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1. Introduction and Preliminaries

One of the fundamental results in fixed point theory, which is called Banach’s contraction principle was given by Banach
[7]. Several researchers have dealt with this result. Recently, Pata [21]] extended the Banach contraction principle and
proved some interesting fixed point results. Chakraborty et. al. [9] got an extension of Kannan’s based on the result of
Pata [21]]. Later Pata-Chatterjea type cyclic fixed point theorems were proved by Kadelburg et. al. [12] in metric spaces.
After that coupled fixed point theorems for Pata type mappings were proved by Eshaghi [[10]. This topic was extended
the metric space into various different spaces by some researchers. For instance, Paknazar et. al. [20] gave Pata type
fixed point theorems in modular metric space and Balasubramanian [6] obtained a fixed point theorem for Pata type
mappings in cone metric spaces. Later, Aktay et. al. [2] proved some fixed point results for generalized Pata—Suzuki
type contractive mappings.

Firstly, the concept of ¢—weak contraction was defined by Alber et. al. [1] and then, Rhoades [24]] studied such
contractions for single-valued mappings in Banach spaces. After that, Zhang et. al. [26] introduced generalized ¢—weak
contraction and they obtained a unique common fixed point of such contractions.

Existence of fixed point for multivalued mappings in metric fixed point theory was initiated by Nadler [18]]. Some
notable generalizations were obtained by Hong [11].

In a recent work, Khojasteh et al. [[15] introduced the notion of Z—contraction using simulation functions. Later,
Karapinar [14]] and Argoubi et. al. [S]] studied such contractions.

Samet et. al. [25] and Karapinar et al. [13] gave respectively, the definition of @—admissible and triangular —admissible
mappings. Further, Asl et al. [4], Mohammadi et al. [17], Patel [22] and Aktay et. al. [2] gave some definitions related
to a—admissibility.

The aim of this paper is to establish some fixed point results for (a, ¢)—weak Pata contractive mapping by using the
simulation function and multivalued (@, ¢)—weak Pata contractions. Our results give existence of fixed point for a
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wider class of Pata type contractions. Moreover, we give an example related to (@, ¢)—weak Pata contractive mappings.
Consequently, the obtained results encompass various well known results in the literature.

P(W) =2W all nonempty subset of W. Let p = P(W) — {0} for U,V € 2V,

Hy,(U,V) = max {sup o(u,V),sup(U, v)}
uelU veV
where
o(u,V) = inf o(u,v)
veV

H, is called the Hausdorff-Pompeiu functional induced by 0.

A point u € W is said to be a fixed point of T : W — g if u € Tu (for single valued mapping u = Tu). The set of all
fixed points of T is denoted by F (T) (for single valued mapping F(T)).

Alber et. al. [1] gave the following definition.

[} Let (W, 0) be a metric space. A mapping T : W — W is said to be ¢—weak contraction, if there exists a map
¢ : [0, +00) — [0, +c0) with ¢(0) =0 and ¢(s) > 0 for all s > 0 such that

o(Tw, T1) < 0 (w, 1) = ¢(o (w, 1))

forall w,t € W.

Along this work, ¥ denotes the class of all increasing function ¢ : [0, 1] — [0, c0), which vanishes with continuity at
zero. For an arbitrary wy € W, we denote ||w|| = o (w,wp) ,Yw € W.

The existence of fixed point of Pata contraction mappings was proved by Pata [21]] as follow.

[21]] Let (W, o) be a complete metric space. Let A > 0, & > 1 and ¢ € [0, ¢] be fixed constants, y € Pand T : W —» W
be a function. If for all w,r € W the inequality
o(Tw, T1) < (1 =€) o (w, 1) + Aefy () [1+ [Iwll + 12]1]”

is satisfied for all € € [0, 1], then T has a unique fixed point, u = Tu.
Samet et al. [25] and Karapinar et al. [13] gave respectively, the following definitions.
Let W be a metric space and T : W — W be amap and @ : W X W — [0, +00) be a function. Then for all w,t,z € W,

(1) [230) T is said to be a—admissible if a (w,t) > 1 implies a (Tw, Tt) > 1.

(1) [13] T is said to be triangular a—admissible if:

- T is a—admissible,

-a(w,z) > land a(z,t) > 1 imply a (w,t) > 1.

Further, Asl et al. [4] gave the concept of an @* —admissible mapping which is a multivalued version of the «—admissible
mapping. Later, Mohammadi et al. [17] and Patel [22] gave respectively, the definitions of @—admissible and triangular
a— admissible as follows.

Let W be a nonempty set, T : W — P(W) and @ : W X W — [0, c0) be two given mappings. Then

(1) [17] T is said to be an a—admissible if whenever for eachx € W and 'y € Tx, a(x,y) > 1 = a(y,z) = 1, for all
z€Ty.

(i) [22] T is said to be triangular a— admissible if T is a—admissible and a(x,y) > land a(y,z) > 1 = a(x,z) =
1,vz € Ty.

Khojasteh et. al. [15] gave the simulation function and Z—contraction in 2015 as follows.
[15)] A mapping ¢ : [0, 00) X [0, 00) — R is called a simulation function if it satisfies the following conditions:

(£1) £(0,0) =0;
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(£2) L(w,t) <w-—t;

(&3) if {wn} and {t,,} are sequences in (0, co) such that limy,_, 400 Wy = liMy 400 1y > O thenlimsup,,_, o {(Wn, tn) <
0.

[15] Let (W, o) be a metric space and T : W — W be a mapping. If there exists ¢ € Z such that
(o (Tw,Tt),0(w, 1)) 20, forallw,z € W

then T is called Z—contraction with respect to £.

(£1) condition was removed in above definition of simulation function by Argoubi et. al. [5] in 2015. Also, Z denotes
the set of all simulation functions.

Let (W, <) be a partially ordered set and w,t € W. Elements w and ¢ are said to be comparable elements of W if either
w<tort < w.

Hong [11] gave following definitions for multivalued mappings.

[11] Let W be a metric space. A subset V C W is said to be approximative if the multivalued mapping Fy(w) =
{veV:ow,v)=0(w,V)} Yw € W, has nonempty values.

[11] Let T : W — 2% be a multivalued mapping. Then

(1) T is said to have approximative values (AV), if Tw is approximative for each w € W.

(il) T is said to have comparable approximative values (CAV), if T has approximative values and, foreach t € W,
there exists u € Fr,(w) such that w is comparable to u.

(iii) T is said to have upper comparable approximative values (UCAV), (resp. lower comparable approximative values
(LCAV)), if T has approximative values and, for each t € W, there exists u € Fr,(w) such that u > t (resp.u < t).

Nieto et. al. [[19] gave the following definition in 2005.

[19] (H.) : Let (W, o, <) be a partial ordered complete metric space. If {w,} is a non-decreasing (resp. non-increasing)
sequence in W such that w,, — w, then w,, < w(resp.w,, > w) foralln € N.

The following Lemmal(T]is used to prove our results.

[23] Let (W, o) is a metric space and {w,} be a sequence in W such that o(w,4+1,w,) — 0asn — oo. If {w,} is
not a Cauchy sequence, then there exist a ¢ > 0 and sequences of positive integers {m j} and {n j} withm; > n; > j
such that (W, Wn;) = ¢ and @(Wm; -1, Wn;) < ¢ and limje 0(Wim;—1, Wn;+1) = €, limjco ©(Winj, W) = 6,
lim; e 0(Wm;-1, Wn;) = 6. From Lemma([I] we obtain

hm Q(WMj+1aan+1) =q and hm Q(WMJawnj—l) =q.
Jj—oo Jj—oo

2. Main Results

In this section, we introduce the concept of (@, ¢)—weak Pata contractions via simulation function and multivalued
(a, ¢)—weak Pata contractions in metric spaces. We establish some fixed point results for such contractions on metric
spaces.

Let A>0,&>1and ¢ € [0,&] be fixed constants, y € P and @ : WX W — [0, +00), T : W — W be two functions.
We say that T is an (a, ¢)—weak Pata contractive mapping via simulation function if there exists a function ¢ € Z such
that for all w,r € W, and € € [0, 1], T satisfies the inequality

L(a(w,t) o(Tw, T1),(1 —e)(M (w, 1) —dp(M(w, 1)) + P(w,1)) >0, e))

where ¢ : [0, +00) — [0, +00) is a continuous and nondecreasing function with ¢(0) = 0 and ¢(s) > 0, for all s > 0,
and
P(w,1) = Ae®y (&) [T+ [wll + llell + [ Twl + I T2)1]”

and

o(w, Tt) + o(t, Tw) }

M(w,t) = max {Q(w,t),g(w,'l'w),g(t, Tt), 5
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Now, we state a fixed point result for (@, ¢)—weak Pata contractive mapping via simulation function.

Let (W, 0) be a complete metric space. T : W — W be an («a, ¢)—weak Pata contractive mapping via simulation
function. Assume that

(1) T is triangular a—admissible;
(ii) there exists wy € W such that a (wg, Twg) = 1;
(iii) T is continuous;

@iv) forallu,v € F(T), a (u,v) > 1.

Then T has a unique fixed point that isu = Tu,u € W.

Proof The hypothesis (ii) of the Theorem there exists wo € W such that & (wo, Twg) > 1. Starting at the point
wo € W, the iterative sequence {w,} is constructed by w,, = Tw,_1 = T"wq, n > 1. If wy,, = wy 4 for any np € N,
then w,, = Tw,,,. Consequently, we assume that succesive terms are distinct ie. Wy +1 # Wy, for all ny € N. First of all,
we show that @ (w,,, w,+1) = 1 for all n € N. Since T is an a—admissible mapping, we have

a (wg,wi) = 1 =a(wg, Twg) = 1 implies a (wi,wy) > 1

and
a (wi,wp) > 1implies @ (wa, w3) > L.

By induction, we obtain
a (Wy,wyy1) = 1 foralln e N, 2)

Since T is triangular a—admissible, we have
@ (an Wn+l) > land @ (Wn+l > Wn+2) >1 lmply a (Wn, Wn+2) > 1.

Thus, by induction, we get
a Wy, wy) = 1forallm >n > 0. 3)

Now, we will show that {o(w,+1, w,)} is a decreasing sequence. Since T is an («, ¢)—weak Pata contractive mapping
via simulation function, we have

{,’(a(wn,], Wn)Q(Wn, Wn+l)’ (1 - E)(M(anl, W) — ¢(M(anl, Wn))) + P(anl’ Wn)) > 0.

From ¢; and together with (2.2), we obtain

IA

a(wn—l, Wn)Q(Wns Wn+1)

(1 - e)(max{o(Wn, Wn-1), 0Wn+1, Wn), 0(Wn, Wn_1),

oWn, wn) + 0(Wn_1, Wnst)
2

Q(Wn, Wn+1)

IA

} = ¢(max{o(wn, wn-1),
Q(Wna Wn) + Q(Wn—l, Wn+l)
2

+A€SW (€) [1+ [t Il + [lwall + lwall + lwpet 1117
oWni1, wn) + 0(Wpn, wy—1)
> }
O(Wna1, Wp) + 0(Wp, Wh—1)
: N

1))

Q(Wn+l , Wn)7 o(wWu, wp_1),

IA

(1 - e)(max{g(wn, W'l*l)?

—p(max{o(wn, wp-1),

+K6§l,ll (e),

forsome K > 0. If o(Wpn, Wn-1) < 0(Wn+1, W), thenwe obtain @(Wp+1, wn) < (1-€) (@(Wns1, Wn) —h(0(Wns1, wn)))+
Ke¢ ¥ (€). In this way, we obtain (w1, w;) = 0, is a contraction. Therefore we have

oW1, wn) < oWy, wy1) < -+ < o(wi,wo) = |lwill,
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that is {0 (W41, wy,) } is a decreasing sequence. Since {o(w,,, w,+1)} is decreasing, and so, it is convergent to ¢ > 0 and
limy, 00 0(Wy, Wit1) = 0. Now, we will demonstrate that {||w,,||} is a bounded sequence. By the triangle inequality,
we have

Wall = 0(Wn, wo) < 0(Wn, Wns1) + 0(Wast, wi) + 0(W1, wo).

Since T is an (a, ¢)—weak Pata contractive mapping via simulation function, we have

0

IA

{(a(wo, wn)o (Two, Twa) . (1 =€) (M(wo, wn) = ¢(M(wo, wn))) + P(wo, wn))
— (1 - E) (M(W()’ Wn) - ¢(M(WO9 Wn))) + P(W09 Wn)) - Q(WO’ WH)Q (TW09 Twn) .

A

Using (2.3), we obtain

(}'(WO, Wn)Q (TW09 Twn)
(1 - 6) (maX{Q(an WO)? Q(WVU Wn+1), Q(W09 W1)9
Q(Wns Wl) +Q(W0, Wn+1)
2
0(Wn, w1) + 0(Wo, Wns1)

. B)
+Ae€y (€) [1+ wall + 0+ [[waarll + w1 11]”

(1 =€) (max{o(Wn, wo), ©(Wn, Wn+1), 0(Wo, w1),
o(Wn, wo) + 0(W1, wo) + 0(Wpe1, Wp) + 0(Wyu, wo)
2

—p(max{o(wn, wo), 0(Wn, Wn+1), 0(Wo, w1),
oW, wo) + 0(W1, wo) + 0(Wpe1, Wp) + (W, wo)
2

+AESY (€) [1+2 [wall +2 w1 ll]”
(I =€) (max {|lwnll, lwill, lwall + w1} = ¢(max{{lwn|l, [[w1ll,
wall + Iwill}) + A€y (&) [1+2Iwall +2 [lwill]”

(1 =) (lwall + will = ¢(Ulwall + llwill))
+Ae€y (€) [1+2wall +2 (w1117

oW1, Wna1)

IA

} - qﬁ(max{g(wn, WO)’ Q(Wn’ Wn+1),

o(wo, wi),

IA

}

D)

IA

IA

Since ¢ < &, we get
Iwall < (1 =€) (lwall + Iwill = dCUlwall + IwilD) +2 w1l + Ae€y () [1+2[[wall +2 [[wi][]%

and
ellwnll < kefy (€) lwall® +1,

for some k, [ > 0. By the same reason as in [21]], {||w,]|} is a bounded sequence. Using (2.2), we have

A

oWn, wnr1) < a(Wn-1,Wwn)0(Wn, Wns1)
(1 —€) (max{o(Wn, Wn-1), ©(Wns1, Wn), 0(Wn, Wn-1),
0(Wns wn) + 0(Wn—1, Wn+1)

2

OWn, wn) + 0(Wn-1, Wns1)

: )

+AeSy (&) [T+ wall + llwaoill + Wst | + [wal

} = ¢(max{o(Wn, wn-1), 0(Wns1, Wn),

Q(Wn» Wn-1),

]19

< (I -e¢)(max {Q(wn, Wn-1), O(Wnr1s Wn) '; O(Wn, Wn-1) }
s ot ), L) ey @)

for some K > 0. Taking limit as n — co, we obtain ¢ < Ke®y (¢€) and thus o = 0.
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Next, we demonstrate that {w,} is a Cauchy sequence. We assume that {w,} is not a Cauchy sequence. From
L.,emma there exist subs.equences {wmj} and {w,,j} .with nj > mj > j such that lim!-_)oo Q(ij—l,anH) =g,
limjco ©(Win;» Wnj) = 6, im0 0(Winj—1, Wn;) = 6, 1iMj00 ©(Win 41, Wiy41) = ¢ and limjco ©(Win;, Wij—1) = 6.
Since T is an («, ¢)—weak Pata contractive mapping via simulation function, we have

IA

'y OWimy> Wn;) = &(Wpny—1, Wnyj—1) O(T Wi -1, TWh—1)
(1 - 6) (max{Q(WmJ'—l’ an—l)a Q(ij—l’wmj)> Q(an—l’ an),

OWn; s Wm,;) + 0(Wm, 1, Wy )
L . 2 : : }_¢(max{l9(wmj—1$wnj—l)7

IA

Q(an_l,wmj) + Q(ij—lvwnj)
2

AU (€) [1+ b |+ i |+ i+ b ]}

D)

Q(ij—l’wmj), Q(an—l, an),

Taking the limit as j — oo, we obtain

s (I-€(s-¢(s) +Key (e)

and
s<(l-€)c+Key(e),
then
s <Ky (e,
is a contradiction. Hence, {w,} is a Cauchy sequence in (W, o). By the completeness of W, w,, — u € W as n — +co.
Since T is continuous, Tw, — Tu as n — +co. By the uniqueness of the limit, we obtain u = Tu, thatis, u € F(T).

Now we demonstrate that fixed point of T is unique. Assume that u# and v are fixed points of T. Since T is an
(a, ¢)—weak Pata contractive mapping via simulation function, we have

0

IA

S(a(u,v)o(Tu, Tv), (1 —€) (M(u,v) — ¢(M(u,v))) + P(u,v))
(1-€)(M(u,v) —¢p(M(u,v))) + P(u,v)) —a(u,v)o(Tu, Tv).

IA

Since T satisfies the hypothesis (iv) of Theorem 2] we have

o(Tu,Tv) < a(u,v)o(Tu, Tv)

TV) + T
< (1-e)(max {Q(u,v),g(u,Tu),Q(v,TV), ou, Tv) 2Q(V’ u)}
o(u, Tv) +o(v, Tu)
—¢(max{ o(u,v), o(u, Tu), o(v, Tv), 2 )+ Key ().
We obtain that o(u,v) < Ky (€), and so, u = v. Thus, T has a unique fixed point in W. O

The following theorem does not require the continuity of T.

Let (W, 0) be a complete metric space. T : W — W be an («a, ¢)—weak Pata contractive mapping via simulation
function. Assume that

(1) T is triangular a—admissible;
(ii) there exists wy € W such that a (wg, Twg) > 1;

(iii) if {w,} is a sequence in W such that &« (W, wp1) = 1, forallnand w,, — u € Wasn — +co, then « (wy,, u) > 1
for all n;

@iv) forallu,v € F(T), a (u,v) > 1.

Then T has a unique fixed point that isu = Tu,u € W.
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Proof Following the proof of Theorem we have already shown that {w,} is a Cauchy sequence in W. Since W
is complete, we have w,, — u € W as n — +oo. Next, we prove that u € F(T), that is, u = Tu. From (2.2) and the
hypothesis (iii) of Theorem 2} we have & (w,,, u) > 1 for all n. Also, we have

0 < Z(a(wp,u)o(Tu, wpy1), (1 — €)(M(wy,u) = ¢(M(wp,u)) + P(wy, u))

and
o(Tu,u) = o(Tu, wni1) + @(Wnst, 1)

S Q(Wn,M)Q(TM, Wn+l) + Q(WI’L+17M)

< (1 -e)(max {Q(”h Wwa), 0(u, Tu), 0(Wpn, Wnat), o(u, wn1) ;‘ o(Wn, Tu) }
—¢(max {Q(u, wn), 0(u, Te), 0(Wps Wnat), o(u, Wni1) ; o(Wn, Tu) }))
+Ae€y (€) [1+ wall + lluell + [ Tull + [Wasr 17 + @(wnar, u).

< (1 -e)(max {g(u, W), 0, Tit), 0(Wny Wnst), o(u, Wny1) ;r o(wn, Tu)}
—¢(max {g(u, wn), 0@, Tu), 0(Wn, Wnit), o(u, Wni1) ;‘ o(wWy, Tu) }))

+K6§lﬁ (e),

for some K > 0. We take the limit as n — oo, we get

o(Tu,u) < (1= €)(o(Tu,u) — ¢(o(Tu, 1)) + Key (e).

Thus, we obtain that Tu = u and that is u € F(T). Similar to the proof of Theorem 2} the uniqueness of fixed point of T

can be obtained. O
2
Let W = [0, 1] with the usual metric and define the mappings T : W — W by T (w) = WT, w € [0,1] and

1, w,t € [0,1]
0, otherwise
that T is triangular @—admissible. Our goal is to show that T satisfies (2.1). For w, ¢ € [0, 1], we have

¢ : [0,00] = [0,00], ¢ (s) = % Leta: WXx W — [0,+0) be defined as a(w,t) = . It is clear

0(,1) = § (00w, 1)) = 00w, 1) = 30(w, 1) = 2 0(w,1)
and

o(Tw, Tt)

IA

a(w,t)o(Tw, Tt)

w? 2

6 6

1
= S(w=1)(w+n)

1
< 3(w-1)

= Jo(n).

Since o(w,t) < M(w,t), we obtain

(31000 = 5 1000 = 0 100,

1 1
o(Tw, Tr) < §M(w,t) =3

YOS  MANAS Journal of Engineering, Volume 10 (Issue 2) © (2022) www.journals.manas.edu.kg



M. Akiay', M. Ozdemir$* / MANAS Journal of Engineering, 10 (2) (2022) 235

For arbitrary € € [0, 1], we can write the above inequality as follows

A

o(Tw, Tt) < (1—¢€)(M(w,t) —¢ (M(w,1))) + (% +€— 1) M(w,t)
(1-€) (M(w,t) = ¢ (M(w,1)))

1
+ (5 +e- 1) (L+[lwll+ izl + ITwll + (I T2]l) -

IN

Our goal is to prove that y > 0 and A > 0 such that
1
(§ +e- 1) (Ll + el + Twll -+ 1Tl < A€ (L Qwll+ Dlell + I Twll + T2

satisfies for all w, ¢ € [0, 1] and every 0 < € < 1. We can find A > 0 such that

(%+6—])

€y+l

A=

satisfies for each 0 < € < 1 and some y > 0. If we choose y such that Z ]
Y

1
>1-—, th

3 en
*‘y‘y

h (y+ 1) (1 - %)y.

Thus, we have that

a(w,0)o(Tw, T1) < (1 —e)(M(w,1) — p(M(w,1)) + Ae”*! ( L+ lwll + lz]| )

+[Twll +[|T7]]

and

_ _ yei [ T+l + el

Cla(w,)o(Tw, Tt), (1 —e)(M(w,t) — ¢(M(w, 1)) + Ae ( F Tl + [Tl )) <0,

satisfies for all w, ¢ € [0,1], ¢ € Z and each € > 0. If € = 0, it can be seen that (2.1) is satisfied. Also, the conditions of
Theorem 2] are satisfied with s (€) = €¥, § =9 = 1. Hence, T has a unique fixed point in W = [0, 1]. It is seen that,
u = 0 is the unique fixed point of T in W.

Now, we state a fixed point result for multivalued (a, ¢)—weak Pata contractive mapping.

Let (W, o) be an ordered complete metric space and satisfy (H,). Let A > 0, ¢ > 1 and ¢ € [0, £] be fixed constants,
yeWanda: Wx W — [0,+c0) be two functions. Assume that T : W — 2W be a multivalued mapping has UCAV
and if for all w,t € W with w and ¢ comparable, and € € [0, 1], T satisfies the inequality

a(w, ) Ho(Tw, Tt) < (1 —€)(M (w, 1) — d(M(w, 1)) + P(w,1), 4)

where ¢ : [0,+00) — [0, +00) is a continuous and nondecreasing function with ¢(0) = 0 and ¢(s) > 0, for all s > 0,
and
P(w,1) = Ae¥y (&) [T+ [[wll + [lell + [ Tw] + I T2)11?

and

o(w, Tt) + o(t, Tw) }

M(w,t) = max {Q(W,t),Q(W,TW),Q(l, Tt), >

and also, assume that T satisfies the following conditions
(1) T is triangular a—admissible;
(ii) there exists wy € W, w| € Twyq such that a (wg, w1) > 1;

(iii) T is continuous;
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@iv) forallu,v € Fg(T), a (u,v) > 1.

Then T has a unique fixed point that isu € Tu,u € W.

Proof The hypothesis (ii) of the Theorem 2} there exists wy € W such that @ (wo, Twg) > 1. Starting at the point
wo € W, if wg € Twy, proof is clearly completed. Since Twg has UCAYV, there exists w; € Twg with w; # wg and
w1 = wo such that
o (wo,wi) = _inf o (w,wo) = @ (Two, wo) .
weTwy

Continuing this process, the iterative sequence {w,,} is constructed by w1 € Tw, with w,,; # w, and w41 > wy,
for all n > 1 such that

0 Wi, Wna1) = 0 (Twn, W) .
Furthermore

Q (TWn,Wn) S Sup Q (Twl’liw) S HQ (Twn’ Twn—l) .

WETW,_|

Thus, we have
0 (WnyWna1) < Ho (Twy_1, Twy,), forn > 2.

We denote ||w,|| = 0 (wn, wo) forn > 1. If w,, = wp41 for any ng € N, then w,,, € Twy,. First of all, we show that
@ (Wy, wne1) 2 1, for all n € N. Since T is an @—admissible mapping, wg € W, w; € Twg we have

a (wg,wy) = 1 implies @ (wy, wp) = 1, for wy € Tw

and
a (wy,wy) = 1 implies @ (wp, w3) = 1, for wz € Tws.

By induction, we obtain
a Wy, wpe1) = 1, forwyy) € Twy,, n € N, 5)

Since T is triangular —admissible, we have
44 (Wns Wn+l) > landa (Wn+l’ Wn+2) >1 lmply 4 (Wn, Wn+2) > 1, Wne2 € Wiyl

Thus, by induction, we get
a (W, wy,) > 1forallm >n > 0. 6)

Now, we will show that {o(w,+1, w,)} is a decreasing sequence. Using (2.5),

OWnsWns1) < Ho(Twy-1, Twy)
< a’(Wn—],Wn)HQ(TWn—],TWn)
< (1 =e)(max{@(Wn, Wn-1), 0(Wns1, Wn), ©(Wn, Wn-1),
b + —1»
Q(Wn W) g(wn 1 Wn+])}—¢(maX{Q(Wn,Wn,1),
Wy Wn) + 0(Wh_1, W
(W1, Wn)s ©(Wns Wn—1), oWy, wy) £2)( n-1 n+1)}))
+AeSY (&) [1+ waotll + [Iwall + wall + wnsr 117
9 + 9 -
< (1 _ E)(maX{Q(Wn,Wn_l), Q(Wn+1 Wn) zg(wn Wn 1)}
Waals Wn) + 0(Wn, Who
—¢(max{g(wn,wn_1),g( n+l1 n) Q( n>Wn 1)}))

2
+Key (),

forsome K > 0. If o(wp,, wy—1) < 0(Wpnt1, Wn), then we obtain o(wWy41, wy) < (1—€) (0(Wha1, Wn)—d(0(Wha1, Wn)))+
Kefy (€). In this way, we obtain o(w,41, w,) = 0, is a contraction. Therefore, we have

OWnat, Wn) < Ho(TWyo1, Twy) < 0(Wny Wh—1).

YOS  MANAS Journal of Engineering, Volume 10 (Issue 2) © (2022) www.journals.manas.edu.kg



M. Akiay', M. Ozdemir$* / MANAS Journal of Engineering, 10 (2) (2022) 237

If we continue this process, we get

OWns1, Wn) < 0(Wn, Wp—1) < --- < o(wi,wo) = |lwill,

thatis {o(w,+1, wy) } is a decreasing sequence and so, this sequence is convergent to ¢ > 0 and lim,,—,co 0(Wy,, Wnt1) = 0.
Now, we will demonstrate that {||w,||} is a bounded sequence. By the triangle inequality, we have

[Wall = 0(Wn, wo) < 0(Wn, Wne1) + 0(Wna1, w1) + 0(Wi, wo),

is a contradiction. Since T is a multivalued («, ¢)—weak Pata contractive mapping with (2.6), we obtain

oW1, wns1) < Hp (Two, Twy)
< a(wo, wn)Ho (Two, Twy)
S (1 _E) (maX{Q(Wn,WO), Q(W}’l’wn+1)$ Q(W()’Wl),
Qe 1) 2O W)y a1, w0), 001, Wis):
Q(WO, Wl), Q(Wna Wl) +2Q(W0’ Wn+l) }))
+A€y (&) [1+ [lwall + 0+ [[wpet [ + [lwi 117
S (1 _6) (maX{Q(W}’MWO)’ Q(Wl’l7wn+1)’ Q(WO,Wl),
o(Wn, wo) + 0(W1, wo) + 0(Wne1, Wp) + 0(Wy, wo) }
2
—¢(max{o(wn, wo), 0(Wn, Wn+1), 0(Wo, w1),
Q(Wn, WO) + Q(wls WO) + Q(Wn+1» Wn) + Q(an WO)
. N
+AeSy (€) [1+2]wall +2 lwill]?
< (1=¢) (max {[[wall, [[will, lIwall + w1} = g(max{[lwall, w1,
wall + Iwill}) + A€y (e) [1+2]Iwall +2 [lwil]”
< (1= (lwall +will = ¢lwnll + [lw1l))

+AeSy () [1+2[wall +21lwill]1” .
Since ¢ < &, we get
Iwall < (1 =€) (wall + Iwill = ¢CUwall + llwill) + 2 lwill + Ae®y (&) [1+2 [lwall + 2 [[wi 1]
and
elwall < keSy (e) wall® +1,

for some k, [ > 0. By the same reason as in [21]], {||w]||} is a bounded sequence. Using (2.5), we have

oWn,wns1) < aWpo1, wo)Ho(Tw,o1, Twy,)
(1 =€) (max{o(wn, wn-1), ©(Wn+1, Wn), 0(Wn, Wn-1),
o(Wn, wn) + 0(Wn—1, Wns1)

2

o(Wn, wn) +0(Wy—1, Wn+l)}

: )

+AeSY (€) [1+ lwall + 1wt [l + [Iwnst | + lIwall]”

} - ¢(max{Q(Wn’ Wn-1), :Q(wn+1; W),

Q(W}’h Wn—l),

< (1-e) (max {g(wn,wn_o, QWas1: Wn) * 9<wn,wn])}
_¢(max {Q(WVH Wn—l)’ Q(W'H']’ W”) ; Q(Wn, Wn_]) })) + K&'f[’b (6) 5

for some K > 0. Taking limit as n — co, we obtain ¢ < Ke®y (¢€) and thus o = 0.
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Next, we demonstrate that {w,} is a Cauchy sequence. We assume that {w,} is not a Cauchy sequence. From
L.,emma there exist subs.equences {wmj} and {w,,j} .with nj > mj > j such that lim!-_)oo Q(ij_l,wnj+l) =g,
limjco ©(Win;» Wnj) = 6, im0 0(Winj—1, Wn;) = 6, 1iMj00 ©(Win 41, Wiy41) = ¢ and limjco ©(Win;, Wij—1) = 6.
Since T is a multivalued (a, ¢)—weak Pata contractive mapping with (2.6), we have

S S Q(ij‘a an) S a’(ij,],an,])HQ(Tij,],Tan,l)
< (I-e (max{g(wmj'—l’wnj—l)s Q(ij—l’wmj)’ Q(an—l’ an),

OWn; s Wm,;) + 0(Wm, 1, Wn)
L . 2 . . }_(f’(maX{Q(ij—l,an—l)’

Q(an_pwmj) + Q(ij—lvwnj)
2

AP (@) [1+ w4 [, ||+ w1, I

D)

Q(ij—l’wmj)> Q(an—l, an),

»
Taking the limit as j — oo, we obtain

s<s(I-€(s—¢(s) +Key (e)

and ¢ < (1 —€) ¢ + Key (€). We obtain that

s <Ky (e),
is a contradiction. Hence, {w, } is a Cauchy sequence in (W, 0). Since W is complete metric space, we getw,, - u € W
as n — +oo. Since T is continuous, Tw, — Tu as n — +oo. By the uniqueness of the limit, we obtain u € Tu, that is,
u€ Fy(T).
Now, we demonstrate that fixed point of T is unique. Assume that # and v are fixed points of T. Since T satisfies the
hypothesis (iv) of Theorem[2]and T is a multivalued (a, ¢)—weak Pata contractive mapping, we have

o(Tu, fv) < a(u,v)Hyo(Tu, fv)

< (1-¢€)(max {,g(u, v), o(u, Tu), o(v, fv), o, fv) ; o(v, Tu) }
~otmax o), 01,7, o0, 0, LELITEET) 4 ey (o).
Thus, we obtain that o(u,v) < Ky (€), and so, u = v. Thus T has a unique fixed point in W. O

If we take M (w,t) = o(w,t), for all w,t € W in Theorem then we get the following corollary.

Let (W, o) be a complete metric space, A > 0,¢& > 1 and ¢ € [0, &] be fixed constants, iy € Y anda : WXW — [0, +00),
T : W — W be two functions. If for all w,r € W, and € € [0, 1], T satisfies the inequality

a(w,0)o(Tw, T1) < (1= ) (o(w, 1) = $p(o(w, 1)) + Ae®y (€) [T+ lwll + llel| + [ Twll + [ T2l[]”,

where ¢ : [0, +c0) — [0, +00) is a continuous and nondecreasing function with ¢(0) = 0 and ¢(s) > 0, for all s > 0,
and

(1) T is triangular a—admissible;
(ii) there exists wy € W such that a (wg, Twg) > 1;
(iii) T is continuous;
(iv) forallu,v € F(T), a (u,v) > 1.
Then T has a unique fixed point u = Tu.

If we take M (w, 1) = o(w,t) and a(w,t) = 1, for all w,7 € W in Theorem[2] then we get the following corollary.

Let (W, o) be a complete metric space, A > 0, ¢ > 1 and ¢ € [0, £] be fixed constants, y € ¥, T : W — Wbea
function. If for all w,7 € W, and € € [0, 1], T satisfies the inequality

o(Tw, 1) < (1= ) (o(w, 1) = ¢(o(w, 1)) + Ae®y (&) [1+ wll + llrll + [ITwll + I Tel]”
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where ¢ : [0, +c0) — [0, +00) is a continuous and nondecreasing function with ¢(0) = 0 and ¢(s) > 0, for all s > 0,
and T is continuous. Then T has a unique fixed point u = Tu.

C0r011ary|Z| generalizes the results of Pata [21] and Banach [[7]. For € = 0, we get the results of [26] and in addition to
this, if € = 0 and we take M (w,t) = o(w, 1), forall w,t € W in Theorem then we get the results of [1]].

If we take @(w, 1) = 1, for all w, € W in Theorem 2] then we get the following corollary.

Let (W, o) be an ordered complete metric space and satisfy (H,). Let A > 0, £ > 1 and ¢ € [0, £] be fixed constants,
¥ € ¥ be a function. Assume that T : W — 2% be a multivalued mapping has UCAV and if for all w, ¢ € W with w
and r comparable, and € € [0, 1], T satisfies the inequality

Hyo(Tw, Tt) < (1 —€e)(M (w, 1) —p(M(w, 1)) + P(w, 1),
where ¢ : [0, +00) — [0, +o0) is a continuous and nondecreasing function with ¢(0) = 0 and ¢(s) > 0 for all s > 0, and
P(w,1) = Ae¥y (&) [L+ [lwll + le]l + [ Twl + [ T21]”

and

o(w, Tt) + o(t, Tw)
"
and also, T is continuous, then T has a unique fixed point, that is, u € Tu,u € W.

If we take M (w, 1) = o(w,t) and @(w,t) = 1, for all w,7 € W in Theorem[2} then we get the following corollary.

Let (W, o) be an ordered complete metric space and satisfy (H.). Let A > 0, £ > 1 and ¢ € [0, £] be fixed constants,
¥ € ¥ be a function. Assume that T : W — 2% be a multivalued mapping has UCAV and if for all w, ¢t € W with w
and ¢ comparable, and € € [0, 1], T satisfies the inequality

M (w,t) = max {Q(W, t),o(w, Tw), o(t, Tt),

Ho(Tw, Tt) < (1 =€) (0 (w,1) = ¢(o(w, 1)) + P(w,1),

where ¢ : [0,+00) — [0, +00) is a continuous and nondecreasing function with ¢(0) = 0 and ¢(s) > 0, for all s > 0,
and
P(w,1) = Ae“y (&) [1+ [lwll + llell + [[Twll + I T2)117,
and also T is continuous, then T has a unique fixed point, that is, u € Tu,u € W.
Corollary|Z| generalizes the results of Kolagar [[16] and Nadler [18]].
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