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ABSTRACT
In this paper, we extend the definition of p-harmonic and p-biharmonic maps between Riemannian

manifolds. We present some new properties for the generalized stable p-harmonic maps.
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1. Introduction

Consider a smooth map ¢ : (M, g) — (N, h) between Riemannian manifolds, and let p be a smooth positive
function on M such that p(z) > 2 for all € M. For any compact domain D of M the p(-)-energy functional of
¢ is defined by

|depP™)
E,\(p;D :/ Vg, (1.1
p()(sp ) b p(a:) g )

where |dy| is the Hilbert-Schmidt norm of the differential dy and v? is the volume element on (), g). A map
is called p(-)-harmonic if it is a critical point of the p(-)-energy functional over any compact subset D of M.
p(-)-harmonic maps is a natural generalization of harmonic map ([1, 5]) and p-harmonic map ([2, 3, 6]). We
denote by

m
7(p) = tracey Vdy = Z {Vfidga(ei) — dg@(Vé‘fei)}. (1.2)

i=1
the tension field of ¢, where {¢;}™, is an orthonormal frame on (M, g), VM is the Levi-Civita connection of
(M, g), and V¥ denote the pull-back connection on ¢~ 'TN.
In this paper, we investigate some properties for p(-)-harmonic maps between two Riemannian manifolds. In
particular, we present the first and the second variation of the p(-)-energy. We also extend the definition of
p-biharmonic maps between two Riemannian manifolds ([8]).

2. p(-)-Harmonic Maps

Theorem 2.1 (The first variation of the p(-)-energy). Let ¢ : (M,g) — (N,h) be a smooth map between two
Riemannian manifolds, {¢;}c (-, a smooth variation of ¢ supported in compact domain D of M. Then

d
%EM-)(%D)L:O = —/Dh(v,m.)(w))vg? (2.1)

where 7, (¢) denotes the p(-)-tension field of  given by
Tp(y () = tracegy V|de|P™®2dyp, (2.2)

and v = % denotes the variation vector field of {0+ }re(—e.e)-
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Proof. Let ¢ : M x (—€,e) — N be a smooth map defined by

oz, t) = o), V(r,t) € M x (—¢,€).

We have ¢(z,0) = ¢(z) for all x € M, and the variation vector field associated to the variation {¢;}ie(—c ) is
given by

)
o(z) = d(w,o)qﬁ(a))tzo, Va € M.

Let {e;}[2, be an orthonormal frame on (), g). We compute

d d |dipy |P(®)
SEy(eD)| = v
dt P() t t=0 dt D p(l‘) g =0
1 9
= —— —|de PP | v
/Dmmt| |
p(z)
Vg
t=0

1 0 @
=3 [ gt date)) | o
=1 t=0
i 1 8 p(2)

=3 [ 1T doter.0).dotes, 0S| v, @3)
i=17D o t=0
By using the property
V4dp(Y) = V5.d(X) + dg([X, V),
with X = 2,V = (e;,0), and [Z, (e;,0)] = 0, the equation (2.3) becomes
d - p(z)—2
Z By D) = Z o0y ) dp(e:,0))|dep:] vy
- t=0
=2 / v, el 2dp(er) v,
=3 [, [entwtaer e
= h(v, VE g 2dip(ei)) | vy (2.4)
Let w € I'(T* M) defined by
w(X) = h(v, |dp|" 2 dp(X)), VX € I(TM)
The divergence of w is given by
aiv™ w = 3 [esh(v, [dpP@ 2 dip(er)) — b, |dglP@)2dp(T M er))] 25)
i=1

By equations (2.4), (2.5), and the divergence Theorem [1], we get

d

—Bo) (1 D) =Z / h(v, |deP™) 2dp(VE e;) — VE |dpP )2 dp(es)) v

=—Z / (V.o =2dg] (e:)) vy 26)

O
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Corollary 2.1. A smooth map ¢ : (M, g) — (N, h) between two Riemannian manifolds is p(-)-harmonic if and only if

To(y () = |d|P @27 () + dep(grad™ |dep|P™)=2) = 0.

Example 2.1. The restriction of inversion

@ R0} — RU{0}, @ g xHQ,

to M = {z € R"\{0}, ||z||> > /n} is p(-)-harmonic map, where the function p is given by

C
- M
P =0t ) iy M

for some constant ¢ > 0. Here, |dy|(z) = 1= H for all € R™\{0}.

Example 2.2. Let F: R — [2, 00) be a smooth function. The map

¢ :R™N{0} — S 2+ H T

is p(-)-harmonic, where p(z) = F(||z||?) for all z € R"\{0}. The Hilbert-Schmidt norm of dy is given by

|dol(z) =~ Hl for all z € R™\{0}.
Remark 2.1. A smooth harmonic map, i.e., 7(¢) = 0, with constant energy density % is not always p(-)-
harmonic. The previous examples prove the following results; There is no equivalence between the p(-)-
harmonicity and the harmonicity of a smooth map ¢ : (M, g) — (N, h). There are p(-)-harmonic maps which
have non-constant Hilbert-Schmidt norm and they are not harmonic.

3. Stable p(-)-Harmonic Maps

Theorem 3.1 (The second variation of the p(-)-energy). Let ¢ be a smooth p(-)-harmonic map between two
Riemannian manifolds (M, g) and (N, h). Then we have

02 "
g EroeiD) = [ ng 0w, (.)
where {pt s} (t,5)€(—e,e) x (—e,c) 18 @ smooth variation supported in compact domain D C M of ¢,
v = Or,s , w= O1,s , (3.2)
ot t=5=0 s t=5=0
and J;’}‘) the generalized Jacobi operator of ¢ given by
J;f(,)(v) = — |dp[P® =2 trace, RN (v, dp)dyp — trace, V?|dp[P™ 2V %y
— trace, V(p(x) — 2)|de[P @) =4 (V40, dp)dep. (3.3)

Here (, ) denote the inner product on T*M ® ¢~ 'TN.

Proof. Let ¢ : M x (—e¢,€) X (—¢,€) — N be a smooth map defined by ¢(z,t, s) = ¢ s(z). We have ¢(z,0,0) =
¢(z), and the variation vectors fields associated to the variation {¢; s} (t,s)e(—e,c) x (—e,c) are given by

0 0
v(x) = d(2,0,0) ¢(8t) w(z) = d(w7070)¢(%)7 Ve e M. (3.4)
Let {e;}*, be an orthonormal frame with respect to g on M such that Vé‘{ej =0atx e M foralli,j=1,...,m.
We compute
32 |d% |p(»L)
s; D
19 Lro(Prsi D) o 0tos / g —
1 82
= S|P . 3.5
| st u (35)
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First, note that
1 02 - 1 0 p(e)
105 7 = i o ( G )
10 p( ooy 0 9
55 ( |d(pt s &|d§0t,s‘ >
UG, o)
X5 (e 572 1(V Y, dofes, 0,0), do(e:,0,0)))
i—1 Is
Thus
1 92 ™9 p) _
- Y p(x) _ ~ ® ) )
p(m) atasldgpt,s| s ot (‘dwt s| ) h(v%d¢(ela050)7d¢(6170a0))
+ 3 Jdipr o[ 2R(VY, VY, d(es, 0,0), dé(e;, 0,0))
=1 at ds
+ 3 Jdipy ([P 2R(VY, d(ei, 0,0), VY dg(e;,0,0)).
=1 ds ot
So that
1 m
p(z) — _ p(z)—4 ) ) )
( )32585' @t Sl Z(p(x) 2)|d¢t,8| h’(v%d(b(e]’070)7d¢(eja070))

i,j=1

(V% dé(e;,0,0), do(e;, 0,0))

+ ) s [P TRV VY dé(e, 0,0), dg(e;, 0,0))
i—1 ot Os

+ > Jdipr o[ T2R(VE, d(es, 0,0), VY dé(e;, 0,0)).
i=1 o o
By the definition of the curvature tensor of (IV, k) and the properties
5]
V¢ d(b(ewo O) V(e 0,0 d¢(§)7

with [£, (e;,0,0)] = 0, we obtain the following equation

0
v¢ d(b(emo 0) v(e 00)d¢(%)7

e = Z (V8. (o) — 2)ldgl?™ 4V 70, dg)dg(er))

~ [dglPt*)? i h(RN (v, dip(ei) deo(es). w)
=1
+ ; h (W v, do )\ L Idso”(”””dso(ei))
+ Xm: h ( w, |depP@=27# ) (3.6)
i=1
Let wi,ws,ws € T'(T* M) defined by
w(X) = b (w, () = 2)|del" Vv, dg)dp(X) ) :

=s5=

wy(X) = h(vgdwi)\t O,|dsop<”—2dso(X)>:
)

w3(X) = h (w, \d<p|p(z)72V§v), VX e T(TM).
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The divergence of w;, wy, and w3 are given by

divMw, = ) eih (w, (p(z) — 2)Id90|”(””)’4<v“"v,d<p>d<p(6i)) :
i=1

divw, = zm:eih \%A dgb(g)} |de P 2dp(e;) | :
— 5t 08 lt=s=0’

divMws = Zeih (w, |d<p|p(m)72Vfiv) , VX eI(TM).

Il
-

(2

By equations (3.5), (3.6), the p(-)-harmonicity condition of ¢, and the divergence Theorem, we obtain

9? -
i : _ _ (x)—4 |
aigs B iD= = [ 3o (V) D (T )
= [ 1P S b, R (v, dolen)dolen)
D i=1
- / Zh(w,Vf |d¢|p<$>*2vgv) v,. (3.7)
Dz:1 k2 k2
The proof is completed. O

If (M, g) is a compact Riemannian manifold, ¢ be a p(-)-harmonic map from (M, g) to Riemannian manifold
(N, h), and for any vector field v along ¢,

1% (v,0) = /N T () 2 0. (3.8)

then ¢ is called a stable p(-)-harmonic map. Note that, the definition of stable p(-)-harmonic maps is a
generalization of stable harmonic maps ([10]), is also a generalization of stable p-harmonic maps ([4, 9]). By
using the Green Theorem [1] it is easy to prove that

L) = = M\dsolpm—?Zh<v7RN(v,dso(e»)dso(ei))vg (3.9)
i=1

+/ d<p|p(x)_2|v¢vzvg+/ (p(m)—2)|dg0\p(w)_4<v¢v,dcp)2vg.
M M

From equation (3.9), we deduce the following result.

Proposition 3.1. Every p(-)-harmonic map from compact Riemannian manifold (M, g) to Riemannian manifold (N, h)
has Sect™ < 0 is stable.

In the case where the codomain of the stable p(-)-harmonic map is the standard sphere S*, we have the
following result.

Theorem 3.2. Let (M, g) be a compact Riemannian manifold. When n > 2, any stable p(-)-harmonic map ¢ : (M, g) —
S™ must be constant, where p is a smooth positive function on M such that 2 < p(z) < nforall x € M.

Proof. Choose a normal orthonormal frame {e;}!", at point z in (M, g). We set A\(y) = (o, y)gn+1, for all y € S™,

where o« € R"*!. Let v = grad®” \. We have VS v =—-AX for all X € I'(TS"), where V5" is the Levi-Civita
connection on S" with respect to the standard metric of the sphere (see [10]). We compute

Z Vfi d@|p(m)72vé (vop) = VgmdM |dp|p(2)—2 (voy)
=1
+ Y|PV VE (vo ). (3.10)
1=1
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By using the property V5 v = —\X, the first term of (3.10) is given by

V8 it jagipor—2 (V0 9) = —(A o 9)dip(grad™ |dp[P)=2), (3.11)
and the seconde term of (3.10) is given by
D ldelPI Ve VE (o) = =) |l T2VE (Mo p)dip(e;)
i=1 i=1
= =D ldel 7 < de(e) v o o > dp(e)
i=1
— (Ao @)ldg[" =7 (p). (3.12)
Substituting the formulas (3.11) and (3.12) in (3.10) gives
D VEldpPOTEVE (vog) = —(Nop)dip(grad |dpl”®)7?)
= 1P < dip(es), v 0 0 > dip(es)
~(A o @)ldpP @27 (p). (3.13)
By the p(-)-harmonicity condition of ¢
7oy () = ldpP @727 (0) + dip(grad™ |dp|P*) %) = 0,
and equation (3.13), we get
D (Ve deP ™ 2VE (vo p)v0p) = — Z |dp [P =2 (dp(e;), v 0 ).
i=1
(3.14)
Since the sphere S™ has constant curvature, we have
> (ldeP ™) 2R (v o, dip(e;))dip(e:), v 0 @) = |dep"™) (v o o, v 0 )
i=1
- Z |deo|P®) =2 (dp(e;), v 0 @) (3.15)
i=1
By the definition of generalized Jacobi operator, and (3.14), (3.15), we obtain
(fwop)vop) = 2dplr2Y (dp(en),vo )
i=1
—Idso\”(”)(v 0,00 p)
- Z (V¢ (p(x) = 2)|dp[P™) =4 (VP00 o, dp)dp(e;), v o @),
(3.16)
Using (V¥v o ¢,dp) = —(X o ¢)|dp|?, and equation (3.16), we find that
traceq (Jf (vop),vop) = (p(z) - n)|dep|P®). (3.17)
Hence Theorem 3.2 follows from (3.17), and the stable p(-)-harmonicity condition of ¢, with 2 < p(z) < n for all
re M. O
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4. p(-)-Biharmonic Maps

Let ¢ : (M,g) — (N, h) be a smooth map between two Riemannian manifolds, the p(-)-bienergy of ¢ is
defined by

1
By (93 D) = Q/Dm.)(so)%w (4.1)

where p > 2is a smooth function on M, and D a compact subset of M. A smooth map ¢ is called p(-)-biharmonic
if it is a critical point of the p(-)-bienergy functional for any compact domain D.

Theorem 4.1 (The first variation of the p(-)-bienergy). Let ¢ be a smooth map between two Riemannian manifolds
(M, g) and (N, h). Then we have

d
— B (015 D)

dt =" /D (v, T2, (9)) Vg 4.2)

t=0

where {1} te(—e.c) is a smooth variation of o supported in D, v = %
the p(-)- bztenswn field of ¢ given by

] 1o denotes the variation vector field, and 75 () (¢)
Top(y () = —|dgp|P®) =2 trace, RN (1 (), dp)dip — trace, V“"|d<p|p(””)_2vw7'p(.)(<p)
— traceg V(p(w) — 2)|dip V7, (), do)dip. (43)

Proof. Define ¢ : M x (—e,e) — N by ¢(x,t) = (). First, note that

d
thQ,p(')(Lpt;D):/Dh(v(zatTp(~)(90t)77—p(~)(<pt))vg’ (4.4)

Calculating in a normal frame at z € M, we have

m

v Tp() ) Z (e 0) |dip [P 2 dp (e, 0). (4.5)

=1

From the definition of the curvature tensor of (N, h), we obtain

m

>V Vi, oy ldee P72 e:,0)

i=1

- d
= |dptP™72 Y RN (dd( ). db(er, 0)de(es, 0)
=1

+ Vi 0) V% It 2 ds(e:,0). (4.6)

i=1

By using the compatibility of V¢ with h, we find that

DMV, 0 V% lder" P 72 de(es, 0), 750 (1)

= D (s, 0) [A(TY [di P 2dg(er, 0), 7 (1))

i=1

=D (V% [drP 2 (e:,0), VE, o)y (21))- (4.7)
i=1

From the property V4dp(Y) = V3.dp(X) + do([X,Y]), with X = 2 and Y = |dy[P*)~2(e;, 0), we get

189 dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

On the Generalized of p-Harmonic Maps

VY, dir*)-2dg(e:,0)|
ot t=0

_ |d¢|p(w)*2vw

+ Z = 2)|dp P h(VE v, dio(e;))dp(ei), (4.8)

forall i = 1, ..., m. Substituting (4.8) in (4.7), we have

m

(VY 0V "D 2 dg(e:,0), 7y (00)

° t=0
i=1

eih(|dp|P 72V E v, 7, (¢))

s
Il
N

M

eih((p(z) — 2)|dp P~ (V0, dp)dp(es), Ty( (#))

VL

i=1

- Z cih(v, |d|P) 2VE 7,0 ()
—l—Zh v,V \d<p|p(m —2ve " To() ()

ejh(v, (p(x) = 2)|dp" =1 (V7,0 (), dp)dip(e;))

1 10 11

h(v, V¢ (p(x) = 2)de|P™) 4V, (), dp)dp(e))).- (4.9)

Let n1,m2,n3,1n4 € T(T* M) defined by

m(X) = h(ldeP 2V 50, 70 (9));
m(X) = h((p(x) = 2)|deP") "1V, dp)dp(X), 7 (9));
na(X) = h(v,|de|"™ 2V“DTpo( ));
na(X) = h(v, (p(x) — 2)|de["™ (V7,0 (), dp)dp(X)).

Finally, we calculate the divergence of n; (i = 1, ...,4) and substituting in (4.9). The proof of Theorem 4.1 follows
by (4.4)-(4.6), (4.9), and the divergence Theorem. O

From Theorem 4.1, we deduce:

Corollary 4.1. Let ¢ : (M, g) — (N, h) be a smooth map between Riemannian manifolds. Then, ¢ is p(-)-biharmonic if
and only if

Top()(9) = —ldp[P™ 2 tracey R (1, (), de)dep
— trace, V“’|dgo|p(g”) QV“"T (@)
—trace, V(p(z) — 2)|dp [P VP70 (), dp)dp = 0.

Remark 4.1. For any smooth map ¢ : (M, g) — (N, h) between two Riemannian manifolds, we have
T2 (P) = I3 (7o) (9))-

We can extract several examples of p(-)-biharmonic non p(-)-harmonic maps ¢ : (M, g) — R™ where the p(-)-
tension field is parallel along ¢, i.e., the components of 7,,.y(¢) are constants.
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Example 4.1. Let M = {(z,y,2) € R3, /22 + y2 > 2}. The smooth map ¢ : M — R? defined by

olx,y,2) = (Va2 +y2,2), V(z,y,2) € M,
is p(+)-biharmonic non p(-)-harmonic, where

In(z? + y?)

p(z,y,2) = 2

for all (z,y,2) € M. Here, 7,.)(¢) = (1,0).
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