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Abstract
In this paper, we state some geometric properties of conformal quasi-hemi-slant Riemannian maps from
almost Hermitian manifolds to Riemannian manifolds. We give necessary and sufficient conditions for certain
distributions to be integrable and get examples. For such distributions, we examine which conditions define
totally geodesic foliations on base manifold. In addition, we apply notion of pluriharmonicity to get some relations
between horizontally homothetic maps and conformal quasi-hemi-slant Riemannian maps.
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1. Introduction
The theory of Riemannian submersions between Riemannian manifolds was initially studied by O’Neill [17] and Gray [10].
Particularly, the concept of Riemannian submersions [7] and isometric immersions [6] were studied by Falcitelli and Chen.
Then, Riemannian submersions were studied in various types as an anti-invariant, a semi-invariant, a slant, a hemi-slant, etc
[13, 25]. Submersions between almost Hermitian manifolds expanded to almost Hermitian submersions [30]. Then, this
concept was generalized to the notion of Riemannian map by Fischer [8]. Riemannian maps between Riemannian manifolds
are generalization of isometric immersions and Riemannian submersions. Riemannian submersions have many application. Let
Φ : (M1,g1)−→ (M2,g2) be a smooth map between Riemannian manifolds such that 0 < rankΦ < min{dim(M1),dim(M2)}.
Then the tangent bundle T M1 of M1 has the following decomposition:

T M1 = kerΦ∗⊕ (kerΦ∗)
⊥.

Since rankΦ < min{dim(M1),dim(M2)}, always we have (rangeΦ∗)
⊥. In this way, tangent bundle T M2 of M2 has the

following decomposition:

T M2 = (rangeΦ∗)⊕ (rangeΦ∗)
⊥.

A smooth map Φ : (Mm
1 ,g1)−→ (Mm

2 ,g2) is called Riemannian map at p1 ∈M1 if the horizontal restriction Φh
∗p1

: (kerΦ∗p1)
⊥−→

(rangeΦ∗) is a linear isometry. Hence, a Riemannian map satisfies the equation

g1(Z1,Z2) = g2(Φ∗(Z1),Φ∗(Z2)) (1.1)

for Z1,Z2 ∈ Γ((kerΦ∗)
⊥). So that isometric immersions and Riemannian submersions are particular Riemannian maps,

respectively, with kerΦ∗ = {0} and (rangeΦ∗)
⊥ = {0} [7]. An important application field of Riemannian maps is the eikonal

equation. It acts as a bridge between geometric optics and physical optics. Also, Riemannian maps and their applications
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studied by Garcia-Rio and Kupeli in semi-Riemannian geometry [9]. Recently, some optimal inequalities for Riemannian maps
from Riemannian manifolds onto space forms were established in [12].

Moreover, Şahin introduced any other types of Riemannian maps [20, 21, 22, 23], see also [18, 19]. In further studies,
in particular Akyol, Şahin and Yanan searched this type submersions [1, 2, 3, 4, 31] and Riemannian maps [26, 27, 32, 35]
under conformality case, see also [11]. All these studies have many applications as texture mapping, remeshing and simulation
[14], computer graphics and medical imaging fields [28], brain mapping research [29]. For a comprehensive study in which
these issues are introduced and their applications are given, see [25]. We say that Φ : (Mm,gM)−→ (Nn,gN) is a conformal
Riemannian map at p ∈M if 0 < rankΦ∗p ≤ min{m,n} and Φ∗p maps the horizontal space (ker(Φ∗p)

⊥) conformally onto
range(Φ∗p), i.e., there exist a number λ 2(p) 6= 0 such that

gN(Φ∗p(Z1),Φ∗p(Z2)) = λ
2(p)gM(Z1,Z2) (1.2)

for Z1,Z2 ∈ Γ((ker(Φ∗p)
⊥). Also Φ is called conformal Riemannian if Φ is conformal Riemannian at each p ∈M [24].

An even-dimensional Riemannian manifold (M,gM,J) is called an almost Hermitian manifold if there exists a tensor field J
of type (1,1) on M such that J2 =−I where I denotes the identity transformation of T M and

gM(E,F) = gM(JE,JF),∀E,F ∈ Γ(T M). (1.3)

Let (M,gM,J) is an almost Hermitian manifold and its Levi-Civita connection is ∇ with respect to gM . If J is parallel with
respect to ∇, i.e.

(∇EJ)F = 0, (1.4)

we say M is a Kaehler manifold [36].
Therefore, in section 2, we present necessary background concepts to be used in this paper. In section 3, we study

conformal quasi-hemi-slant Riemannian maps from almost Hermitian manifolds to Riemannian manifolds. We introduce some
properties as integrability conditions and totally geodesic foliation defining of distributions. In section 4, we use the concept of
pluriharmonicity to introduce relations between horizontally homothetic maps and conformal quasi-hemi-slant Riemannian
maps.

2. Preliminaries
In this section, we give several definitions and results to be used throughout the study for conformal quasi-hemi-slant Riemannian
maps. Let Φ : (M,gM )−→ (N,gN ) be a smooth map between Riemannian manifolds. The second fundamental form of Φ is
defined by

(∇Φ∗)(E,F) =
N

∇
Φ
E Φ∗(F)−Φ∗(

M
∇EF) (2.1)

for E,F ∈ Γ(T M). The second fundamental form ∇Φ∗ is symmetric [15].
Then we define O’Neill’s tensor fields T and A for Riemannian submersions as

AEF = h
M
∇hEvF + v

M
∇hEhF, (2.2)

TEF = h
M
∇vEvF + v

M
∇vEhF (2.3)

for E,F ∈ Γ(T M) with the Levi-Civita connection
M
∇ of gM [17]. For any E ∈ Γ(T M), TE and AE are skew-symmetric

operators on (Γ(T M),g) reversing the horizontal and the vertical distributions. Also, T is vertical, TE = TvE , and A is
horizontal, AE = AhE . Note that the tensor field T is symmetric on the vertical distribution [17]. Additionally, from (2.2) and
(2.3) we have

M
∇ξ1

ξ2 = Tξ1
ξ2 + ∇̂ξ1

ξ2, (2.4)
M
∇ξ1

Z1 = h
M
∇ξ1

Z1 +Tξ1
Z1, (2.5)

M
∇Z1ξ1 = AZ1ξ1 + v

M
∇Z1ξ1, (2.6)

M
∇Z1Z2 = h

M
∇Z1Z2 +AZ1Z2 (2.7)
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for Z1,Z2 ∈ Γ((ker Φ∗)
⊥) and ξ1,ξ2 ∈ Γ(kerΦ∗), where ∇̂ξ1

ξ2 = v
M
∇ξ1

ξ2 [7].
If a vector field Z on M is related to a vector field Z

′
on N, we say Z is a projectable vector field. If Z is both a horizontal

and a projectable vector field, we say Z is a basic vector field on M. From now on, when we mention a horizontal vector field,
we always consider a basic vector field [5].

On the other hand, let Φ : (Mm,gM )−→ (Nn,gN ) be a conformal Riemannian map between Riemannian manifolds. Then,
we have

(∇Φ∗)(Z1,Z2) |rangeΦ∗= Z1(lnλ )Φ∗(Z2)+Z2(lnλ )Φ∗(Z1)−gM(Z1,Z2)Φ∗(grad(lnλ )), (2.8)

where Z1,Z2 ∈ Γ((kerΦ∗)
⊥). Hence from (2.8), we obtain

N
∇Φ

Z1
Φ∗(Z2) as

N

∇
Φ
Z1

Φ∗(Z2) = Φ∗(h
M
∇Z1Z2)+Z1(lnλ )Φ∗(Z2)+Z2(lnλ )Φ∗(Z1)

− gM(Z1,Z2)Φ∗(grad(lnλ ))+(∇Φ∗)
⊥(Z1,Z2), (2.9)

where (∇Φ∗)
⊥(Z1,Z2) is the component of (∇Φ∗)(Z1,Z2) on (rangeΦ∗)

⊥ for Z1,Z2 ∈ Γ((kerΦ∗)
⊥) [26, 27].

Lastly, a map Φ from a complex manifold (M,gM,J) to a Riemannian manifold (N,gN) is a pluriharmonic map if Φ satisfies
the following equation

(∇Φ∗)(E,F)+(∇Φ∗)(JE,JF) = 0 (2.10)

for E,F ∈ Γ(T M) [16].

3. Conformal quasi-hemi-slant Riemannian map
We give definition of conformal quasi-hemi-slant Riemannian maps from almost Hermitian manifolds to Riemannian manifolds.
In the rest of this paper, we take (M,gM ,J) as a Kaehler manifold.

Definition 3.1. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal Riemannian map such that its vertical distribution kerΦ∗ admits
three orthogonal distributions D, Dθ and D⊥ which are invariant, slant and anti-invariant distributions, respectively, i.e.

kerΦ∗ = D⊕Dθ ⊕D⊥. (3.1)

Then, we say Φ is a conformal quasi-hemi-slant Riemannian map and the angle θ is called the quasi-hemi-slant angle of the
map.

Here, we say that;

i) Φ is a conformal hemi-slant Riemannian map [33] if D = {0}.

ii) Φ is a conformal semi-invariant Riemannian map [27] if Dθ = {0}.

iii) Φ is a conformal semi-slant Riemannian map [34] if D⊥ = {0}.

Therefore, conformal quasi-hemi-slant Riemannian maps are generalization of conformal hemi-slant Riemannian maps,
conformal semi-invariant Riemannian maps and conformal semi-slant Riemannian maps. Hence, all these maps provide
examples to conformal quasi-hemi-slant Riemannian maps.

We say that conformal quasi-hemi-slant Riemannian map Φ is a proper conformal quasi-hemi-slant Riemannian map if the
invariant distribution D 6= {0}, the anti-invariant distribution D⊥ 6= {0} and the slant angle θ 6= 0, π

2 . Now, we give an explicit
example to proper condition.

Example 3.2. Define a map by Φ : R8 −→ R5 by

Φ(x1,x2,x3,x4,x5,x6,x7,x8)−→ (x1 + x2,x3− x5,
√

2x4,b,c)

with b,c ∈ R. We get the horizontal distribution

(kerΦ∗)
⊥ = {Z1 =

∂

∂x1
+

∂

∂x2
,Z2 =

∂

∂x3
− ∂

∂x5
,Z3 =

√
2(

∂

∂x4
)}
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and the vertical distribution

kerΦ∗ = {ξ1 =
∂

∂x1
− ∂

∂x2
,ξ2 =

∂

∂x3
+

∂

∂x5
,ξ3 =

∂

∂x6
,ξ4 =

∂

∂x7
,ξ5 =

∂

∂x8
},

respectively. By the complex structure J of R8 such that J = (−a2,a1,−a4,a3,−a6,a5,−a8,a7), we have

Jξ1 = Z1, Jξ2 =
1√
2

Z3 +ξ3, Jξ3 =
1
2

Z2−
1
2

ξ2, Jξ4 = ξ5, Jξ5 =−ξ4.

Hence, we obtain the distributions as D = sp{ξ4,ξ5}, Dθ = sp{ξ2,ξ3} and D⊥ = sp{ξ1}. Therefore, Φ is a proper conformal
quasi-hemi-slant Riemannian map with λ =

√
2 and the slant angle θ = π

4 .

Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. Then we have

T M = kerΦ∗⊕ (kerΦ∗)
⊥. (3.2)

A vertical vector field ξ can be written as

ξ = P̃ξ + Q̃ξ + R̃ξ (3.3)

where P̃, Q̃ and R̃ are projections to D, Dθ and D⊥, respectively. We get

Jξ = φξ +ψξ (3.4)

where φξ ∈ Γ(kerΦ∗) and ψξ ∈ Γ((kerΦ∗)
⊥). We obtain ψP̃ξ = 0, φ R̃ξ = 0 and

Jξ = φ P̃ξ +φ Q̃ξ +ψQ̃ξ +ψR̃ξ (3.5)

from (3.3) and (3.4). So, we can write

J(kerΦ∗) = D⊕φDθ ⊕ψDθ ⊕ J(D⊥). (3.6)

From (3.6), we have

(kerΦ∗)
⊥ = ψDθ ⊕ J(D⊥)⊕µ (3.7)

where µ is the orthogonal complement distributions of ψDθ ⊕ J(D⊥) in (kerΦ∗)
⊥ and µ is the invariant with respect to J. At

last, for Z ∈ Γ((kerΦ∗)
⊥), we have

JZ = BZ +CZ (3.8)

where BZ ∈ Γ(ψDθ ⊕ J(D⊥)) and CZ ∈ Γ(µ).
Here that easily we obtain from (3.1) - (3.7);

φDθ = Dθ , φD⊥ = {0}, BψDθ = Dθ , BψD⊥ = D⊥, ψD = {0}, (3.9)

φ
2 +Bψ =−I, ψφ +Cψ = 0, ψB+C2 = I, φB+BC = 0. (3.10)

Following theorem has same proof with hemi-slant submanifolds as hemi-slant Riemannian maps; see Theorem 3.6. of
[23].

Theorem 3.3. Let Φ be a conformal Riemannian map from an almost Hermitian manifold (M,gM,J) to a Riemannian manifold
(N,gN). Then Φ is a conformal quasi-hemi-slant Riemannian map if and only if there exists a constant λ ∈ [0,1] and a
distribution D on kerΦ∗ such that

i) D = {ξ ∈ Γ(kerΦ∗)|φ 2ξ = λξ},

ii) for any ξ ∈ Γ(kerΦ∗) orthogonal to D , we have φξ = 0.

Further, we have λ =−cos2 θ where θ is the slant angle of Φ.
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Hence, we have followings from Theorem 3.3.

gM(φV1,φV2) = cos2
θgM(V1,V2), (3.11)

gM(ψV1,ψV2) = sin2
θgM(V1,V2) (3.12)

for any V1,V2 ∈ Γ(Dθ ).
Recall that always the vertical distribution kerΦ∗ is integrable [25]. Now, we give integrability conditions for certain

distributions on total manifolds.

Theorem 3.4. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. Then, the invariant distribution
D is integrable if and only if

∇̂U1JU2− ∇̂U2JU1 ∈ Γ(D⊕D⊥),

φTU1−U2ψξ ∈ Γ(Dθ ⊕D⊥)

for U1,U2 ∈ Γ(D) and ξ ∈ Γ(Dθ ⊕D⊥).

Proof. Since T is skew-symmetric and from equations (1.4), (2.4), (3.4), we get

gM (
M
∇U1U2,ξ ) = gM (∇̂U1JU2,φξ )+gM (φTU1ψξ ,U2) (3.13)

for U1,U2 ∈ Γ(D) and ξ ∈ Γ(Dθ ⊕D⊥). Now, changing the roles of U1 and U2, we obtain

gM ([U1,U2],ξ ) = gM (∇̂U1JU2− ∇̂U2JU1,φξ )+gM (φTU1ψξ ,U2)−gM (φTU2ψξ ,U1). (3.14)

The proof is complete from equation (3.14).

Theorem 3.5. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. Then, the slant distribution
Dθ is integrable if and only if

λ
2gM (h

M
∇V1ψV2−h

M
∇V2ψV1,ψR̃ξ ) = gN ((∇Φ∗)(V1−V2, P̃ξ ),Φ∗(ψφV2))+gN ((∇Φ∗)(V1,φV2),Φ∗(ψR̃ξ ))

− gN ((∇Φ∗)(V2,φV1),Φ∗(ψR̃ξ ))+gN ((∇Φ∗)(V2,JP̃ξ ),Φ∗(ψV1))

− gN ((∇Φ∗)(V1,JP̃ξ ),Φ∗(ψV2))

for V1,V2 ∈ Γ(Dθ ) and ξ ∈ Γ(D⊕D⊥).

Proof. Now, from equations (2.4), (2.5), (3.3) and (3.5), we have

gM (
M
∇V1V2,ξ ) = gM (

M
∇V1φV2,JP̃ξ )+gM (

M
∇V1φV2,ψR̃ξ )+gM (TV1ψV2 +h

M
∇V1ψV2,JP̃ξ +ψR̃ξ )

= −gM (
M
∇V1JφV2, P̃ξ )+gM (TV1φV2,ψR̃ξ )+gM (TV1ψV2,JP̃ξ )+gM (h

M
∇V1ψV2,ψR̃ξ )

for V1,V2 ∈ Γ(Dθ ) and ξ ∈ Γ(D⊕D⊥). Since T is skew-symmetric and from (1.2), (2.1), Theorem 1., we have

gM (
M
∇V1V2,ξ ) = −gM (

M
∇V1φ

2V2, P̃ξ )−gM (
M
∇V1ψφV2, P̃ξ )

− 1
λ 2 gN ((∇Φ∗)(V1,φV2),Φ∗(ψR̃ξ ))−gM (TV1JP̃ξ ,ψV2)+gM (h

M
∇V1ψV2,ψR̃ξ )

= cos2
θgM (

M
∇V1V2, P̃ξ )−gM (TV1ψφV2, P̃ξ )

− 1
λ 2 gN ((∇Φ∗)(V1,φV2),Φ∗(ψR̃ξ ))+

1
λ 2 gN ((∇Φ∗)(V1,JP̃ξ ),Φ∗(ψV2))+gM (h

M
∇V1ψV2,ψR̃ξ ).

Hence, we obtain

gM (
M
∇V1V2,ξ )− cos2

θgM (
M
∇V1V2, P̃ξ ) = gM (TV1 P̃ξ ,ψφV2)−

1
λ 2 gN ((∇Φ∗)(V1,φV2),Φ∗(ψR̃ξ ))

+
1

λ 2 gN ((∇Φ∗)(V1,JP̃ξ ),Φ∗(ψV2))+gM (h
M
∇V1ψV2,ψR̃ξ ). (3.15)
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In equation (3.15), if we change the roles of V1 and V2 we obtain

gM ([V1,V2],ξ )− cos2
θgM ([V1,V2], P̃ξ ) =

1
λ 2 gN ((∇Φ∗)(V2, P̃ξ ),Φ∗(ψφV2))−

1
λ 2 gN ((∇Φ∗)(V1, P̃ξ ),Φ∗(ψφV2))

+ gM (h
M
∇V1ψV2−h

M
∇V2ψV1,ψR̃ξ )+

1
λ 2 gN ((∇Φ∗)(V1,JP̃ξ ),Φ∗(ψV2))

− 1
λ 2 gN ((∇Φ∗)(V2,JP̃ξ ),Φ∗(ψV1))+

1
λ 2 gN ((∇Φ∗)(V2,φV1),Φ∗(ψR̃ξ ))

− 1
λ 2 gN ((∇Φ∗)(V1,φV2),Φ∗(ψR̃ξ )). (3.16)

Therefore, the proof is clear from (3.16).

Here, we know that integrability case of the anti-invariant distribution D⊥ is same with Theorem 3.8. in [23]. We have next
theorem for horizontal distribution.

Theorem 3.6. Let Φ : (M,gM ,J) −→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. Then, the horizontal
distribution (kerΦ∗)

⊥ is integrable if and only if

λ
2gM (v

M
∇Z2BZ1− v

M
∇Z1BZ2,φξ )

+λ
2{CZ2(lnλ )gM (Z1,ψξ )−CZ1(lnλ )gM (Z2,ψξ )+ψξ (lnλ )gM (Z2,CZ1)−ψξ (lnλ )gM (Z1,CZ2)}

= gN ((∇Φ∗)(Z2,BZ1)− (∇Φ∗)(Z1,BZ2),Φ∗(ψξ ))+gN ((∇Φ∗)(Z1,φξ ),Φ∗(CZ2))

−gN ((∇Φ∗)(Z2,φξ ),Φ∗(CZ1))+gN (
N

∇
Φ

Z1Φ∗(CZ2)−
N

∇
Φ

Z2Φ∗(CZ1),Φ∗(ψξ ))

for Z1,Z2 ∈ Γ((kerΦ∗)
⊥) and ξ ∈ Γ(kerΦ∗).

Proof. To show the horizontal distribution (kerΦ∗)
⊥ is integrable, we only search 0 = gM ([Z1,Z2],ξ ) for Z1,Z2 ∈ Γ((kerΦ∗)

⊥)
and ξ ∈ Γ(kerΦ∗). Since A is skew-symmetric and from definitions (1.2), (1.4), equations (2.6), (3.4), (3.7) we get

gM (
M
∇Z1Z2,ξ ) = gM (AZ1BZ2,ψξ )+gM (h

M
∇Z1CZ2,ψξ )+gM (v

M
∇Z1BZ2,φξ )−gM (AZ1φξ ,CZ2)

=
1

λ 2 gN (Φ∗(AZ1BZ2),Φ∗(ψξ ))+
1

λ 2 gN (Φ∗(h
M
∇Z1CZ2),Φ∗(ψξ ))

+ gM (v
M
∇Z1BZ2,φξ )− 1

λ 2 gN (Φ∗(AZ1φξ ),Φ∗(CZ2))

for Z1,Z2 ∈ Γ((kerΦ∗)
⊥) and ξ ∈ Γ(kerΦ∗). Using (2.1), (2.8) and (2.9), we have

gM (
M
∇Z1Z2,ξ ) = − 1

λ 2 gN ((∇Φ∗)(Z1,BZ2),Φ∗(ψξ ))+
1

λ 2 gN (Φ∗(h
M
∇Z1CZ2),Φ∗(ψξ ))

+ gM (v
M
∇Z1BZ2,φξ )+

1
λ 2 gN ((∇Φ∗)(Z1,φξ ),Φ∗(CZ2))

= − 1
λ 2 gN ((∇Φ∗)(Z1,BZ2),Φ∗(ψξ ))

+
1

λ 2 gN (
N

∇
Φ

Z1Φ∗(CZ2),Φ∗(ψξ ))−CZ2(lnλ )gM (Z1,ψξ )

+ ψξ (lnλ )gM (Z1,CZ2)+gM (v
M
∇Z1BZ2,φξ )

+
1

λ 2 gN ((∇Φ∗)(Z1,φξ ),Φ∗(CZ2)). (3.17)
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Similarly, if we change the roles of Z1 and Z2 in (3.17) we finally obtain,

gM ([Z1,Z2],ξ ) =
1

λ 2 {gN ((∇Φ∗)(Z2,BZ1)− (∇Φ∗)(Z1,BZ2),Φ∗(ψξ ))

+ gN ((∇Φ∗)(Z1,φξ ),Φ∗(CZ2))−gN ((∇Φ∗)(Z2,φξ ),Φ∗(CZ1))

+ gN (
N

∇
Φ

Z1Φ∗(CZ2)−
N

∇
Φ

Z2Φ∗(CZ1),Φ∗(ψξ ))}
− CZ2(lnλ )gM (Z1,ψξ )+ψξ (lnλ )gM (Z1,CZ2)

+ CZ1(lnλ )gM (Z2,ψξ )−ψξ (lnλ )gM (Z2,CZ1)

+ gM (v
M
∇Z1BZ2− v

M
∇Z2BZ1,φξ ). (3.18)

Hence, we get the proof from (3.18).

Note that if (∇Φ∗)(E,F) = 0 for all E,F ∈ Γ(T M) the map Φ is said to be totally geodesic map [25]. Using this notion we
have followings.

Theorem 3.7. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. Then, the invariant distribution
D defines a totally geodesic foliation on M if and only if

CTU1φU2 +ψ∇̂U1φU2 = 0

for U1,U2 ∈ Γ(D).

Proof. Since D is an invariant distribution we have ψU2 = 0. From (2.1), (2.4), (3.4) and (3.8) we get

(∇Φ∗)(U1,U2) = −Φ∗(
M
∇U1U2)

= Φ∗(CTU1φU2 +ψ∇̂U1φU2) (3.19)

for U1,U2 ∈ Γ(D). The proof can be seen from (3.19).

Theorem 3.8. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. Then, the slant distribution
Dθ defines totally geodesic foliation on M if and only if

TV1BψV2 = 0

for V1,V2 ∈ Γ(Dθ ).

Proof. From definition of second fundamental form, (3.4) and (3.8), we have

(∇Φ∗)(V1,V2) = Φ∗(J
M
∇V1JV2)

= Φ∗(
M
∇V1 JφV2)+Φ∗(

M
∇V1JψV2)

= Φ∗(
M
∇V1 φ

2V2 +
M
∇V1ψφV2)+Φ∗(

M
∇V1BψV2 +

M
∇V1CψV2)

for V1,V2 ∈ Γ(Dθ ). From (3.9), (3.10) and Theorem 3.3., we obtain

= Φ∗(−cos2
θ

M
∇V1V2)+Φ∗(h

M
∇V1ψφV2)+Φ∗(TV1BψV2 +h

M
∇V1CψV2)

cos2
θΦ∗(

M
∇V1V2) = Φ∗(TV1 BψV2). (3.20)

The proof is clear from (3.20).

In a similar way, we have easily the next theorems.

Theorem 3.9. Let Φ : (M,gM ,J) −→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. Then, the anti-invariant
distribution D⊥ defines a totally geodesic foliation on M if and only if

ψTW1ψW2 +Ch
M
∇W1ψW2 = 0

for W1,W2 ∈ Γ(D⊥).
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Proof. From (1.4), (2.5), (3.4) and (3.8), we obtain

(∇Φ∗)(W1,W2) = Φ∗(J
M
∇W1JW2)

= Φ∗(JTW1ψW2 + Jh
M
∇W1ψW2)

= Φ∗(ψTW1ψW2 +Ch
M
∇W1ψW2) (3.21)

for W1,W2 ∈ Γ(D⊥). We have the proof from (3.21).

Theorem 3.10. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. Then, the vertical distribution
kerΦ∗ defines a totally geodesic foliation on M if and only if

ψ{Tξ1
ψξ2 + ∇̂ξ1

φξ2}+C{h
M
∇ξ1

ψξ2 +Tξ1
φξ2}= 0

for ξ1,ξ2 ∈ Γ(kerΦ∗).

Recall that if h(grad(lnλ )) = 0, the map Φ is said to be horizontally homothetic map [5].

Theorem 3.11. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. Then, any two conditions
below imply the third condition;

i) The horizontal distribution (kerΦ∗)
⊥ defines a totally geodesic foliation on M,

ii) The map Φ is a horizontally homothetic map,

iii)

N

∇
Φ

JZ1Φ∗(CZ2) = Φ∗(J[JZ1,Z2])+(∇Φ∗)
⊥(CZ1,CZ2)+Φ∗(ACZ2BZ1 +ACZ1BZ2 +TBZ1BZ2)

for Z1,Z2 ∈ Γ((kerΦ∗)
⊥).

Proof. Firstly, from (2.1) and (2.9) we have

Φ∗(
M
∇JZ1JZ2) =

N

∇
Φ

JZ1Φ∗(CZ1)− (∇Φ∗)(BZ1,BZ2)− (∇Φ∗)(CZ2,BZ1)− (∇Φ∗)(CZ1,BZ2)

− (∇Φ∗)
⊥(CZ1,CZ2)−CZ1(lnλ )Φ∗(CZ2)−CZ2(lnλ )Φ∗(CZ1)+gM (CZ1,CZ2)Φ∗(grad(lnλ ))

=
N

∇
Φ

JZ1Φ∗(CZ1)− (∇Φ∗)
⊥(CZ1,CZ2)−Φ∗(ACZ2BZ1 +ACZ1BZ2 +TBZ1BZ2)

− CZ1(lnλ )Φ∗(CZ2)−CZ2(lnλ )Φ∗(CZ1)

+ gM (CZ1,CZ2)Φ∗(grad(lnλ )) (3.22)

for Z1,Z2 ∈ Γ((kerΦ∗)
⊥). On the other hand, we have

M
∇JZ1JZ2 = J[JZ1,Z2]+ J

M
∇Z2JZ1. (3.23)

Putting equation (3.23) in (3.22), we obtain

Φ∗(
M
∇Z2Z1) = Φ∗(J[JZ1,Z2])−

N

∇
Φ

JZ1Φ∗(CZ1)

+ Φ∗(ACZ2BZ1 +ACZ1BZ2 +TBZ1BZ2)

+ (∇Φ∗)
⊥(CZ1,CZ2)+CZ1(lnλ )Φ∗(CZ2)

+ CZ2(lnλ )Φ∗(CZ1)−gM (CZ1,CZ2)Φ∗(grad(lnλ )). (3.24)

Now, suppose that (i) and (ii) are satisfied in (3.24). We have Φ∗(
M
∇Z2Z1) = 0 and

0 = CZ1(lnλ )Φ∗(CZ2)+CZ2(lnλ )Φ∗(CZ1)−gM (CZ1,CZ2)Φ∗(grad(lnλ )) (3.25)
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for Z1,Z2 ∈ Γ((kerΦ∗)
⊥), respectively. So, we obtain (iii) clearly. If (ii) and (iii) are provided in (3.24), we have (3.25) and

N

∇
Φ

JZ1Φ∗(CZ2) = Φ∗(J[JZ1,Z2])+(∇Φ∗)
⊥(CZ1,CZ2)+Φ∗(ACZ2BZ1 +ACZ1BZ2 +TBZ1BZ2), (3.26)

respectively. Easily, we obtain Φ∗(
M
∇Z2Z1) = 0. Hence, we say that the horizontal distribution (kerΦ∗)

⊥ defines totally geodesic
foliation on M. At last, if (i) and (iii) are provided in (3.24), we obtain (3.25). For CZ1 ∈ Γ(µ) in (3.25), we get

0 = λ
2CZ2(lnλ )gM (CZ1,CZ1). (3.27)

Hence, we obtain 0 =CZ2(lnλ ). It means λ is a constant on µ . Then, for ξ ∈ Γ(kerΦ∗) and ψξ ∈ Γ(ψDθ ⊕ J(D⊥)) in (3.25)
with CZ1 =CZ2, we get

0 = λ
2
ψξ (lnλ )gM (CZ1,CZ2). (3.28)

Hence, we obtain 0 = ψξ (lnλ ). It means λ is a constant on ψDθ ⊕ J(D⊥). Hence, λ is a constant on horizontal distribution.
We obtain (iii) from (3.27) and (3.28). The proof is complete.

Here, we have conditions for the map Φ which defines a totally geodesic foliations on M.

Theorem 3.12. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. Then, the map Φ defines a
totally geodesic foliations on M if and only if

i) The map Φ is a horizontally homothetic map,

ii)

N

∇
Φ

EΦ∗(F̄)−
N

∇
Φ

ĒΦ∗(F̄) = Φ∗(TÊ F̂ +h
M
∇Ê F̄ +AĒ F̂)

− (∇Φ∗)
⊥(Ē, F̄)

holds for E,F ∈ Γ(T M) where Ē, F̄ and Ê, F̂ show horizontal and vertical parts of E,F, respectively.

Proof. Using definition of second fundamental form of a map, (2.4), (2.5) and (2.6) we have

(∇Φ∗)(E,F) =
N

∇
Φ

EΦ∗(F̄)−Φ∗(
M
∇EF)

=
N

∇
Φ

EΦ∗(F̄)−Φ∗(
M
∇Ê F̂ +

M
∇Ê F̄ +

M
∇Ē F̂ +

M
∇Ē F̄)

=
N

∇
Φ

EΦ∗(F̄)−Φ∗(TÊ F̂ +h
M
∇Ê F̄ +AĒ F̂)−Φ∗(

M
∇Ē F̄) (3.29)

for E,F ∈ Γ(T M). Here, from equation (2.9) in (3.29), we obtain

(∇Φ∗)(E,F) =
N

∇
Φ

EΦ∗(F̄)−Φ∗(TÊ F̂ +h
M
∇Ê F̄ +AĒ F̂)

−
N

∇
Φ

ĒΦ∗(F̄)+(∇Φ∗)
⊥(Ē, F̄)+ Ē(lnλ )Φ∗(F̄)

+ F̄(lnλ )Φ∗(Ē)−gM (Ē, F̄)Φ∗(grad(lnλ )). (3.30)

Because of Φ defines a totally geodesic foliations on M, we have (3.30). Suppose that Φ is a horizontally homothetic map, we
have from (3.30)

0 = Ē(lnλ )Φ∗(F̄)F̄(lnλ )Φ∗(Ē)−gM (Ē, F̄)Φ∗(grad(lnλ )). (3.31)

We obtain from (3.31)

0 = λ
2F̄(lnλ )gM (Ē, Ē) (3.32)

for Ē ∈ Γ((kerΦ∗)
⊥). We have 0 = F̄(lnλ ) from (3.32). It means λ is a constant on horizontal distribution. So, Φ is a

horizontally homothetic map and (i) is satisfied. If (i) satisfies in (3.30), we obtain

0 =
N

∇
Φ

EΦ∗(F̄)−Φ∗(TÊ F̂ +h
M
∇Ê F̄ +AĒ F̂)−

N

∇
Φ

ĒΦ∗(F̄)+(∇Φ∗)
⊥(Ē, F̄). (3.33)

From (3.33), we obtain (ii). The proof is complete.
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4. Pluriharmonic conformal quasi-hemi-slant Riemannian map

In this section, we examine some geometric properties of certain distributions with respect to notion of pluriharmonicity, see
equation (2.10) or [16]. We present D-pluriharmonicity in the following.

Theorem 4.1. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. If Φ is a D−pluriharmonic
map, then one of the below assertions imply the second assertion,

i) D defines a totally geodesic foliation on M,

ii) CTJU1U2 +ψ∇̂JU1U2 = 0

for U1,U2 ∈ Γ(D).

Proof. Initially, using definition of pluriharmonic map, we have

0 = (∇Φ∗)(U1,U2)+(∇Φ∗)(JU1,JU2) (4.1)

for U1,U2 ∈ Γ(D). By some calculations, we obtain from (4.1)

Φ∗(
M
∇U1U2) = −Φ∗(J(TJU1U2 + ∇̂JU1U2))

Φ∗(
M
∇U1U2) = −Φ∗(CTJU1U2 +ψ∇̂JU1U2). (4.2)

If (i) is satisfied in (4.2) we have Φ∗(
M
∇U1U2) = 0. So, we obtain

CTJU1U2 +ψ∇̂JU1U2 = 0.

(ii) is provided. In a similar way, if (ii) is satisfied in (4.2), easily one can get (i).

Theorem 4.2. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. If Φ is a Dθ−pluriharmonic
map, then two of the below assertions imply the third assertion,

i) Dθ defines a totally geodesic foliation on M,

ii) λ is a constant on ψDθ and (∇Φ∗)
⊥(ψV1,ψV2) = 0,

iii)

cos2
θ(CTφV1V2 +ψ∇̂φV1V2) = ψTφV1ψφV2 +Ch

M
∇φV1ψφV2−AψV2φV1−AψV1φV2.

for V1,V2 ∈ Γ(Dθ ).

Proof. If Φ is a Dθ−pluriharmonic map, we have

0 = (∇Φ∗)(V1,V2)+(∇Φ∗)(JV1,JV2) (4.3)

for V1,V2 ∈ Γ(Dθ ). Using symmetry property of second fundamental form and from equations (2.4), (2.5), (2.6) and (2.9), we



Conformal Quasi-Hemi-Slant Riemannian Maps — 109/113

get

0 = −Φ∗(
M
∇V1V2)−Φ∗(

M
∇φV1φV2)−Φ∗(

M
∇ψV2φV1)

− Φ∗(
M
∇ψV1φV2)+(∇Φ∗)

⊥(ψV1,ψV2)+ψV1(lnλ )Φ∗(ψV2)

+ ψV2(lnλ )Φ∗(ψV1)−gM (ψV1,ψV2)Φ∗(grad(lnλ ))

Φ∗(
M
∇V1V2) = Φ∗(J

M
∇φV1JφV2)−Φ∗(AψV2φV1 +AψV1φV2)

+ (∇Φ∗)
⊥(ψV1,ψV2)+ψV1(lnλ )Φ∗(ψV2)

+ ψV2(lnλ )Φ∗(ψV1)−gM (ψV1,ψV2)Φ∗(grad(lnλ ))

Φ∗(
M
∇V1V2) = −cos2

θΦ∗(CTφV1V2 +ψ∇̂φV1V2)

+ Φ∗(ψTφV1ψφV2 +Ch
M
∇φV1ψφV2)

− Φ∗(AψV2φV1 +AψV1φV2)+(∇Φ∗)
⊥(ψV1,ψV2)

+ ψV1(lnλ )Φ∗(ψV2)+ψV2(lnλ )Φ∗(ψV1)

− gM (ψV1,ψV2)Φ∗(grad(lnλ )). (4.4)

Now, if (i) and (ii) are satisfied in (4.4), we have Φ∗(
M
∇V1V2) = 0 and

0 = ψV1(lnλ )Φ∗(ψV2)+ψV2(lnλ )Φ∗(ψV1)−gM (ψV1,ψV2)Φ∗(grad(lnλ )), (4.5)

0 = (∇Φ∗)
⊥(ψV1,ψV2), (4.6)

respectively. Then, we get from (4.4)

0 = −cos2
θΦ∗(CTφV1V2 +ψ∇̂φV1V2)+Φ∗(ψTφV1ψφV2 +Ch

M
∇φV1ψφV2)

− Φ∗(AψV2 φV1 +AψV1φV2). (4.7)

So, (iii) is satisfied at (4.7). If (ii) and (iii) are satisfied in (4.4), we clearly have equations (4.5), (4.6) and (4.7) in (4.4).
Therefore, we obtain (i). Lastly, suppose that (i) and (iii) are satisfied in (4.4). Then, we get (4.5) and (4.6). In (4.5), we obtain
from (1.2)

0 = λ
2
ψV1(lnλ )gM (ψV2,ψV1)+λ

2
ψV2(lnλ )gM (ψV1,ψV1)−λ

2gM (ψV1,ψV2)ψV1(lnλ )

0 = λ
2
ψV2(lnλ )gM (ψV1,ψV1) (4.8)

for ψV1 ∈ Γ(Dθ ). At (4.8), we have 0 = ψV2(lnλ ). It means 0 = ψDθ (lnλ ) which implies that λ is a constant on ψDθ .
Hence, (ii) is satisfied. The proof is completed.

Similarly, we have the following theorem.

Theorem 4.3. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. If Φ is a D⊥−pluriharmonic
map, then one of the below assertions imply the second assertion,

i) D⊥ defines a totally geodesic foliation on M,

ii) λ is a constant on JD⊥ and (∇Φ∗)
⊥(JW1,JW2) = 0

for W1,W2 ∈ Γ(D⊥).

Now, we search properties of horizontal and vertical pluriharmonic maps, respectively.

Theorem 4.4. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. If Φ is a (kerΦ∗)
⊥−pluriharmonic

map, then any two of the below assertions imply the third assertion,

i) (kerΦ∗)
⊥ defines a totally geodesic foliation on M,

ii) λ is a constant on µ ,

iii)
N

∇Φ
Z1Φ∗(Z2) = Φ∗(TBZ1BZ2 +ACZ2BZ1 +ACZ1BZ2)− (∇Φ∗)

⊥(CZ1,CZ2)
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for Z1,Z2 ∈ Γ((kerΦ∗)
⊥).

Proof. From definition of pluriharmonic map, we have

0 = (∇Φ∗)(Z1,Z2)+(∇Φ∗)(JZ1,JZ2) (4.9)

for Z1,Z2 ∈ Γ((kerΦ∗)
⊥). By some calculations from (2.8) and (2.9) in (4.9), we get

0 =
N

∇
Φ

Z1Φ∗(Z2)−Φ∗(
M
∇Z1Z2)+(∇Φ∗)

⊥(CZ1,CZ2)

− Φ∗(TBZ1BZ2 +ACZ2BZ1 +ACZ1BZ2)+CZ1(lnλ )Φ∗(CZ2)

+ CZ2(lnλ )Φ∗(CZ1)−gM (CZ1,CZ2)Φ∗(grad(lnλ )). (4.10)

If (i) and (ii) are satisfied in (4.10), we have

0 = Φ∗(
M
∇Z1 Z2), (4.11)

0 = CZ1(lnλ )Φ∗(CZ2)+CZ2(lnλ )Φ∗(CZ1)−gM (CZ1,CZ2)Φ∗(grad(lnλ )). (4.12)

So, we get (iii) from (4.10) such that
N

∇
Φ

Z1Φ∗(Z2) = Φ∗(TBZ1BZ2 +ACZ2BZ1 +ACZ1BZ2)− (∇Φ∗)
⊥(CZ1,CZ2). (4.13)

If (ii) and (iii) are satisfied in (4.10), we have equations (4.12) and (4.13). Clearly, we obtain 0 = Φ∗(
M
∇Z1Z2) which implies

that (kerΦ∗)
⊥ defines a totally geodesic foliation on M. Lastly, if (i) and (iii) are satisfied in (4.10), we obtain (4.12). From

(1.2) in (4.12) we get

0 = λ
2CZ1(lnλ )gM (CZ2,CZ1)+λ

2CZ2(lnλ )gM (CZ1,CZ1)−λ
2gM (CZ1,CZ2)CZ1(lnλ )

0 = λ
2CZ2(lnλ )gM (CZ1,CZ1) (4.14)

for CZ1,CZ2 ∈ Γ(µ). Here, we have CZ2(lnλ ) = 0 which implies that λ is a constant on µ . (ii) is provided. The proof is
completed.

Theorem 4.5. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. If Φ is a kerΦ∗−pluriharmonic
map, then any two of the below assertions imply the third assertion,

i) kerΦ∗ defines a totally geodesic foliation on M,

ii) Φ is a horizontally homothetic map and (∇Φ∗)
⊥(ψξ1,ψξ2) = 0,

iii) Tφξ1
φξ2 +Aψξ2

φξ1 +Aψξ1
φξ2 = 0

for ξ1,ξ2 ∈ Γ(kerΦ∗).

Proof. From equations (2.5), (2.6), (2.9), (2.10) and (3.4), we get

0 = (∇Φ∗)(ξ1,ξ2)+(∇Φ∗)(Jξ1,Jξ2)

0 = −Φ∗(
M
∇ξ1

ξ2)+(∇Φ∗)(φξ1,φξ2)+(∇Φ∗)(ψξ2,φξ1)

+ (∇Φ∗)(ψξ1,φξ2)+(∇Φ∗)(ψξ1,ψξ2)

Φ∗(
M
∇ξ1

ξ2) = −Φ∗(Tφξ1
φξ2 +Aψξ2

φξ1 +Aψξ1
φξ2)

+ (∇Φ∗)
⊥(ψξ1,ψξ2)+ψξ1(lnλ )Φ(ψξ2)

+ ψξ2(lnλ )Φ(ψξ1)−gM (ψξ1,ψξ2)Φ∗(grad(lnλ )) (4.15)

for ξ1,ξ2 ∈ Γ(kerΦ∗). The proof of (i) and (iii) are clear to see. So, we only give proof for (ii). Suppose that (i) and (iii) are
provided in (4.15). One can see easily that (∇Φ∗)

⊥(ψξ1,ψξ2) = 0 and we get

0 = ψξ1(lnλ )Φ(ψξ2)+ψξ2(lnλ )Φ(ψξ1)−gM (ψξ1,ψξ2)Φ∗(grad(lnλ )). (4.16)

Since Φ is a conformal map, we obtain from (4.16)

0 = λ
2
ψξ2(lnλ )gM (ψξ1,ψξ1) (4.17)
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for ψξ1 ∈ Γ(ψDθ ⊕ JD⊥). It means 0 = ψξ2(lnλ ) which implies that λ is a constant on ψDθ ⊕ JD⊥. On the other hand, we
obtain from (4.16)

0 =−λ
2CX(lnλ )gM (ψξ1,ψξ1) (4.18)

for CX ∈ Γ(µ) with ψξ1 = ψξ2. It means 0 =CX(lnλ ) which implies that λ is a constant on µ . Hence, equations (4.17) and
(4.18) give us that Φ is a horizontally homothetic map. (ii) is provided. The proof is completed.

Lastly, we examine mixed pluriharmonicity on conformal quasi-hemi-slant Riemannian maps such that

0 = (∇Φ∗)(Z,ξ )+(∇Φ∗)(JZ,Jξ )

for ξ ∈ Γ(kerΦ∗) and Z ∈ Γ((kerΦ∗)
⊥).

Theorem 4.6. Let Φ : (M,gM ,J)−→ (N,gN ) be a conformal quasi-hemi-slant Riemannian map. If Φ is a mixed−pluriharmonic
map, then any of the below assertions imply the second assertion,

i- Φ is a horizontally homothetic map and (∇Φ∗)
⊥(CZ,ψξ ) = 0,

ii- AZξ = TBZφξ +Aψξ BZ +ACZφξ

for ξ ∈ Γ(kerΦ∗) and Z ∈ Γ((kerΦ∗)
⊥).

Proof. From definition of mixed pluriharmonic map, we get

0 = −Φ∗(AZξ )+Φ∗(TBZφξ +Aψξ BZ +ACZφξ )

+ (∇Φ∗)
⊥(CZ,ψξ )+CZ(lnλ )Φ∗(ψξ )+ψξ (lnλ )Φ∗(CZ) (4.19)

for ξ ∈ Γ(kerΦ∗) and Z ∈ Γ((kerΦ∗)
⊥). If (i) is satisfied in (4.19) we have (∇Φ∗)

⊥(CZ,ψξ ) = 0 and

0 =CZ(lnλ )Φ∗(ψξ )+ψξ (lnλ )Φ∗(CZ). (4.20)

So, one can obtain (ii) easily. Now, if (ii) is satisfied in (4.19) we obtain easily (∇Φ∗)
⊥(CZ,ψξ ) = 0. Then, from (4.20) we

obtain

0 = λ
2
ψξ (lnλ )gM (CZ,CZ) (4.21)

for CZ ∈ Γ(µ). It means 0 = ψξ (lnλ ) which implies that λ is a constant on ψDθ ⊕ JD⊥. On the other hand, from (4.20) we
obtain

0 = λ
2CZ(lnλ )gM (ψξ ,ψξ ) (4.22)

for ψξ ∈ Γ(ψDθ ⊕JD⊥). It means 0 =CZ(lnλ ) which implies that λ is a constant on µ . Hence, (4.21) and (4.22) give us that
Φ is a horizontally homothetic map. (i) is provided. The proof is completed.

5. Conclusion
In this paper, integrability conditions and conditions for defining a totally geodesic foliation by certain distributions were found.
Then, by applying the notion of pluriharmonicity onto conformal quasi-hemi-slant Riemannian maps we obtained relations
among pluriharmonicity, horizontally homotheticness and totally geodesicness.

Acknowledgements
The authors would like to express their sincere thanks to the editor and the anonymous reviewers for their helpful comments
and suggestions.

Funding
There is no funding for this work.

Availability of data and materials
Not applicable.



Conformal Quasi-Hemi-Slant Riemannian Maps — 112/113

Competing interests
The authors declare that they have no competing interests.

Author’s contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

References
[1] M. A. Akyol, Conformal semi-slant submersions, Int. J. Geom, 14(7) (2017), 1750114.
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[35] Ş. Yanan, B. Şahin, Conformal slant Riemannian maps, Int. J. Maps Math., 5(1) (2022), 78-100.
[36] K. Yano, M. Kon, Structures on Manifolds, World Scientific, Singapore, 1984.


	Introduction
	Preliminaries
	Conformal quasi-hemi-slant Riemannian map
	Pluriharmonic conformal quasi-hemi-slant Riemannian map
	Conclusion
	References

