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ABSTRACT. In geometric function theory, Lucas polynomials and other special
polynomials have recently gained importance. In this study, we develop a new
family of bi-univalent functions. Also we examined coefficient inequalities and
Fekete-Szegd problem for this new family via these polynomials.

1. INTRODUCTION

Let 21 denote the family of all functions 6(§) that are analytic in the unit disc
U ={¢: ¢ €[] <1} normalized by the conditions #(0) = 6'(0) — 1 = 0. Such a
function 6(&) takes the form

0(&) =6+ ng" (Eedl). (1)
r=2

Assume that S be the subclass of 2l compose of univalent functions.

As a subclass of 2, the class of bi-univalent functions was first presented by Lewin
[18]. He indicated that |ng| < 1.15. After that, a lot of studies have been made
about coefficient estimates. See for example [4,[10[11}|14L[15/27}/30-41]. According
to the Koebe 1/4 theorem (see [12]), the range of every function § € S contains
the disc d, = {w : |w| < 0.25}, thus, for all # € S with its inverse 6 ', such that
07H0(¢) =¢ (Eey)and 00 (W) =w, (w:|w] <7ro(h);r0(h) > 0.25) where
6" (w) is expressed as

I(w) = w — naw? + (203 — n3)w® — (5n3 — bnang + ng)w +--- . (2)
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Thus, a function 6 € 2 is said that bi-univalent in &, if both 6(¢) and ™' (w) are
univalent in 4. Let we show the class of holomorphic and bi-univalent functions in
U by B.

It is known that some similar functions # € S for instance the Koebe function
k(€) = &/(1 — €)2, its rotation function k(&) = £/(1 — €€)2, B(€) = € — £2/2 and
0(¢) = £/(1 — €2) are in B. Also some functions 6 € (S N B) contains §(§) = &,
0(€) = 1/210g](1 - £)/(1 - ©)], £/(1— €),

For the functions h, H € 2, The function h is said to be subordinate to H
or H is said to be superordinate to h, if there exists a function 7, analytic in &,
with 7(0) = 0 and |n(z)| < 1 and such that h(¢§) = H(n(£)). In such a case we
write h < H or h(§) < H(&). If h is one-to-one, this h < H iff h(0) = H(0) and
h(U) C H(U). Babalola [9] studied the class £,(¢) of o-pseudo- starlike functions
of order ¢(0 < ¢ < 1) which is own geometric conditions fulfill

*(S5) >

He discover that every pseudo-starlike functions are Bazilevic of type (1 — %) order

cpé and univalent in 4L

In recent years, theory and applications of Dickson, Fibonacci, Lucas, Cheby-
shev, Lucas-Lehmer polynomials in modern science have emerged as a very current
subject. These polynomials are important in mathematics due to the fact that
they can applicable to number theory, numerical analysis, combinatorics, and other
fields. Nowadays, these polyinomials have been studied and different generalizations
have been made by many authors: see [113\[5H8|. Also see [13]/171/19H261/28)|291/43H46].

We recall some important properties interested in which we use to construct our
new class. Assume that polynomials with real coefficients are written by U(z) and
V(z). By using the recurrence relation, the (U, V')-Lucas polynomials Ly v¢(x) are
explained [17] as

Luvi(z)=U(z)Lyvi—i(z)+ V(z)Lyyvi—a(x) (t > 2). (3)
Also
Lyvo(z) =2,
Lyyvi(z)=U(z),
Ly va(r) =U?(x)+2V(z),
Luva(z) =U(z)+3U(2)V(x). (4)

The generating function of the (U, V)-Lucas polynomial sequence Ly v, (z) is ex-
pressed by [17]

Kic,@)(€) = ZﬁUW(””)gt T ;(;)g Exif(w)ﬁ' ®)
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In the next section, using this polynomials as a tool, we define the family
HBB(y,0;x) as follow:

Definition 1. For >0, 0 > 1, |v| <1 but v # 1, a function 6 € B is called in
the family HTP(vy,0;z) if the following subordinations are satisfied:

(L =7 P (&))"
(6(6) = 0(8))' 7

< Kicvyv,(@)3(6) =1 (6)

and
(1 =) A (w))°
(V(w) = I(yw))t =~

Taking special values for 3, and o, the class H#(, o; z) reduces some exciting
new families:

= K{ﬁu,vvt(z)}(w) — 1. (7)

Remark 1. For o = 1, we get the new family HTP(y,1;z). If 6 € B, is in
HBB(,1;2) then following condition fulfilles

(1 =797’

00 = 00y —F ~ Ktevwa@y(®) —1 (®)
and
1 — )8 (w
(((19(w)v_) 19)(%,))1(_6) < Kicyvi(a)(w) =1 )

Remark 2. For 8 =0, we obtain the new class
9P, 032) = 9% (v, 03 2).

If 0 € B is in H% (v, 0;2), then following condition fulfilles

§1 = (©)”

0(¢) — F(7€) = ’C{CU,v,t(r)}(f) -1 (10)
and
w(l =) (¥ (w))”
H(w) — I(yw) = ]C{L"U,V,t(l’)}(w) - L (11)
Also,

(1) Choosing o = 1 in the class H% (7, 0;x) we have new family H% (v, 1;2) =
H%(y;2). The class HT (y; ) consists of the function f € B fulfilling

(1 —7)0'(€)

(&) — 0(¢€) = K:{KU,v,t(m)}(g) -1 (12)
and
w(l — )9 (w)
W < IC{[;U.’VJ(I)}(W) —1. (13)
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(2) Choosing v = 0 in the class H (v, 0;2) we have the class H%(0,0;z) =
9% (0;7) = Lx(44; x). The class Lx (4 z) was studied by Murugusundaramoor-
thy and Yalg¢in [20]. This class consists of the function 6 € B satisfying

o' o
5(9((5))) < KiLo v (@) —1 ”
and
w(¥ (w))°
(19(((,0) < K{EU,VJ(I)}(UJ) — 1. (15)

(3) Choosing o = 2 in the class % (o; x) we have the class
9 (257) = 9% (@).

The class consists of the function f € B satisfying

05 <Ko -1 (16)
and
0/(w)w§(5§) < K{Eu,v,t(w)}(w) — 1. (17)

Remark 3. For B = 1, we have the new class $=(o;z). If 6 € B, is in
H%2:(o;x), then following condition fulfilles

(9/(5))0 —< IC{LU,VJ(:E)}(&‘) - ]‘ (18)
and
(19/((,0))0 < K{ﬁu,v,t(w)}(w) —1. (19)
Also,
(1) Choosing o = 1 in the class H'(c;x) we have the class
H* (L 2).

This class consists of the function 0 € B satisfying

0'(&) < Kty vy () —1 (20)

and

19’(&)) =< Ic{ﬁU,V,t(fﬂ)}(w) — 1. (21)
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2. MAIN THEOREMS FOR THE CLASS 28 (v, 0; 1)

Theorem 1. Let 0(¢) € %P (v,052). Then
U*(x) U (2)|

+ ;
20+ (=11 472 Bo+ (6D +v+72)
where >0, 0 > 1 and |y] <1 but v # 1.

U@)y/[T@)
(@) [(8 - 1) [L=292E 426 (1+9) + (147 +9)] +0(20 +1)
20+ (8= D1 +7)?] = 2V (@)[20 + (8 = 1)(1+ 7))

[ng| <

(22)

3| < [ (23)

Proof. Let 0(¢) € H%8(y,0;x). Then, according to the Definition |1, for some
holomorphic functions ®, T such that T(0) = ®(0) = 0, |T(w)| < 1, |P(&)] < 1,
(&, w € i), we can write

(L =780 (€))"
(6(€) = 0(~€))' =7

= ]C{Lu,v,t(w)}(q)(g)) -1

and
(1 =y)w) P (w))°
(V(w) —I(yw)) =~

= K{ﬁu,v,t(z)}(T(W)) -1,
by equivalence
(L= PO )"
(0(&) —0(~&) 7
and

(1 = y)w) =P (' (w))”
(I(w) = P(yw))' =7

= —1+Luvo(2)+ Loy (@)P(E)+ Loy, (x) P (E)+--- (24)

=—-1+ ‘Cva,o(il’) + EU,v,l(x)T(w) + ,CU’VQ(CU)T2(UJ) —+ .

(25)
From and , yields
_ 1-B(p/ o
(<10(§,)Y)5)6(7§()0)1(£2’) = 14+Luva(@)yié+| Lova(@)ya+Love @)yt [+ -+ (26)

and

(1= Yw) =P (9" (w))
(V(w) = I(yw))' =7

=1+ Lyva(w)pmw +

Luva(x)pg + »CU7V,2($)N%] w®
(27)
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for &, w € 4, it known before that if

o0
@) = D>yl <1
=1
and
IT(w)| =Y pe’| <1,
j=1
thus
ly;| <1 (28)
also
il <1 (29)

where j € 9t = {1,2,3,---}. If we compare corresponding coefficients in and
, then we have

20 + (B8 = 1)(1 +7)In2 = Lyv1(x)y1, (30)

(B-1)(8-2)

2
n
2 2

[Bo+(B—1)(1+y+7*)|ns+ (149)*+20(c—1+(8—1)(147))

= Luvi(2)y2 + Luva(z)yi, (31)
—[20 + (B =1)(1 +y)]n2 = Luva(z)uy, 32)

—

(8-1)(B—2)

2
U
2

[2(5—1)(1+7+72)+ A+7)2+20(c+2+(B—1)(1+7))

~Bo+ B -1 +v+)n3 = Loya(z)u + Loyvalz)ui. (33)
From and
Y1 = —Hy, (34)
220 + (8 — D)1 +7)*n = L1 () (47 + p1}). (35)
Summation of and gives

{2(5 -1) {W +20(l+y)+ (1 +~v+ 72)} +20(20 + 1)} n3
= Luva(®)(y2 + o) + Luva(@)(yi + p3).  (36)

Applying in , yields

{(5 —2)(1+9)°
2

{E?J,vg(l‘) [2(/8 —1) +20(14+vy)+(1+v+ 72)} +20(20 + 1)}
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—2Lyyv2(2)20 + (B - 1)(1 + 7)]2}"3 =LYy (@) (y2 + pa),  (37)

U*(x) |2(8 - 1)

(OB 4 so(149) 4 149493 + 2020 + 1)

=220+ (B=1)(1+7)]| =420 + (8- D)A+)]*V ()| n3 = Ly, (2) (Y2 + 112)

which gives desired result given by .
Hence, minus gives us

230 +(8—1)(1+v+7)Ina+2[B0+(B-1)(1+7+9°)n3 = Loy (2)(y2—p2). (38)
Then, by using and in , we get

Luvi(z)(y2 — po)
2 s 2
=ns + d 39
"= e+ (B D11 +47) (39

e — Ly ()7 + p3) Lyvi(x)(y2 — ps) (40)

PToRe+(B-DA+E  2Bo+ (B-DA+7+2)]
Applying , we have
U? U
| < @ LUCTI
2o+ (F- DA+ ' Bo+ (G- +7+17)]

Thus, the proof of our main theorem is completed. ([l

3. COROLLARIES

By specializing the parameters -y, 3,0, in Theorem [1} we get the following con-
sequences.

Corollary 1. Let 0(¢) € HTP(y,1;2). Then

| < U (@) U)]
U2 (@) [(8 - 1) [L20H0E 43014 9) +92] 43— 2+ (8- (1 + )]
—2V(@)2+ (8- )AL+ )P
(41)
ol < () U(@) @)

r G-I+ BrB-DA+r+22)]
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Corollary 2. Let §(¢) € 920(y,0;2) = HT (v,0;2). Then

il < U@IVTGE)

J'UZ(I) 20 —1)(0—7) = 20 = (1 +)]*| =2V (2)[20 — (1 +7)]

(43)
U?(x) U ()|
"5 B P T B (A “
Corollary 3. Let §(¢) € 920(v, 1;z2) = HT (7, 1;2). Then
ing| < U ()| /|U (=) 7 (45)
J U?(z)(y —7%) —2V(z)(v* =2y +1)
e D) U "

(T=72 2=9(y+1I

Corollary 4. Choosing 8 =0 and v =0 in Theorem that is if 0(¢) € H= (03 2),
the results which we obtain reduce to Theorem 2.1 in [20].

2)|VI0G) .
= VU2(2)(—20% =1+ 30) — 2V (2)(20 — 1)2]
U?(x) U ()]
20 —1]2 " |30 — 1|
Corollary 5. Choosing 3 =0, v =0 and o =2 in Theorem 0(¢) € HF(2;2),
our corollary coincides with the corollary 2.3 of Theorem 2.1 in [20)].

Ina| <

ns| < (48)

(49)

3] < (50)

Corollary 6. Choosing 3 =0, v =0 and o =1 in Theorem 0(¢) € H=(1;2),
our corollary coincides with the corollary 2.2 of Theorem 2.1 in [44).

Ina < W — VT (51)
ing| < U2(z) + L@ (52)

2
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Corollary 7. Let §(¢) € 9% (o;x). Then

U ()| /|U(=)]|
n2| < ; 53
Ina| < Vol|U2(z)(1 - 20) — 80V (z)] (53)
mgf < ) UGN (54)

Corollary 8. Let §(¢) € 5%:1(1;x). Then
ing| < U ()| /|U (=) (55)
~ VI02(@) + 8V ()]

2z x

Ins| < —Ui ) 4 —'Ué Iy (56)

Theorem 2. For >0, 0 > 1, |y] < 1 but v # 1, let 8 € A be in the class
9B (y,0;2). Then

U(2)|
5 BT E- D7) x-1=K
na = ma) < [1—x|-|U* ()|
1—x|-|U”(x
@A V@Rt (B-DarE X~ U2 K
Where
1 Vix)
K = A—2120+ (B —1)(1+7)]?
I3U+(5—1)(1+7+v2)|| 2ot E= DU g

2
Proof. From and , we get

A= (3-1) [M“”) F 204y +1 +v+ﬂ Fo(204+1)— 20+ (B-1) (147)].

2 _ ] !
ng = xny = Luva(z) [(C(x,x) - 2Bo+(B-1)(L+~7+ ’72)]> "

1
i (C(X’x) T Mo+ (B -+ +72)]> “2]

where
£2U,V,1(95)(1 - X)

£y () [205 - 1) [0 4 o

(14+7) + (L + 5 +~%) + 20(20 + 1)—2Ly y2(z)[20 + (8 — 1)(1 + 7)]?. Thus, ac-
cording to 7 we have

() =
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U ()| . !
D 0= K062 S smerpnase)

ng — xn3| <

260 2)| - U@, 1606 2)| 2 speraTamm
hence, after some calculations, gives

[U ()]
3o+(B—1)(1+v+7%)’

IXx-1 =K
nz — xn3| <
|L=x||U° (x)]
U2 (z)A—2V (z)[20+(B—1) (1+7)]?]” x—1z K

O

By choosing special values for the parameters «, 8, o, in Theorem [2] we get the
following corollaries:

Corollary 9. For o =1, let € HT(v,1;z). Then

(@)
() =1l = K
713*)(”% <
|1V ()
@A @ErG-naEEr (X 12 K
Where
1 Vix)
K, = AL =22+ (B—=1)(1+79)]?
gy T | e T
—2)(1+7)?
A= -1 [ E=2EE 2y ays] 43— (5 - D1+

Corollary 10. For =0, let 0 € HT(y,0;2). Then

U(x
, R X —1] = K>
ng — xny| <
| d [1=x|-|U? ()] 1> K
[U2(x)Ar—2V (z) 20— (T+)]?]? X — 1] =2 K>.

Where

1 V(z)

_ o o — 2
K= ey P~ 22~ ) gy

Ay = (20— 1)(c —7) —[20 — (1 +7)]%.
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Corollary 11. Foro =1, 3 =0, let 0 € H%:°(v,1;). Then

|U(z)]
2| [PEeEsyIE Ix —1] £ K3
n3 — XNy| <
[1—x||U?(2)]
IU‘Z(w)A;izvu)uﬂ]zy Ix — 1] 2 K.
Where
! V()
Ky= Ay — 2[1 — )2
’ 2 —~(y+1)] 3 [ gl U2(z)
Az =71 7).

Corollary 12. For =0, v =0, let € HT°(0,0;x). Then

Uz
o X —1] < K,
s —xma] < [1—x|-|U® ()|
1—x|-|U
\U2($)A4§2V(w)f2g—1)2|7 Ix — 1] = Ky.
Where
1 V()
Ky = m—|As = 220 — 1]° :
$= o) P gy

Ay=(20—-1)(1-0)

Corollary 13. For o =2, let § € $%:°(0,2;z). Then

‘U(Sﬂc”’ (X_ 1‘ é % 1+6[>/2((mw)) )
ns — xn3| <
[1—x]|-|U%(2)| 3 V(z)
ElEI R EIE <|X —1] 2 5|14 6720 )

Corollary 14. [{4] For o > 1, let § € A be in the class HT(0,1;2) = HT (x).
Then

ng — xnj| <
[1=x||U° ()] [V ()]
2>TV(:D)\ ) (|X_1| 2 U29:|>'

O (SR )
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Corollary 15. For f =1, let 0 € HT'(0;2). Then

|U3(:)‘v Ix—1] = Ks
ng — xnj| <
[1—x||U®(2)|
|U2(4’3)§5—802V(a:)\’ Ix =1 = K5
Where
1
Ky = —|A 2 V(m)

301|777 TP(@)
A5 = 0'(1 — 20’)
Corollary 16. [§] Foro =1, 3=1, let € $2-1(1;2). Then

U(x Vix

‘ns - X"%’ <
[1=x||U%(@)| 1 V(z)
Torevar | X1 2 31+ 855
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