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In this paper, we give (𝛼, 𝜙)−weak Pata contractive mapping by using the simulation
function and multivalued (𝛼, 𝜙)−weak Pata contractions and establish some fixed
point results for such contractions. Also, we give an example related to (𝛼, 𝜙)−weak
Pata contractive mappings via simulation function. Our results generalize some
Pata type contractions and Banach contractions. Consequently, the obtained results
encompass several results in the literature.
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1. Introduction and Preliminaries
One of the fundamental results in fixed point theory, which is called Banach’s contraction principle was given by Banach
[7]. Several researchers have dealt with this result. Recently, Pata [21] extended the Banach contraction principle and
proved some interesting fixed point results. Chakraborty et. al. [9] got an extension of Kannan’s based on the result of
Pata [21]. Later Pata-Chatterjea type cyclic fixed point theorems were proved by Kadelburg et. al. [12] in metric spaces.
After that coupled fixed point theorems for Pata type mappings were proved by Eshaghi [10]. This topic was extended
the metric space into various different spaces by some researchers. For instance, Paknazar et. al. [20] gave Pata type
fixed point theorems in modular metric space and Balasubramanian [6] obtained a fixed point theorem for Pata type
mappings in cone metric spaces. Later, Aktay et. al. [2] proved some fixed point results for generalized Pata–Suzuki
type contractive mappings.
Firstly, the concept of 𝜙−weak contraction was defined by Alber et. al. [1] and then, Rhoades [24] studied such
contractions for single-valued mappings in Banach spaces. After that, Zhang et. al. [26] introduced generalized 𝜙−weak
contraction and they obtained a unique common fixed point of such contractions.
Existence of fixed point for multivalued mappings in metric fixed point theory was initiated by Nadler [18]. Some
notable generalizations were obtained by Hong [11].
In a recent work, Khojasteh et al. [15] introduced the notion of 𝑍−contraction using simulation functions. Later,
Karapınar [14] and Argoubi et. al. [5] studied such contractions.
Samet et. al. [25] and Karapınar et al. [13] gave respectively, the definition of 𝛼−admissible and triangular 𝛼−admissible
mappings. Further, Asl et al. [4], Mohammadi et al. [17], Patel [22] and Aktay et. al. [2] gave some definitions related
to 𝛼−admissibility.
The aim of this paper is to establish some fixed point results for (𝛼, 𝜙)−weak Pata contractive mapping by using the
simulation function and multivalued (𝛼, 𝜙)−weak Pata contractions. Our results give existence of fixed point for a
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wider class of Pata type contractions. Moreover, we give an example related to (𝛼, 𝜙)−weak Pata contractive mappings.
Consequently, the obtained results encompass various well known results in the literature.
𝑃(𝑊) = 2𝑊 all nonempty subset of𝑊 . Let ℘ = 𝑃(𝑊) − {∅} for𝑈,𝑉 ∈ 2𝑊 ,

𝐻𝜚 (𝑈,𝑉) = max
{

sup
𝑢∈𝑈

𝜚(𝑢,𝑉), sup
𝑣∈𝑉

(𝑈, 𝑣)
}

where
𝜚(𝑢,𝑉) = inf

𝑣∈𝑉
𝜚(𝑢, 𝑣)

𝐻𝜚 is called the Hausdorff-Pompeiu functional induced by 𝜚.
A point 𝑢 ∈ 𝑊 is said to be a fixed point of ⊤ : 𝑊 → ℘ if 𝑢 ∈ ⊤𝑢 (for single valued mapping 𝑢 = ⊤𝑢). The set of all
fixed points of ⊤ is denoted by 𝐹𝐻 (⊤) (for single valued mapping 𝐹 (⊤)).
Alber et. al. [1] gave the following definition.
[1] Let (𝑊, 𝜚) be a metric space. A mapping ⊤ : 𝑊 → 𝑊 is said to be 𝜙−weak contraction, if there exists a map
𝜙 : [0, +∞) → [0, +∞) with 𝜙(0) = 0 and 𝜙(𝑠) > 0 for all 𝑠 > 0 such that

𝜚(⊤𝑤,⊤𝑡) ≤ 𝜚 (𝑤, 𝑡) − 𝜙(𝜚 (𝑤, 𝑡))

for all 𝑤, 𝑡 ∈ 𝑊 .
Along this work, Ψ denotes the class of all increasing function 𝜓 : [0, 1] → [0,∞), which vanishes with continuity at
zero. For an arbitrary 𝑤0 ∈ 𝑊 , we denote ∥𝑤∥ = 𝜚 (𝑤, 𝑤0) ,∀𝑤 ∈ 𝑊.
The existence of fixed point of Pata contraction mappings was proved by Pata [21] as follow.
[21] Let (𝑊, 𝜚) be a complete metric space. Let Λ ≥ 0, 𝜉 ≥ 1 and 𝜗 ∈ [0, 𝜉] be fixed constants, 𝜓 ∈ Ψ and ⊤ : 𝑊 → 𝑊

be a function. If for all 𝑤, 𝑡 ∈ 𝑊 the inequality

𝜚(⊤𝑤,⊤𝑡) ≤ (1 − 𝜖) 𝜚 (𝑤, 𝑡) + Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤∥ + ∥𝑡∥]𝜗

is satisfied for all 𝜖 ∈ [0, 1], then ⊤ has a unique fixed point, 𝑢 = ⊤𝑢.
Samet et al. [25] and Karapınar et al. [13] gave respectively, the following definitions.
Let𝑊 be a metric space and ⊤ : 𝑊 → 𝑊 be a map and 𝛼 : 𝑊 ×𝑊 → [0, +∞) be a function. Then for all 𝑤, 𝑡, 𝑧 ∈ 𝑊,

(i) [25] ⊤ is said to be 𝛼−admissible if 𝛼 (𝑤, 𝑡) ≥ 1 implies 𝛼 (⊤𝑤,⊤𝑡) ≥ 1.

(ii) [13] ⊤ is said to be triangular 𝛼−admissible if:

- ⊤ is 𝛼−admissible,

- 𝛼 (𝑤, 𝑧) ≥ 1 and 𝛼 (𝑧, 𝑡) ≥ 1 imply 𝛼 (𝑤, 𝑡) ≥ 1.

Further, Asl et al. [4] gave the concept of an 𝛼∗−admissible mapping which is a multivalued version of the 𝛼−admissible
mapping. Later, Mohammadi et al. [17] and Patel [22] gave respectively, the definitions of 𝛼−admissible and triangular
𝛼− admissible as follows.
Let𝑊 be a nonempty set, ⊤ : 𝑊 → 𝑃(𝑊) and 𝛼 : 𝑊 ×𝑊 → [0,∞) be two given mappings. Then

(i) [17] ⊤ is said to be an 𝛼−admissible if whenever for each 𝑥 ∈ 𝑊 and 𝑦 ∈ 𝑇𝑥, 𝛼(𝑥, 𝑦) ≥ 1 ⇒ 𝛼(𝑦, 𝑧) ≥ 1, for all
𝑧 ∈ 𝑇𝑦.

(ii) [22] ⊤ is said to be triangular 𝛼− admissible if ⊤ is 𝛼−admissible and 𝛼(𝑥, 𝑦) ≥ 1 and 𝛼(𝑦, 𝑧) ≥ 1 ⇒ 𝛼(𝑥, 𝑧) ≥
1,∀𝑧 ∈ 𝑇𝑦.

Khojasteh et. al. [15] gave the simulation function and 𝑍−contraction in 2015 as follows.
[15] A mapping 𝜁 : [0,∞) × [0,∞) → R is called a simulation function if it satisfies the following conditions:

(𝜁1) 𝜁 (0, 0) = 0;
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(𝜁2) 𝜁 (𝑤, 𝑡) < 𝑤 − 𝑡;

(𝜁3) if {𝑤𝑛} and {𝑡𝑛} are sequences in (0,∞) such that lim𝑛→+∞ 𝑤𝑛 = lim𝑛→+∞ 𝑡𝑛 > 0 then lim sup𝑛→+∞ 𝜁 (𝑤𝑛, 𝑡𝑛) <
0.

[15] Let (𝑊, 𝜚) be a metric space and ⊤ : 𝑊 → 𝑊 be a mapping. If there exists 𝜁 ∈ 𝑍 such that

𝜁 (𝜚 (⊤𝑤,⊤𝑡) , 𝜚 (𝑤, 𝑡)) ≥ 0, for all 𝑤, 𝑡 ∈ 𝑊

then ⊤ is called 𝑍−contraction with respect to 𝜁 .
(𝜁1) condition was removed in above definition of simulation function by Argoubi et. al. [5] in 2015. Also, �́� denotes
the set of all simulation functions.
Let (𝑊, ≤) be a partially ordered set and 𝑤, 𝑡 ∈ 𝑊 . Elements 𝑤 and 𝑡 are said to be comparable elements of𝑊 if either
𝑤 ≤ 𝑡 or 𝑡 ≤ 𝑤.
Hong [11] gave following definitions for multivalued mappings.
[11] Let 𝑊 be a metric space. A subset 𝑉 ⊂ 𝑊 is said to be approximative if the multivalued mapping 𝐹𝑉 (𝑤) =

{𝑣 ∈ 𝑉 : 𝜚(𝑤, 𝑣) = 𝜚(𝑤,𝑉)} ∀𝑤 ∈ 𝑊 , has nonempty values.
[11] Let ⊤ : 𝑊 → 2𝑊 be a multivalued mapping. Then

(i) ⊤ is said to have approximative values (AV), if ⊤𝑤 is approximative for each 𝑤 ∈ 𝑊 .

(ii) ⊤ is said to have comparable approximative values (CAV), if ⊤ has approximative values and, foreach 𝑡 ∈ 𝑊 ,
there exists 𝑢 ∈ 𝐹⊤𝑡

(𝑤) such that 𝑤 is comparable to 𝑢.

(iii) ⊤ is said to have upper comparable approximative values (UCAV), (resp. lower comparable approximative values
(LCAV)), if ⊤ has approximative values and, for each 𝑡 ∈ 𝑊 , there exists 𝑢 ∈ 𝐹⊤𝑡

(𝑤) such that 𝑢 ≥ 𝑡 (resp.𝑢 ≤ 𝑡).

Nieto et. al. [19] gave the following definition in 2005.
[19] (𝐻∗) : Let (𝑊, 𝜚, ≤) be a partial ordered complete metric space. If {𝑤𝑛} is a non-decreasing (resp. non-increasing)
sequence in𝑊 such that 𝑤𝑛 → 𝑤, then 𝑤𝑛 ≤ 𝑤(resp.𝑤𝑛 ≥ 𝑤) for all 𝑛 ∈ N.
The following Lemma 1 is used to prove our results.
[23] Let (𝑊, 𝜚) is a metric space and {𝑤𝑛} be a sequence in 𝑊 such that 𝜚(𝑤𝑛+1, 𝑤𝑛) → 0 as 𝑛 → ∞. If {𝑤𝑛} is
not a Cauchy sequence, then there exist a 𝜍 > 0 and sequences of positive integers

{
𝑚 𝑗

}
and

{
𝑛 𝑗
}

with 𝑚 𝑗 > 𝑛 𝑗 > 𝑗

such that 𝜚(𝑤𝑚 𝑗
, 𝑤𝑛 𝑗

) ≥ 𝜍 and 𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗
) ≤ 𝜍 and lim 𝑗→∞ 𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗+1) = 𝜍, lim 𝑗→∞ 𝜚(𝑤𝑚 𝑗

, 𝑤𝑛 𝑗
) = 𝜍,

lim 𝑗→∞ 𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗
) = 𝜍 . From Lemma 1, we obtain

lim
𝑗→∞

𝜚(𝑤𝑚 𝑗+1, 𝑤𝑛 𝑗+1) = 𝜍 and lim
𝑗→∞

𝜚(𝑤𝑚 𝑗
, 𝑤𝑛 𝑗−1) = 𝜍.

2. Main Results
In this section, we introduce the concept of (𝛼, 𝜙)−weak Pata contractions via simulation function and multivalued
(𝛼, 𝜙)−weak Pata contractions in metric spaces. We establish some fixed point results for such contractions on metric
spaces.
Let Λ ≥ 0, 𝜉 ≥ 1 and 𝜗 ∈ [0, 𝜉] be fixed constants, 𝜓 ∈ Ψ and 𝛼 : 𝑊 ×𝑊 → [0, +∞), ⊤ : 𝑊 → 𝑊 be two functions.
We say that ⊤ is an (𝛼, 𝜙)−weak Pata contractive mapping via simulation function if there exists a function 𝜁 ∈ �́� such
that for all 𝑤, 𝑡 ∈ 𝑊 , and 𝜖 ∈ [0, 1], ⊤ satisfies the inequality

𝜁 (𝛼 (𝑤, 𝑡) 𝜚(⊤𝑤,⊤𝑡), (1 − 𝜖) (𝑀 (𝑤, 𝑡) − 𝜙(𝑀 (𝑤, 𝑡)) + 𝑃(𝑤, 𝑡)) ≥ 0, (1)

where 𝜙 : [0, +∞) → [0, +∞) is a continuous and nondecreasing function with 𝜙(0) = 0 and 𝜙(𝑠) > 0, for all 𝑠 > 0,
and

𝑃(𝑤, 𝑡) = Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤∥ + ∥𝑡∥ + ∥⊤𝑤∥ + ∥⊤𝑡∥]𝜗

and
𝑀 (𝑤, 𝑡) = max

{
𝜚(𝑤, 𝑡), 𝜚(𝑤,⊤𝑤), 𝜚(𝑡,⊤𝑡), 𝜚(𝑤,⊤𝑡) + 𝜚(𝑡,⊤𝑤)

2

}
.
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Now, we state a fixed point result for (𝛼, 𝜙)−weak Pata contractive mapping via simulation function.
Let (𝑊, 𝜚) be a complete metric space. ⊤ : 𝑊 → 𝑊 be an (𝛼, 𝜙)−weak Pata contractive mapping via simulation
function. Assume that

(i) ⊤ is triangular 𝛼−admissible;

(ii) there exists 𝑤0 ∈ 𝑊 such that 𝛼 (𝑤0,⊤𝑤0) ≥ 1;

(iii) ⊤ is continuous;

(iv) for all 𝑢, 𝑣 ∈ 𝐹 (⊤), 𝛼 (𝑢, 𝑣) ≥ 1.

Then ⊤ has a unique fixed point that is 𝑢 = ⊤𝑢, 𝑢 ∈ 𝑊 .

Proof The hypothesis (𝑖𝑖) of the Theorem 2, there exists 𝑤0 ∈ 𝑊 such that 𝛼 (𝑤0,⊤𝑤0) ≥ 1. Starting at the point
𝑤0 ∈ 𝑊, the iterative sequence {𝑤𝑛} is constructed by 𝑤𝑛 = ⊤𝑤𝑛−1 = ⊤𝑛𝑤0, 𝑛 ≥ 1. If 𝑤𝑛0 = 𝑤𝑛0+1 for any 𝑛0 ∈ N,
then 𝑤𝑛0 = ⊤𝑤𝑛0 . Consequently, we assume that succesive terms are distinct ie. 𝑤𝑛0+1 ≠ 𝑤𝑛0 for all 𝑛0 ∈ N. First of all,
we show that 𝛼 (𝑤𝑛, 𝑤𝑛+1) ≥ 1 for all 𝑛 ∈ N. Since ⊤ is an 𝛼−admissible mapping, we have

𝛼 (𝑤0, 𝑤1) ≥ 1 = 𝛼 (𝑤0,⊤𝑤0) ≥ 1 implies 𝛼 (𝑤1, 𝑤2) ≥ 1

and
𝛼 (𝑤1, 𝑤2) ≥ 1 implies 𝛼 (𝑤2, 𝑤3) ≥ 1.

By induction, we obtain
𝛼 (𝑤𝑛, 𝑤𝑛+1) ≥ 1 for all 𝑛 ∈ N. (2)

Since ⊤ is triangular 𝛼−admissible, we have

𝛼 (𝑤𝑛, 𝑤𝑛+1) ≥ 1 and 𝛼 (𝑤𝑛+1, 𝑤𝑛+2) ≥ 1 imply 𝛼 (𝑤𝑛, 𝑤𝑛+2) ≥ 1.

Thus, by induction, we get
𝛼 (𝑤𝑛, 𝑤𝑚) ≥ 1 for all 𝑚 > 𝑛 ≥ 0. (3)

Now, we will show that {𝜚(𝑤𝑛+1, 𝑤𝑛)} is a decreasing sequence. Since ⊤ is an (𝛼, 𝜙)−weak Pata contractive mapping
via simulation function, we have

𝜁 (𝛼(𝑤𝑛−1, 𝑤𝑛)𝜚(𝑤𝑛, 𝑤𝑛+1), (1 − 𝜖) (𝑀 (𝑤𝑛−1, 𝑤𝑛) − 𝜙(𝑀 (𝑤𝑛−1, 𝑤𝑛))) + 𝑃(𝑤𝑛−1, 𝑤𝑛)) ≥ 0.

From 𝜁2 and together with (2.2), we obtain

𝜚(𝑤𝑛, 𝑤𝑛+1) ≤ 𝛼(𝑤𝑛−1, 𝑤𝑛)𝜚(𝑤𝑛, 𝑤𝑛+1)
≤ (1 − 𝜖) (max{𝜚(𝑤𝑛, 𝑤𝑛−1), 𝜚(𝑤𝑛+1, 𝑤𝑛), 𝜚(𝑤𝑛, 𝑤𝑛−1),

𝜚(𝑤𝑛, 𝑤𝑛) + 𝜚(𝑤𝑛−1, 𝑤𝑛+1)
2

} − 𝜙(max{𝜚(𝑤𝑛, 𝑤𝑛−1),

𝜚(𝑤𝑛+1, 𝑤𝑛), 𝜚(𝑤𝑛, 𝑤𝑛−1),
𝜚(𝑤𝑛, 𝑤𝑛) + 𝜚(𝑤𝑛−1, 𝑤𝑛+1)

2
}))

+Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤𝑛−1∥ + ∥𝑤𝑛∥ + ∥𝑤𝑛∥ + ∥𝑤𝑛+1∥]𝜗

≤ (1 − 𝜖) (max{𝜚(𝑤𝑛, 𝑤𝑛−1),
𝜚(𝑤𝑛+1, 𝑤𝑛) + 𝜚(𝑤𝑛, 𝑤𝑛−1)

2
}

−𝜙(max{𝜚(𝑤𝑛, 𝑤𝑛−1),
𝜚(𝑤𝑛+1, 𝑤𝑛) + 𝜚(𝑤𝑛, 𝑤𝑛−1)

2
}))

+𝐾𝜖 𝜉𝜓 (𝜖) ,

for some𝐾 > 0. If 𝜚(𝑤𝑛, 𝑤𝑛−1) ≤ 𝜚(𝑤𝑛+1, 𝑤𝑛), then we obtain 𝜚(𝑤𝑛+1, 𝑤𝑛) ≤ (1−𝜖) (𝜚(𝑤𝑛+1, 𝑤𝑛)−𝜙(𝜚(𝑤𝑛+1, 𝑤𝑛)))+
𝐾𝜖 𝜉𝜓 (𝜖). In this way, we obtain 𝜚(𝑤𝑛+1, 𝑤𝑛) = 0, is a contraction. Therefore we have

𝜚(𝑤𝑛+1, 𝑤𝑛) < 𝜚(𝑤𝑛, 𝑤𝑛−1) < · · · < 𝜚(𝑤1, 𝑤0) = ∥𝑤1∥ ,
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that is {𝜚(𝑤𝑛+1, 𝑤𝑛)} is a decreasing sequence. Since {𝜚(𝑤𝑛, 𝑤𝑛+1)} is decreasing, and so, it is convergent to 𝜚 ≥ 0 and
lim𝑛→∞ 𝜚(𝑤𝑛, 𝑤𝑛+1) = 𝜚. Now, we will demonstrate that {∥𝑤𝑛∥} is a bounded sequence. By the triangle inequality,
we have

∥𝑤𝑛∥ = 𝜚(𝑤𝑛, 𝑤0) ≤ 𝜚(𝑤𝑛, 𝑤𝑛+1) + 𝜚(𝑤𝑛+1, 𝑤1) + 𝜚(𝑤1, 𝑤0).

Since ⊤ is an (𝛼, 𝜙)−weak Pata contractive mapping via simulation function, we have

0 ≤ 𝜁 (𝛼(𝑤0, 𝑤𝑛)𝜚 (⊤𝑤0,⊤𝑤𝑛) , (1 − 𝜖) (𝑀 (𝑤0, 𝑤𝑛) − 𝜙(𝑀 (𝑤0, 𝑤𝑛))) + 𝑃(𝑤0, 𝑤𝑛))
≤ (1 − 𝜖) (𝑀 (𝑤0, 𝑤𝑛) − 𝜙(𝑀 (𝑤0, 𝑤𝑛))) + 𝑃(𝑤0, 𝑤𝑛)) − 𝛼(𝑤0, 𝑤𝑛)𝜚 (⊤𝑤0,⊤𝑤𝑛) .

Using (2.3), we obtain

𝜚(𝑤1, 𝑤𝑛+1) = 𝛼(𝑤0, 𝑤𝑛)𝜚 (⊤𝑤0,⊤𝑤𝑛)
≤ (1 − 𝜖) (max{𝜚(𝑤𝑛, 𝑤0), 𝜚(𝑤𝑛, 𝑤𝑛+1), 𝜚(𝑤0, 𝑤1),

𝜚(𝑤𝑛, 𝑤1) + 𝜚(𝑤0, 𝑤𝑛+1)
2

} − 𝜙(max{𝜚(𝑤𝑛, 𝑤0), 𝜚(𝑤𝑛, 𝑤𝑛+1),

𝜚(𝑤0, 𝑤1),
𝜚(𝑤𝑛, 𝑤1) + 𝜚(𝑤0, 𝑤𝑛+1)

2
}))

+Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤𝑛∥ + 0 + ∥𝑤𝑛+1∥ + ∥𝑤1∥]𝜗

≤ (1 − 𝜖) (max{𝜚(𝑤𝑛, 𝑤0), 𝜚(𝑤𝑛, 𝑤𝑛+1), 𝜚(𝑤0, 𝑤1),
𝜚(𝑤𝑛, 𝑤0) + 𝜚(𝑤1, 𝑤0) + 𝜚(𝑤𝑛+1, 𝑤𝑛) + 𝜚(𝑤𝑛, 𝑤0)

2
}

−𝜙(max{𝜚(𝑤𝑛, 𝑤0), 𝜚(𝑤𝑛, 𝑤𝑛+1), 𝜚(𝑤0, 𝑤1),
𝜚(𝑤𝑛, 𝑤0) + 𝜚(𝑤1, 𝑤0) + 𝜚(𝑤𝑛+1, 𝑤𝑛) + 𝜚(𝑤𝑛, 𝑤0)

2
}))

+Λ𝜖 𝜉𝜓 (𝜖) [1 + 2 ∥𝑤𝑛∥ + 2 ∥𝑤1∥]𝜗

≤ (1 − 𝜖) (max {∥𝑤𝑛∥ , ∥𝑤1∥ , ∥𝑤𝑛∥ + ∥𝑤1∥} − 𝜙(max{∥𝑤𝑛∥ , ∥𝑤1∥ ,
∥𝑤𝑛∥ + ∥𝑤1∥})) + Λ𝜖 𝜉𝜓 (𝜖) [1 + 2 ∥𝑤𝑛∥ + 2 ∥𝑤1∥]𝜗

≤ (1 − 𝜖) (∥𝑤𝑛∥ + ∥𝑤1∥ − 𝜙(∥𝑤𝑛∥ + ∥𝑤1∥))
+Λ𝜖 𝜉𝜓 (𝜖) [1 + 2 ∥𝑤𝑛∥ + 2 ∥𝑤1∥]𝜗 .

Since 𝜗 ≤ 𝜉, we get

∥𝑤𝑛∥ ≤ (1 − 𝜖) (∥𝑤𝑛∥ + ∥𝑤1∥ − 𝜙(∥𝑤𝑛∥ + ∥𝑤1∥)) + 2 ∥𝑤1∥ + Λ𝜖 𝜉𝜓 (𝜖) [1 + 2 ∥𝑤𝑛∥ + 2 ∥𝑤1∥] 𝜉

and
𝜖 ∥𝑤𝑛∥ ≤ 𝑘𝜖 𝜉𝜓 (𝜖) ∥𝑤𝑛∥ 𝜉 + 𝑙,

for some 𝑘, 𝑙 > 0. By the same reason as in [21], {∥𝑤𝑛∥} is a bounded sequence. Using (2.2), we have

𝜚(𝑤𝑛, 𝑤𝑛+1) ≤ 𝛼(𝑤𝑛−1, 𝑤𝑛)𝜚(𝑤𝑛, 𝑤𝑛+1)
(1 − 𝜖) (max{𝜚(𝑤𝑛, 𝑤𝑛−1), 𝜚(𝑤𝑛+1, 𝑤𝑛), 𝜚(𝑤𝑛, 𝑤𝑛−1),
𝜚(𝑤𝑛, 𝑤𝑛) + 𝜚(𝑤𝑛−1, 𝑤𝑛+1)

2
} − 𝜙(max{𝜚(𝑤𝑛, 𝑤𝑛−1), 𝜚(𝑤𝑛+1, 𝑤𝑛),

𝜚(𝑤𝑛, 𝑤𝑛−1),
𝜚(𝑤𝑛, 𝑤𝑛) + 𝜚(𝑤𝑛−1, 𝑤𝑛+1)

2
}))

+Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤𝑛∥ + ∥𝑤𝑛−1∥ + ∥𝑤𝑛+1∥ + ∥𝑤𝑛∥]𝜗

≤ (1 − 𝜖) (max
{
𝜚(𝑤𝑛, 𝑤𝑛−1),

𝜚(𝑤𝑛+1, 𝑤𝑛) + 𝜚(𝑤𝑛, 𝑤𝑛−1)
2

}
−𝜙(max

{
𝜚(𝑤𝑛, 𝑤𝑛−1),

𝜚(𝑤𝑛+1, 𝑤𝑛) + 𝜚(𝑤𝑛, 𝑤𝑛−1)
2

}
)) + 𝐾𝜖 𝜉𝜓 (𝜖) ,

for some 𝐾 > 0. Taking limit as 𝑛→ ∞, we obtain 𝜚 ≤ 𝐾𝜖 𝜉𝜓 (𝜖) and thus 𝜚 = 0.
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Next, we demonstrate that {𝑤𝑛} is a Cauchy sequence. We assume that {𝑤𝑛} is not a Cauchy sequence. From
Lemma 1, there exist subsequences

{
𝑤𝑚 𝑗

}
and

{
𝑤𝑛 𝑗

}
with 𝑛 𝑗 > 𝑚 𝑗 > 𝑗 such that lim 𝑗→∞ 𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗+1) = 𝜍,

lim 𝑗→∞ 𝜚(𝑤𝑚 𝑗
, 𝑤𝑛 𝑗 ) = 𝜍 , lim 𝑗→∞ 𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗

) = 𝜍 , lim 𝑗→∞ 𝜚(𝑤𝑚 𝑗+1, 𝑤𝑛 𝑗+1) = 𝜍 and lim 𝑗→∞ 𝜚(𝑤𝑚 𝑗
, 𝑤𝑛 𝑗−1) = 𝜍 .

Since ⊤ is an (𝛼, 𝜙)−weak Pata contractive mapping via simulation function, we have

𝜍 ≤ 𝜚(𝑤𝑚 𝑗
, 𝑤𝑛 𝑗

) = 𝛼(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗−1)𝜚(⊤𝑤𝑚 𝑗−1,⊤𝑤𝑛 𝑗−1)
≤ (1 − 𝜖) (max{𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗−1), 𝜚(𝑤𝑚 𝑗−1, 𝑤𝑚 𝑗

), 𝜚(𝑤𝑛 𝑗−1, 𝑤𝑛 𝑗
),

𝜚(𝑤𝑛 𝑗−1 , 𝑤𝑚 𝑗
) + 𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗

)
2

} − 𝜙(max{𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗−1),

𝜚(𝑤𝑚 𝑗−1, 𝑤𝑚 𝑗
), 𝜚(𝑤𝑛 𝑗−1, 𝑤𝑛 𝑗

),
𝜚(𝑤𝑛 𝑗−1 , 𝑤𝑚 𝑗

) + 𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗
)

2
}))

+Λ𝜖 𝜉𝜓 (𝜖)
[
1 +



𝑤𝑚 𝑗



 + 

𝑤𝑛 𝑗



 + 

𝑤𝑛 𝑗+1


 + 

𝑤𝑚 𝑗+1



]𝜗 .

Taking the limit as 𝑗 → ∞, we obtain

𝜍 ≤ (1 − 𝜖) (𝜍 − 𝜙(𝜍)) + 𝐾𝜖𝜓 (𝜖)

and
𝜍 ≤ (1 − 𝜖) 𝜍 + 𝐾𝜖𝜓 (𝜖) ,

then
𝜍 ≤ 𝐾𝜓 (𝜖) ,

is a contradiction. Hence, {𝑤𝑛} is a Cauchy sequence in (𝑊, 𝜚). By the completeness of𝑊 , 𝑤𝑛 → 𝑢 ∈ 𝑊 as 𝑛→ +∞.
Since ⊤ is continuous, ⊤𝑤𝑛 → ⊤𝑢 as 𝑛→ +∞. By the uniqueness of the limit, we obtain 𝑢 = ⊤𝑢, that is, 𝑢 ∈ 𝐹 (⊤).
Now we demonstrate that fixed point of ⊤ is unique. Assume that 𝑢 and 𝑣 are fixed points of ⊤. Since ⊤ is an
(𝛼, 𝜙)−weak Pata contractive mapping via simulation function, we have

0 ≤ 𝜁 (𝛼(𝑢, 𝑣)𝜚(⊤𝑢,⊤𝑣), (1 − 𝜖) (𝑀 (𝑢, 𝑣) − 𝜙(𝑀 (𝑢, 𝑣))) + 𝑃(𝑢, 𝑣))
≤ (1 − 𝜖) (𝑀 (𝑢, 𝑣) − 𝜙(𝑀 (𝑢, 𝑣))) + 𝑃(𝑢, 𝑣)) − 𝛼(𝑢, 𝑣)𝜚(⊤𝑢,⊤𝑣).

Since ⊤ satisfies the hypothesis (𝑖𝑣) of Theorem 2, we have

𝜚(⊤𝑢,⊤𝑣) ≤ 𝛼(𝑢, 𝑣)𝜚(⊤𝑢,⊤𝑣)

≤ (1 − 𝜖) (max
{
𝜚(𝑢, 𝑣), 𝜚(𝑢,⊤𝑢), 𝜚(𝑣,⊤𝑣), 𝜚(𝑢,⊤𝑣) + 𝜚(𝑣,⊤𝑢)

2

}
−𝜙(max

{
𝜚(𝑢, 𝑣), 𝜚(𝑢,⊤𝑢), 𝜚(𝑣,⊤𝑣), 𝜚(𝑢,⊤𝑣) + 𝜚(𝑣,⊤𝑢)

2

}
)) + 𝐾𝜖𝜓 (𝜖) .

We obtain that 𝜚(𝑢, 𝑣) ≤ 𝐾𝜓 (𝜖), and so, 𝑢 = 𝑣. Thus, ⊤ has a unique fixed point in𝑊 . □

The following theorem does not require the continuity of ⊤.
Let (𝑊, 𝜚) be a complete metric space. ⊤ : 𝑊 → 𝑊 be an (𝛼, 𝜙)−weak Pata contractive mapping via simulation
function. Assume that

(i) ⊤ is triangular 𝛼−admissible;

(ii) there exists 𝑤0 ∈ 𝑊 such that 𝛼 (𝑤0,⊤𝑤0) ≥ 1;

(iii) if {𝑤𝑛} is a sequence in𝑊 such that 𝛼 (𝑤𝑛, 𝑤𝑛+1) ≥ 1, for all 𝑛 and 𝑤𝑛 → 𝑢 ∈ 𝑊 as 𝑛→ +∞, then 𝛼 (𝑤𝑛, 𝑢) ≥ 1
for all 𝑛;

(iv) for all 𝑢, 𝑣 ∈ 𝐹 (⊤), 𝛼 (𝑢, 𝑣) ≥ 1.

Then ⊤ has a unique fixed point that is 𝑢 = ⊤𝑢, 𝑢 ∈ 𝑊 .
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Proof Following the proof of Theorem 2, we have already shown that {𝑤𝑛} is a Cauchy sequence in 𝑊 . Since 𝑊
is complete, we have 𝑤𝑛 → 𝑢 ∈ 𝑊 as 𝑛 → +∞. Next, we prove that 𝑢 ∈ 𝐹 (⊤), that is, 𝑢 = ⊤𝑢. From (2.2) and the
hypothesis (𝑖𝑖𝑖) of Theorem 2, we have 𝛼 (𝑤𝑛, 𝑢) ≥ 1 for all 𝑛. Also, we have

0 ≤ 𝜁 (𝛼(𝑤𝑛, 𝑢)𝜚(⊤𝑢, 𝑤𝑛+1), (1 − 𝜖) (𝑀 (𝑤𝑛, 𝑢) − 𝜙(𝑀 (𝑤𝑛, 𝑢)) + 𝑃(𝑤𝑛, 𝑢))

and

𝜚(⊤𝑢, 𝑢) = 𝜚(⊤𝑢, 𝑤𝑛+1) + 𝜚(𝑤𝑛+1, 𝑢)
≤ 𝛼(𝑤𝑛, 𝑢)𝜚(⊤𝑢, 𝑤𝑛+1) + 𝜚(𝑤𝑛+1, 𝑢)

≤ (1 − 𝜖) (max
{
𝜚(𝑢, 𝑤𝑛), 𝜚(𝑢,⊤𝑢), 𝜚(𝑤𝑛, 𝑤𝑛+1),

𝜚(𝑢, 𝑤𝑛+1) + 𝜚(𝑤𝑛,⊤𝑢)
2

}
−𝜙(max

{
𝜚(𝑢, 𝑤𝑛), 𝜚(𝑢,⊤𝑢), 𝜚(𝑤𝑛, 𝑤𝑛+1),

𝜚(𝑢, 𝑤𝑛+1) + 𝜚(𝑤𝑛,⊤𝑢)
2

}
))

+Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤𝑛∥ + ∥𝑢∥ + ∥⊤𝑢∥ + ∥𝑤𝑛+1∥]𝜗 + 𝜚(𝑤𝑛+1, 𝑢).

≤ (1 − 𝜖) (max
{
𝜚(𝑢, 𝑤𝑛), 𝜚(𝑢,⊤𝑢), 𝜚(𝑤𝑛, 𝑤𝑛+1),

𝜚(𝑢, 𝑤𝑛+1) + 𝜚(𝑤𝑛,⊤𝑢)
2

}
−𝜙(max

{
𝜚(𝑢, 𝑤𝑛), 𝜚(𝑢,⊤𝑢), 𝜚(𝑤𝑛, 𝑤𝑛+1),

𝜚(𝑢, 𝑤𝑛+1) + 𝜚(𝑤𝑛,⊤𝑢)
2

}
))

+𝐾𝜖 𝜉𝜓 (𝜖) ,

for some 𝐾 > 0. We take the limit as 𝑛→ ∞, we get

𝜚(⊤𝑢, 𝑢) ≤ (1 − 𝜖) (𝜚(⊤𝑢, 𝑢) − 𝜙(𝜚(⊤𝑢, 𝑢))) + 𝐾𝜖 𝜉𝜓 (𝜖) .

Thus, we obtain that ⊤𝑢 = 𝑢 and that is 𝑢 ∈ 𝐹 (⊤). Similar to the proof of Theorem 2, the uniqueness of fixed point of ⊤
can be obtained. □

Let 𝑊 = [0, 1] with the usual metric and define the mappings ⊤ : 𝑊 → 𝑊 by ⊤ (𝑤) =
𝑤2

4
, 𝑤 ∈ [0, 1] and

𝜙 : [0,∞] → [0,∞], 𝜙 (𝑠) = 𝑠

3
. Let 𝛼 : 𝑊 ×𝑊 → [0, +∞) be defined as 𝛼(𝑤, 𝑡) =

{
1, 𝑤, 𝑡 ∈ [0, 1]
0, otherwise . It is clear

that ⊤ is triangular 𝛼−admissible. Our goal is to show that ⊤ satisfies (2.1). For 𝑤, 𝑡 ∈ [0, 1], we have

𝜚(𝑤, 𝑡) − 𝜙 (𝜚(𝑤, 𝑡)) = 𝜚(𝑤, 𝑡) − 1
3
𝜚(𝑤, 𝑡) = 2

3
𝜚(𝑤, 𝑡)

and

𝜚(⊤𝑤,⊤𝑡) ≤ 𝛼(𝑤, 𝑡)𝜚(⊤𝑤,⊤𝑡)

=
𝑤2

6
− 𝑡2

6

=
1
6
( |𝑤 − 𝑡 |) (𝑤 + 𝑡)

≤ 1
3
( |𝑤 − 𝑡 |)

=
1
3
𝜚(𝑤, 𝑡).

Since 𝜚(𝑤, 𝑡) ≤ 𝑀 (𝑤, 𝑡), we obtain

𝜚(⊤𝑤,⊤𝑡) ≤ 1
3
𝑀 (𝑤, 𝑡) = 1

2

(
2
3
𝑀 (𝑤, 𝑡)

)
=

1
2
(𝑀 (𝑤, 𝑡) − 𝜙 (𝑀 (𝑤, 𝑡))) .
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For arbitrary 𝜖 ∈ [0, 1], we can write the above inequality as follows

𝜚(⊤𝑤,⊤𝑡) ≤ (1 − 𝜖) (𝑀 (𝑤, 𝑡) − 𝜙 (𝑀 (𝑤, 𝑡))) +
(

1
3
+ 𝜖 − 1

)
𝑀 (𝑤, 𝑡)

≤ (1 − 𝜖) (𝑀 (𝑤, 𝑡) − 𝜙 (𝑀 (𝑤, 𝑡)))

+
(

1
3
+ 𝜖 − 1

)
(1 + ∥𝑤∥ + ∥𝑡∥ + ∥⊤𝑤∥ + ∥⊤𝑡∥) .

Our goal is to prove that 𝛾 ≥ 0 and Λ ≥ 0 such that(
1
3
+ 𝜖 − 1

)
(1 + ∥𝑤∥ + ∥𝑡∥ + ∥⊤𝑤∥ + ∥⊤𝑡∥) ≤ Λ𝜖𝛾+1 (1 + ∥𝑤∥ + ∥𝑡∥ + ∥⊤𝑤∥ + ∥⊤𝑡∥) ,

satisfies for all 𝑤, 𝑡 ∈ [0, 1] and every 0 ≤ 𝜖 ≤ 1. We can find Λ ≥ 0 such that

Λ =

(
1
3 + 𝜖 − 1

)
𝜖𝛾+1 ,

satisfies for each 0 ≤ 𝜖 ≤ 1 and some 𝛾 ≥ 0. If we choose 𝛾 such that
𝛾

𝛾 + 1
> 1 − 1

3
, then

Λ =
𝛾𝛾

(𝛾 + 1)𝛾+1
(
1 − 1

3

)𝛾 .

Thus, we have that

𝛼(𝑤, 𝑡)𝜚(⊤𝑤,⊤𝑡) ≤ (1 − 𝜖) (𝑀 (𝑤, 𝑡) − 𝜙(𝑀 (𝑤, 𝑡)) + Λ𝜖𝛾+1
(

1 + ∥𝑤∥ + ∥𝑡∥
+ ∥⊤𝑤∥ + ∥⊤𝑡∥

)
and

𝜁

(
𝛼(𝑤, 𝑡)𝜚(⊤𝑤,⊤𝑡), (1 − 𝜖) (𝑀 (𝑤, 𝑡) − 𝜙(𝑀 (𝑤, 𝑡)) + Λ𝜖𝛾+1

(
1 + ∥𝑤∥ + ∥𝑡∥
+ ∥⊤𝑤∥ + ∥⊤𝑡∥

))
≤ 0,

satisfies for all 𝑤, 𝑡 ∈ [0, 1], 𝜁 ∈ �́� and each 𝜖 > 0. If 𝜖 = 0, it can be seen that (2.1) is satisfied. Also, the conditions of
Theorem 2 are satisfied with 𝜓 (𝜖) = 𝜖𝛾 , 𝜉 = 𝜗 = 1 . Hence, ⊤ has a unique fixed point in𝑊 = [0, 1]. It is seen that,
𝑢 = 0 is the unique fixed point of ⊤ in𝑊 .
Now, we state a fixed point result for multivalued (𝛼, 𝜙)−weak Pata contractive mapping.
Let (𝑊, 𝜚) be an ordered complete metric space and satisfy (𝐻∗). Let Λ ≥ 0, 𝜉 ≥ 1 and 𝜗 ∈ [0, 𝜉] be fixed constants,
𝜓 ∈ Ψ and 𝛼 : 𝑊 ×𝑊 → [0, +∞) be two functions. Assume that ⊤ : 𝑊 → 2𝑊 be a multivalued mapping has UCAV
and if for all 𝑤, 𝑡 ∈ 𝑊 with 𝑤 and 𝑡 comparable, and 𝜖 ∈ [0, 1], ⊤ satisfies the inequality

𝛼 (𝑤, 𝑡) 𝐻𝜚 (⊤𝑤,⊤𝑡) ≤ (1 − 𝜖) (𝑀 (𝑤, 𝑡) − 𝜙(𝑀 (𝑤, 𝑡)) + 𝑃(𝑤, 𝑡), (4)

where 𝜙 : [0, +∞) → [0, +∞) is a continuous and nondecreasing function with 𝜙(0) = 0 and 𝜙(𝑠) > 0, for all 𝑠 > 0,
and

𝑃(𝑤, 𝑡) = Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤∥ + ∥𝑡∥ + ∥⊤𝑤∥ + ∥⊤𝑡∥]𝜗

and
𝑀 (𝑤, 𝑡) = max

{
𝜚(𝑤, 𝑡), 𝜚(𝑤,⊤𝑤), 𝜚(𝑡,⊤𝑡), 𝜚(𝑤,⊤𝑡) + 𝜚(𝑡,⊤𝑤)

2

}
,

and also, assume that ⊤ satisfies the following conditions

(i) ⊤ is triangular 𝛼−admissible;

(ii) there exists 𝑤0 ∈ 𝑊, 𝑤1 ∈ ⊤𝑤0 such that 𝛼 (𝑤0, 𝑤1) ≥ 1;

(iii) ⊤ is continuous;

MANAS Journal of Engineering, Volume 10 (Issue 2) © (2022) www.journals.manas.edu.kg



M. Aktay1, M. ¨Ozdemir$2 / MANAS Journal of Engineering, 10 (2) (2022) 236

(iv) for all 𝑢, 𝑣 ∈ 𝐹𝐻 (⊤), 𝛼 (𝑢, 𝑣) ≥ 1.

Then ⊤ has a unique fixed point that is 𝑢 ∈ ⊤𝑢, 𝑢 ∈ 𝑊 .

Proof The hypothesis (𝑖𝑖) of the Theorem 2, there exists 𝑤0 ∈ 𝑊 such that 𝛼 (𝑤0,⊤𝑤0) ≥ 1. Starting at the point
𝑤0 ∈ 𝑊, if 𝑤0 ∈ ⊤𝑤0, proof is clearly completed. Since ⊤𝑤0 has UCAV, there exists 𝑤1 ∈ ⊤𝑤0 with 𝑤1 ≠ 𝑤0 and
𝑤1 ≥ 𝑤0 such that

𝜚 (𝑤0, 𝑤1) = inf
𝑤∈⊤𝑤0

𝜚 (𝑤, 𝑤0) = 𝜚 (⊤𝑤0, 𝑤0) .

Continuing this process, the iterative sequence {𝑤𝑛} is constructed by 𝑤𝑛+1 ∈ ⊤𝑤𝑛 with 𝑤𝑛+1 ≠ 𝑤𝑛 and 𝑤𝑛+1 ≥ 𝑤𝑛,
for all 𝑛 ≥ 1 such that

𝜚 (𝑤𝑛, 𝑤𝑛+1) = 𝜚 (⊤𝑤𝑛, 𝑤𝑛) .

Furthermore
𝜚 (⊤𝑤𝑛, 𝑤𝑛) ≤ sup

𝑤∈⊤𝑤𝑛−1

𝜚 (⊤𝑤𝑛, 𝑤) ≤ 𝐻𝜚 (⊤𝑤𝑛,⊤𝑤𝑛−1) .

Thus, we have
𝜚 (𝑤𝑛, 𝑤𝑛+1) ≤ 𝐻𝜚 (⊤𝑤𝑛−1,⊤𝑤𝑛) , for 𝑛 ≥ 2.

We denote ∥𝑤𝑛∥ = 𝜚 (𝑤𝑛, 𝑤0) for 𝑛 ≥ 1. If 𝑤𝑛0 = 𝑤𝑛0+1 for any 𝑛0 ∈ N, then 𝑤𝑛0 ∈ ⊤𝑤𝑛0 . First of all, we show that
𝛼 (𝑤𝑛, 𝑤𝑛+1) ≥ 1, for all 𝑛 ∈ N. Since ⊤ is an 𝛼−admissible mapping, 𝑤0 ∈ 𝑊, 𝑤1 ∈ ⊤𝑤0 we have

𝛼 (𝑤0, 𝑤1) ≥ 1 implies 𝛼 (𝑤1, 𝑤2) ≥ 1, for 𝑤2 ∈ ⊤𝑤1

and
𝛼 (𝑤1, 𝑤2) ≥ 1 implies 𝛼 (𝑤2, 𝑤3) ≥ 1, for 𝑤3 ∈ ⊤𝑤2.

By induction, we obtain
𝛼 (𝑤𝑛, 𝑤𝑛+1) ≥ 1, for 𝑤𝑛+1 ∈ ⊤𝑤𝑛, 𝑛 ∈ N. (5)

Since ⊤ is triangular 𝛼−admissible, we have

𝛼 (𝑤𝑛, 𝑤𝑛+1) ≥ 1 and 𝛼 (𝑤𝑛+1, 𝑤𝑛+2) ≥ 1 imply 𝛼 (𝑤𝑛, 𝑤𝑛+2) ≥ 1, 𝑤𝑛+2 ∈ 𝑤𝑛+1.

Thus, by induction, we get
𝛼 (𝑤𝑛, 𝑤𝑚) ≥ 1 for all 𝑚 > 𝑛 ≥ 0. (6)

Now, we will show that {𝜚(𝑤𝑛+1, 𝑤𝑛)} is a decreasing sequence. Using (2.5),

𝜚(𝑤𝑛, 𝑤𝑛+1) ≤ 𝐻𝜚 (⊤𝑤𝑛−1,⊤𝑤𝑛)
≤ 𝛼(𝑤𝑛−1, 𝑤𝑛)𝐻𝜚 (⊤𝑤𝑛−1,⊤𝑤𝑛)
≤ (1 − 𝜖) (max{𝜚(𝑤𝑛, 𝑤𝑛−1), 𝜚(𝑤𝑛+1, 𝑤𝑛), 𝜚(𝑤𝑛, 𝑤𝑛−1),

𝜚(𝑤𝑛, 𝑤𝑛) + 𝜚(𝑤𝑛−1, 𝑤𝑛+1)
2

} − 𝜙(max{𝜚(𝑤𝑛, 𝑤𝑛−1),

𝜚(𝑤𝑛+1, 𝑤𝑛), 𝜚(𝑤𝑛, 𝑤𝑛−1),
𝜚(𝑤𝑛, 𝑤𝑛) + 𝜚(𝑤𝑛−1, 𝑤𝑛+1)

2
}))

+Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤𝑛−1∥ + ∥𝑤𝑛∥ + ∥𝑤𝑛∥ + ∥𝑤𝑛+1∥]𝜗

≤ (1 − 𝜖) (max{𝜚(𝑤𝑛, 𝑤𝑛−1),
𝜚(𝑤𝑛+1, 𝑤𝑛) + 𝜚(𝑤𝑛, 𝑤𝑛−1)

2
}

−𝜙(max{𝜚(𝑤𝑛, 𝑤𝑛−1),
𝜚(𝑤𝑛+1, 𝑤𝑛) + 𝜚(𝑤𝑛, 𝑤𝑛−1)

2
}))

+𝐾𝜖 𝜉𝜓 (𝜖) ,

for some𝐾 > 0. If 𝜚(𝑤𝑛, 𝑤𝑛−1) ≤ 𝜚(𝑤𝑛+1, 𝑤𝑛), then we obtain 𝜚(𝑤𝑛+1, 𝑤𝑛) ≤ (1−𝜖) (𝜚(𝑤𝑛+1, 𝑤𝑛)−𝜙(𝜚(𝑤𝑛+1, 𝑤𝑛)))+
𝐾𝜖 𝜉𝜓 (𝜖). In this way, we obtain 𝜚(𝑤𝑛+1, 𝑤𝑛) = 0, is a contraction. Therefore, we have

𝜚(𝑤𝑛+1, 𝑤𝑛) ≤ 𝐻𝜚 (⊤𝑤𝑛−1,⊤𝑤𝑛) < 𝜚(𝑤𝑛, 𝑤𝑛−1).
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If we continue this process, we get

𝜚(𝑤𝑛+1, 𝑤𝑛) < 𝜚(𝑤𝑛, 𝑤𝑛−1) < · · · < 𝜚(𝑤1, 𝑤0) = ∥𝑤1∥ ,

that is {𝜚(𝑤𝑛+1, 𝑤𝑛)} is a decreasing sequence and so, this sequence is convergent to 𝜚 ≥ 0 and lim𝑛→∞ 𝜚(𝑤𝑛, 𝑤𝑛+1) = 𝜚.
Now, we will demonstrate that {∥𝑤𝑛∥} is a bounded sequence. By the triangle inequality, we have

∥𝑤𝑛∥ = 𝜚(𝑤𝑛, 𝑤0) ≤ 𝜚(𝑤𝑛, 𝑤𝑛+1) + 𝜚(𝑤𝑛+1, 𝑤1) + 𝜚(𝑤1, 𝑤0),

is a contradiction. Since ⊤ is a multivalued (𝛼, 𝜙)−weak Pata contractive mapping with (2.6), we obtain

𝜚(𝑤1, 𝑤𝑛+1) ≤ 𝐻𝜚 (⊤𝑤0,⊤𝑤𝑛)
≤ 𝛼(𝑤0, 𝑤𝑛)𝐻𝜚 (⊤𝑤0,⊤𝑤𝑛)
≤ (1 − 𝜖) (max{𝜚(𝑤𝑛, 𝑤0), 𝜚(𝑤𝑛, 𝑤𝑛+1), 𝜚(𝑤0, 𝑤1),

𝜚(𝑤𝑛, 𝑤1) + 𝜚(𝑤0, 𝑤𝑛+1)
2

} − 𝜙(max{𝜚(𝑤𝑛, 𝑤0), 𝜚(𝑤𝑛, 𝑤𝑛+1),

𝜚(𝑤0, 𝑤1),
𝜚(𝑤𝑛, 𝑤1) + 𝜚(𝑤0, 𝑤𝑛+1)

2
}))

+Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤𝑛∥ + 0 + ∥𝑤𝑛+1∥ + ∥𝑤1∥]𝜗

≤ (1 − 𝜖) (max{𝜚(𝑤𝑛, 𝑤0), 𝜚(𝑤𝑛, 𝑤𝑛+1), 𝜚(𝑤0, 𝑤1),
𝜚(𝑤𝑛, 𝑤0) + 𝜚(𝑤1, 𝑤0) + 𝜚(𝑤𝑛+1, 𝑤𝑛) + 𝜚(𝑤𝑛, 𝑤0)

2
}

−𝜙(max{𝜚(𝑤𝑛, 𝑤0), 𝜚(𝑤𝑛, 𝑤𝑛+1), 𝜚(𝑤0, 𝑤1),
𝜚(𝑤𝑛, 𝑤0) + 𝜚(𝑤1, 𝑤0) + 𝜚(𝑤𝑛+1, 𝑤𝑛) + 𝜚(𝑤𝑛, 𝑤0)

2
}))

+Λ𝜖 𝜉𝜓 (𝜖) [1 + 2 ∥𝑤𝑛∥ + 2 ∥𝑤1∥]𝜗

≤ (1 − 𝜖) (max {∥𝑤𝑛∥ , ∥𝑤1∥ , ∥𝑤𝑛∥ + ∥𝑤1∥} − 𝜙(max{∥𝑤𝑛∥ , ∥𝑤1∥ ,
∥𝑤𝑛∥ + ∥𝑤1∥})) + Λ𝜖 𝜉𝜓 (𝜖) [1 + 2 ∥𝑤𝑛∥ + 2 ∥𝑤1∥]𝜗

≤ (1 − 𝜖) (∥𝑤𝑛∥ + ∥𝑤1∥ − 𝜙(∥𝑤𝑛∥ + ∥𝑤1∥))
+Λ𝜖 𝜉𝜓 (𝜖) [1 + 2 ∥𝑤𝑛∥ + 2 ∥𝑤1∥]𝜗 .

Since 𝜗 ≤ 𝜉, we get

∥𝑤𝑛∥ ≤ (1 − 𝜖) (∥𝑤𝑛∥ + ∥𝑤1∥ − 𝜙(∥𝑤𝑛∥ + ∥𝑤1∥)) + 2 ∥𝑤1∥ + Λ𝜖 𝜉𝜓 (𝜖) [1 + 2 ∥𝑤𝑛∥ + 2 ∥𝑤1∥] 𝜉

and
𝜖 ∥𝑤𝑛∥ ≤ 𝑘𝜖 𝜉𝜓 (𝜖) ∥𝑤𝑛∥ 𝜉 + 𝑙,

for some 𝑘, 𝑙 > 0. By the same reason as in [21], {∥𝑤𝑛∥} is a bounded sequence. Using (2.5), we have

𝜚(𝑤𝑛, 𝑤𝑛+1) ≤ 𝛼(𝑤𝑛−1, 𝑤𝑛)𝐻𝜚 (⊤𝑤𝑛−1,⊤𝑤𝑛)
(1 − 𝜖) (max{𝜚(𝑤𝑛, 𝑤𝑛−1), 𝜚(𝑤𝑛+1, 𝑤𝑛), 𝜚(𝑤𝑛, 𝑤𝑛−1),
𝜚(𝑤𝑛, 𝑤𝑛) + 𝜚(𝑤𝑛−1, 𝑤𝑛+1)

2
} − 𝜙(max{𝜚(𝑤𝑛, 𝑤𝑛−1), 𝜚(𝑤𝑛+1, 𝑤𝑛),

𝜚(𝑤𝑛, 𝑤𝑛−1),
𝜚(𝑤𝑛, 𝑤𝑛) + 𝜚(𝑤𝑛−1, 𝑤𝑛+1)

2
}))

+Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤𝑛∥ + ∥𝑤𝑛−1∥ + ∥𝑤𝑛+1∥ + ∥𝑤𝑛∥]𝜗

≤ (1 − 𝜖) (max
{
𝜚(𝑤𝑛, 𝑤𝑛−1),

𝜚(𝑤𝑛+1, 𝑤𝑛) + 𝜚(𝑤𝑛, 𝑤𝑛−1)
2

}
−𝜙(max

{
𝜚(𝑤𝑛, 𝑤𝑛−1),

𝜚(𝑤𝑛+1, 𝑤𝑛) + 𝜚(𝑤𝑛, 𝑤𝑛−1)
2

}
)) + 𝐾𝜖 𝜉𝜓 (𝜖) ,

for some 𝐾 > 0. Taking limit as 𝑛→ ∞, we obtain 𝜚 ≤ 𝐾𝜖 𝜉𝜓 (𝜖) and thus 𝜚 = 0.
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Next, we demonstrate that {𝑤𝑛} is a Cauchy sequence. We assume that {𝑤𝑛} is not a Cauchy sequence. From
Lemma 1, there exist subsequences

{
𝑤𝑚 𝑗

}
and

{
𝑤𝑛 𝑗

}
with 𝑛 𝑗 > 𝑚 𝑗 > 𝑗 such that lim 𝑗→∞ 𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗+1) = 𝜍,

lim 𝑗→∞ 𝜚(𝑤𝑚 𝑗
, 𝑤𝑛 𝑗 ) = 𝜍 , lim 𝑗→∞ 𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗

) = 𝜍 , lim 𝑗→∞ 𝜚(𝑤𝑚 𝑗+1, 𝑤𝑛 𝑗+1) = 𝜍 and lim 𝑗→∞ 𝜚(𝑤𝑚 𝑗
, 𝑤𝑛 𝑗−1) = 𝜍 .

Since ⊤ is a multivalued (𝛼, 𝜙)−weak Pata contractive mapping with (2.6), we have

𝜍 ≤ 𝜚(𝑤𝑚 𝑗
, 𝑤𝑛 𝑗

) ≤ 𝛼(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗−1)𝐻𝜚 (⊤𝑤𝑚 𝑗−1,⊤𝑤𝑛 𝑗−1)
≤ (1 − 𝜖) (max{𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗−1), 𝜚(𝑤𝑚 𝑗−1, 𝑤𝑚 𝑗

), 𝜚(𝑤𝑛 𝑗−1, 𝑤𝑛 𝑗
),

𝜚(𝑤𝑛 𝑗−1 , 𝑤𝑚 𝑗
) + 𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗

)
2

} − 𝜙(max{𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗−1),

𝜚(𝑤𝑚 𝑗−1, 𝑤𝑚 𝑗
), 𝜚(𝑤𝑛 𝑗−1, 𝑤𝑛 𝑗

),
𝜚(𝑤𝑛 𝑗−1 , 𝑤𝑚 𝑗

) + 𝜚(𝑤𝑚 𝑗−1, 𝑤𝑛 𝑗
)

2
}))

+Λ𝜖 𝜉𝜓 (𝜖)
[
1 +



𝑤𝑚 𝑗



 + 

𝑤𝑛 𝑗



 + 

𝑤𝑛 𝑗+1


 + 

𝑤𝑚 𝑗+1



]𝜗 .

Taking the limit as 𝑗 → ∞, we obtain

𝜍 ≤ (1 − 𝜖) (𝜍 − 𝜙(𝜍)) + 𝐾𝜖𝜓 (𝜖)

and 𝜍 ≤ (1 − 𝜖) 𝜍 + 𝐾𝜖𝜓 (𝜖). We obtain that
𝜍 ≤ 𝐾𝜓 (𝜖) ,

is a contradiction. Hence, {𝑤𝑛} is a Cauchy sequence in (𝑊, 𝜚). Since𝑊 is complete metric space, we get 𝑤𝑛 → 𝑢 ∈ 𝑊
as 𝑛→ +∞. Since ⊤ is continuous, ⊤𝑤𝑛 → ⊤𝑢 as 𝑛→ +∞. By the uniqueness of the limit, we obtain 𝑢 ∈ ⊤𝑢, that is,
𝑢 ∈ 𝐹𝐻 (⊤).
Now, we demonstrate that fixed point of ⊤ is unique. Assume that 𝑢 and 𝑣 are fixed points of ⊤. Since ⊤ satisfies the
hypothesis (𝑖𝑣) of Theorem 2 and ⊤ is a multivalued (𝛼, 𝜙)−weak Pata contractive mapping, we have

𝜚(⊤𝑢, 𝑓 𝑣) ≤ 𝛼(𝑢, 𝑣)𝐻𝜚 (⊤𝑢, 𝑓 𝑣)

≤ (1 − 𝜖) (max
{
𝜚(𝑢, 𝑣), 𝜚(𝑢,⊤𝑢), 𝜚(𝑣, 𝑓 𝑣), 𝜚(𝑢, 𝑓 𝑣) + 𝜚(𝑣,⊤𝑢)

2

}
−𝜙(max

{
𝜚(𝑢, 𝑣), 𝜚(𝑢,⊤𝑢), 𝜚(𝑣, 𝑓 𝑣), 𝜚(𝑢, 𝑓 𝑣) + 𝜚(𝑣,⊤𝑢)

2

}
)) + 𝐾𝜖𝜓 (𝜖) .

Thus, we obtain that 𝜚(𝑢, 𝑣) ≤ 𝐾𝜓 (𝜖), and so, 𝑢 = 𝑣. Thus ⊤ has a unique fixed point in𝑊 . □

If we take 𝑀 (𝑤, 𝑡) = 𝜚(𝑤, 𝑡), for all 𝑤, 𝑡 ∈ 𝑊 in Theorem 2, then we get the following corollary.
Let (𝑊, 𝜚) be a complete metric space, Λ ≥ 0, 𝜉 ≥ 1 and 𝜗 ∈ [0, 𝜉] be fixed constants, 𝜓 ∈ Ψ and 𝛼 : 𝑊×𝑊 → [0, +∞),
⊤ : 𝑊 → 𝑊 be two functions. If for all 𝑤, 𝑡 ∈ 𝑊 , and 𝜖 ∈ [0, 1], ⊤ satisfies the inequality

𝛼(𝑤, 𝑡)𝜚(⊤𝑤,⊤𝑡) ≤ (1 − 𝜖) (𝜚(𝑤, 𝑡) − 𝜙(𝜚(𝑤, 𝑡)) + Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤∥ + ∥𝑡∥ + ∥⊤𝑤∥ + ∥⊤𝑡∥]𝜗 ,

where 𝜙 : [0, +∞) → [0, +∞) is a continuous and nondecreasing function with 𝜙(0) = 0 and 𝜙(𝑠) > 0, for all 𝑠 > 0,
and

(i) ⊤ is triangular 𝛼−admissible;

(ii) there exists 𝑤0 ∈ 𝑊 such that 𝛼 (𝑤0,⊤𝑤0) ≥ 1;

(iii) ⊤ is continuous;

(iv) for all 𝑢, 𝑣 ∈ 𝐹 (⊤), 𝛼 (𝑢, 𝑣) ≥ 1.

Then ⊤ has a unique fixed point 𝑢 = ⊤𝑢.

If we take 𝑀 (𝑤, 𝑡) = 𝜚(𝑤, 𝑡) and 𝛼(𝑤, 𝑡) = 1, for all 𝑤, 𝑡 ∈ 𝑊 in Theorem 2, then we get the following corollary.
Let (𝑊, 𝜚) be a complete metric space, Λ ≥ 0, 𝜉 ≥ 1 and 𝜗 ∈ [0, 𝜉] be fixed constants, 𝜓 ∈ Ψ, ⊤ : 𝑊 → 𝑊 be a
function. If for all 𝑤, 𝑡 ∈ 𝑊 , and 𝜖 ∈ [0, 1], ⊤ satisfies the inequality

𝜚(⊤𝑤,⊤𝑡) ≤ (1 − 𝜖) (𝜚(𝑤, 𝑡) − 𝜙(𝜚(𝑤, 𝑡)) + Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤∥ + ∥𝑡∥ + ∥⊤𝑤∥ + ∥⊤𝑡∥]𝜗 ,
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where 𝜙 : [0, +∞) → [0, +∞) is a continuous and nondecreasing function with 𝜙(0) = 0 and 𝜙(𝑠) > 0, for all 𝑠 > 0,
and ⊤ is continuous. Then ⊤ has a unique fixed point 𝑢 = ⊤𝑢.
Corollary 2 generalizes the results of Pata [21] and Banach [7]. For 𝜖 = 0, we get the results of [26] and in addition to
this, if 𝜖 = 0 and we take 𝑀 (𝑤, 𝑡) = 𝜚(𝑤, 𝑡), for all 𝑤, 𝑡 ∈ 𝑊 in Theorem 2, then we get the results of [1].
If we take 𝛼(𝑤, 𝑡) = 1, for all 𝑤, 𝑡 ∈ 𝑊 in Theorem 2, then we get the following corollary.
Let (𝑊, 𝜚) be an ordered complete metric space and satisfy (𝐻∗). Let Λ ≥ 0, 𝜉 ≥ 1 and 𝜗 ∈ [0, 𝜉] be fixed constants,
𝜓 ∈ Ψ be a function. Assume that ⊤ : 𝑊 → 2𝑊 be a multivalued mapping has UCAV and if for all 𝑤, 𝑡 ∈ 𝑊 with 𝑤
and 𝑡 comparable, and 𝜖 ∈ [0, 1], ⊤ satisfies the inequality

𝐻𝜚 (⊤𝑤,⊤𝑡) ≤ (1 − 𝜖) (𝑀 (𝑤, 𝑡) − 𝜙(𝑀 (𝑤, 𝑡)) + 𝑃(𝑤, 𝑡),

where 𝜙 : [0, +∞) → [0, +∞) is a continuous and nondecreasing function with 𝜙(0) = 0 and 𝜙(𝑠) > 0 for all 𝑠 > 0, and

𝑃(𝑤, 𝑡) = Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤∥ + ∥𝑡∥ + ∥⊤𝑤∥ + ∥⊤𝑡∥]𝜗

and
𝑀 (𝑤, 𝑡) = max

{
𝜚(𝑤, 𝑡), 𝜚(𝑤,⊤𝑤), 𝜚(𝑡,⊤𝑡), 𝜚(𝑤,⊤𝑡) + 𝜚(𝑡,⊤𝑤)

2

}
,

and also, ⊤ is continuous, then ⊤ has a unique fixed point, that is, 𝑢 ∈ ⊤𝑢, 𝑢 ∈ 𝑊 .
If we take 𝑀 (𝑤, 𝑡) = 𝜚(𝑤, 𝑡) and 𝛼(𝑤, 𝑡) = 1, for all 𝑤, 𝑡 ∈ 𝑊 in Theorem 2, then we get the following corollary.
Let (𝑊, 𝜚) be an ordered complete metric space and satisfy (𝐻∗). Let Λ ≥ 0, 𝜉 ≥ 1 and 𝜗 ∈ [0, 𝜉] be fixed constants,
𝜓 ∈ Ψ be a function. Assume that ⊤ : 𝑊 → 2𝑊 be a multivalued mapping has UCAV and if for all 𝑤, 𝑡 ∈ 𝑊 with 𝑤
and 𝑡 comparable, and 𝜖 ∈ [0, 1], ⊤ satisfies the inequality

𝐻𝜚 (⊤𝑤,⊤𝑡) ≤ (1 − 𝜖) (𝜚 (𝑤, 𝑡) − 𝜙(𝜚(𝑤, 𝑡)) + 𝑃(𝑤, 𝑡),

where 𝜙 : [0, +∞) → [0, +∞) is a continuous and nondecreasing function with 𝜙(0) = 0 and 𝜙(𝑠) > 0, for all 𝑠 > 0,
and

𝑃(𝑤, 𝑡) = Λ𝜖 𝜉𝜓 (𝜖) [1 + ∥𝑤∥ + ∥𝑡∥ + ∥⊤𝑤∥ + ∥⊤𝑡∥]𝜗 ,
and also ⊤ is continuous, then ⊤ has a unique fixed point, that is, 𝑢 ∈ ⊤𝑢, 𝑢 ∈ 𝑊 .
Corollary 2 generalizes the results of Kolagar [16] and Nadler [18].
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(1922), 133-181.
[8] Beg I., Azam A., ”Fixed points of asymptotically regular multivalued mappings”, J. Austral. Math. Soc. (Series-A), 53, (1992),

313-326.
[9] Chakraborty M., Samanta S.K., ”On a fixed point theorem for a cyclical Kannan-type mapping”, Facta Univ. Ser. Math. Inform.,

28, (2013), 179–188.
[10] Eshaghi M., Mohsen S., Delavar M.R., De La Sen M., Kim G.H., Arian, A., ”Pata contractions and coupled type fixed points”,

Fixed Point Theory Appl., 1, (2014), 130.

MANAS Journal of Engineering, Volume 10 (Issue 2) © (2022) www.journals.manas.edu.kg



M. Aktay1, M. ¨Ozdemir$2 / MANAS Journal of Engineering, 10 (2) (2022) 240

[11] Hong S.H., ”Fixed points of multivalued operators in ordered metric spaces with applications”, Nonlinear Anal., 72, (2009),
3929-3942.

[12] Kadelburg Z., Radenovic S., ”Fixed point theorems under Pata-type conditions in metric spaces”, J. Egypt. Math. Soc., 24,
(2016), 77–82.

[13] Karapinar E., Kumam P., Salimi P., ”On 𝛼 − 𝜓−Meir-Keeler contractive mappings”, Fixed Point Theory and Applications, 94,
(2013).

[14] Karapinar E., ”Fixed points results via simulation functions”, Filomat, 30(8), (2016), 2343–2350.
[15] Khojasteh F., Shukla S., Radenovic S., ”A new approach to the study of fixed point theorems via simulation functions”, Filomat,

29(6), (2015), 1189-1194.
[16] Kolagar S.M., Ramezani M., Eshaghi M., ”Pata type fixed point theorems of multivalued operators in ordered metric spaces

with applications to hyperbolic differential inclusions”, U.P.B. Sci. Bull., Series A, 78(4), (2016).
[17] Mohammadi B., Rezapour S., Shahzad N., ”Some results on fixed points of 𝛼 − 𝜓−Ciric generalized multifunctions”, Fixed

Point Theory Appl., (2013), 24.
[18] Nadler S.B., Multivalued contraction mappings, Pacific J Math., 30, (1969), 475-488.
[19] Nieto J.J., Rodriguez-Lope R., ”Contractive mapping theorems in partially ordered sets and applications to ordinary differential

equations”, Order, 72, (2005), 223-239.
[20] Paknazar M., Eshaghi M., Cho Y.J., Vaezpour S.M., ”A Pata-type fixed point theorem in modular spaces with application”,

Fixed Point Theory Appl., (2013), 239.
[21] Pata V., ”A fixed point theorem in metric spaces”, J. Fixed Point Theory Appl., 10, (2011), 299–305.
[22] Patel D.P., ”Fixed points of multivalued contractions via generalized class of simulation functions”, Bol. Soc. Paran. Math.,

38(3), (2020), 161–176.
[23] Radenovic S., Kadelburg Z., Jandrlic D., Jandrlic A., ”Some results on weakly contractive maps”, Bull. Iranian Math. Soc.,

38(3), (2012), 625.
[24] Rhoades B.H., ”Some theorems on weakly contractive maps”, Nonlinear Analysis, 47, (2001), 2683–2693.
[25] Samet B., Vetro C., Vetro P., ”Fixed point theorem for (𝛼, 𝜓) −contractive type mapping”, Nonlinear Analysis, 75, (2012),

2154–2165.
[26] Zhang Q., Song Y., ”Fixed point theory for generalized 𝜑−weak contractions” Applied Mathematics Letters, 22, (2009), 75–78.

MANAS Journal of Engineering, Volume 10 (Issue 1) © (2022) www.journals.manas.edu.kg


	Introduction and Preliminaries
	Main Results



