0
. Ar . Ar . Ar A
1 [ Wesin—  —w,sin—  w;sin— Cos— 0 0 0 0
: 3 3 3
A . 4r . 4rx . 4rx . 4rx 4r 4 4 . 4r
W4SIY‘I? W; SIn— Wssln? W, sm? COS? —Wlsln? -W, sm? =W, SIN —
. Ar . Ar . Ar . Ar . Ar 4r . Ar . Ar
WSSIH? —W, sin— W7SIFI? —WGSII’]? Wlsm? cos? w,sin—  —w,sin—
. Ar . Ar . 4rx . Ar . Ar . 4rx 4z . Ar
W sm? —W, sin— —WASII‘I? Wy sm? A sm? —WSSII’]? COS? WISIH?
. 4rx . . Ar . Ax . Ax . Ar . Ar 4z
W, siIn—  WgSIn—— —-W;SIn— —-W,SIn— W,SIN—  W,SIn— —W,SIn— COs—
L 3 3 3 3 3 3 3
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