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ABSTRACT

In this study, we give special Smarandache curves according to the Sabban frame in hyperbolic space and new
Smarandache partners in de Sitter space. The existence of duality between Smarandache curves in hyperbolic and de
Sitter space is obtained. We also describe how we can depict picture of Smarandache partners in de Sitter space of a
curve in hyperbolic space. Finally, two examples are given to illustrate our main results.
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1. INTRODUCTION

Regular curves have an important role in the theory of
curves in differential geometry and relativity theory. In the
geometry of regular curves in Euclidean or Minkowskian
spaces, it is well-known that one of the most important
problem is the characterization and classification of these
curves. In the theory of regular curves, there are some
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special curves, such as Bertrand, Mannheim, involute,
evolute, and pedal curves. In the light of the literature, in
[11] authors introduced a special curve by Frenet-Serret
frame vector fields in Minkowski space-time. The new
special curve, which is named Smarandache curve
according to the Sabban frame in the Euclidean unit sphere,
is defined by Turgut and Yilmaz in Minkowski space-time
[11]. Smarandache curves in Euclidean or non-Euclidean
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spaces have been recently of particular interest for
researchers. In  Euclidean differential geometry,
Smarandache curves of a curve are defined to be
combination of its position, tangent, and normal vectors.
These curves have been also studied widely [1, 4, 6, 9, 11,
12]. Smarandache curves play an important role in
Smarandache geometry. They are the objects of
Smarandache geometry, i.e. a geometry which has at least
one Smarandachely denied axiom [2]. An axiom is said to
be Smarandachely denied if it behaves in at least two
different ways within the same space. Smarandache
geometry has a significant role in the theory of relativity
and parallel universes. Ozturk U., et al. studied
Smarandache curves in hyperbolic space but they don’t
give dual Smarandache partners of these curves in de Sitter
space [6]. We answer it for curves in hyperbolic space and
show the Smarandache partners curve of these curves in de
Sitter space. We explain the Smarandache de Sitter duality
of curves in hyperbolic space. In this paper, we give the
Smarandache partner curves in de Sitter space according to
the Sabban frame {«, t, &} of a curve in hyperbolic space.
We obtain the geodesic curvatures and the expressions for
the Sabban frame’s vectors of special Smarandache curves
on de Sitter surface. In particular, we see that the timelike
a&-Smarandache curve of a curve a does not exist in de
Sitter space. We give some examples of the Smarandache
curves in hyperbolic space and its dual Smarandache
curves in de Sitter space. Furthermore, we give some
examples of special hyperbolic and de Sitter Smarandache
curves, which are found in the study of Yakut et al. [12]. In
her Master thesis [9], Tamirci also studied the curves in de
Sitter and hyperbolic spaces using a similar framework.

2. PRELIMINARIES

In this section, we use the basic notions and results in
Lorentzian geometry. For more detailed concepts, see
[7,8]. Let R3 be the 3-dimensional vector space equipped
with the scalar product (,) which is defined by

(x,¥), = —=x131 + X3, + x3Y3.
The space E3 = (R3,(,),) is a pseudo-Euclidean space,

or Minkowski 3-space. The unit pseudo-sphere (de Sitter
space) with index one S? in E3 is given by

St = {xeE?|(x, x), = 1}.
The unit pseudo-hyperbolic space
H§ = {xeE?|(x, x), = —1}

has two connected components HZ, and H§_. Each of
them can be taken as a model for the 2-dimensional
hyperbolic space Hj. In this paper, we take H3, = H¢.
Recall that a nonzero vector xeE? is spacelike if
(x,x), > 0, timelike if (x,x), < 0, and null (lightlike) if
(x,x), = 0. The norm (length) of a vector xeE3 is given

by [lx]l, = +/I{x,x),| and two vectors x and y are said to

be orthogonal if (x, y), = 0. Next, we say that an arbitrary
curve a = a(s) in E3 can locally be spacelike, timelike,
or null(lightlike) if all of its velocity vectors a’(s) are,
respectively, spacelike, timelike, or null for all sel. If
[le' ()|l # 0 for every sel, then a is a regular curve in
E3. A spacelike(timelike) regular curve a is
parameterized by a pseudo-arc length parameter s, which
is given by a:1c R — E3, and then the tangent vector
a'(s) along a has unit length, that is

(a'(s),a'(s)), = 1((a’(s),a’(s)), = —1)
forall sel. Let

x = (x1,%2,%3), ¥ = V1, ¥2,¥3), z = (21,25, 23)€ ES.
The Lorentzian pseudo-vector cross product is defined as
follows:

XAy = (=x¥3 + X3Y2, X3Y1 — X1¥3, X1¥2 — X2¥1) (1)
We remark that the following relations hold:

() (x Ay, z), =det(xyz)

(i) xAWAzZ)=,y)z—(x,2)y

Let a:1 < R — HZ be a regular unit speed curve lying
fully in HZ. Then its position vector a is a timelike vector,
which implies that the tangent vector t = a’ and normal
vector ¢ are unit spacelike vector for all sel. We have the
orthonormal Sabban frame {a(s),t(s),&(s)} along the
curve a, where &(s) = a(s) At(s) is the unit spacelike
vector. The corresponding Frenet formula of «, according
to the Sabban frame, is given by

a'(s) = t(s)
t'(s) = a(s) + ky(s) &(s) )
&'(s) = —Kg(s)t(s)

where K, (s) = det(a(s), t(s),t'(s)) is the geodesic
curvature of @ on HZ and s is the arc length parameter
of a. In particular, the following relations hold:

E=ant, —a=tAN t=¢Na 3

Now we define a new curve B:1c R - S? to be a
regular unit speed curve lying fully on S? for all sel such
that its position vector S is a unit spacelike vector
according to the combination of the position, tangent, and
normal vectors of a. In this case B’ = tg may be a unit
timelike or spacelike vector.

Definition 2.1. A unit speed regular curve B(5(s)) lying
fully in Minkowski 3-space, whose position vector is
associated with Sabban frame vectors on another regular
curve a(s), is called a Smarandache curve[11].

In the light of this definition, if a regular unit speed curve
a:1c R - HZ is lying fully on HZ for all sel and its
position vector a is a unit timelike vector, then the
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Smarandache curve S = B(5(s)) of the curve « is a
regular unit speed curve lying fully in S or HZ. In our
work we are interested in curves lying in S and so we
have the following:

a) The Smarandache curve B(5(s)) may be a spacelike
curve on SZ or,

b) The Smarandache curve B(5(s)) may be a timelike
curve on S for all sel.

Let {a,t,€} and {B,tp, &5} be the moving Sabban frames
of @ and S, respectively. Then we have the following
definitions and theorems of Smarandache curves

B = B(5(s)).

3. CURVES ON H(Z) AND ITS SPACELIKE
SMARANDACHE PARTNERS ON S%

Let a be a regular unit speed curve on HZ. Then the
Smarandache partner curve of a is either in de Sitter or in
hyperbolic space. B is called de Sitter dual of o in
hyperbolic space. In this section we obtain the spacelike
Smarandache partners in de Sitter space of a curve in
hyperbolic space.

Definition 3.1. Let a = a(s) be aunitspeed regular curve
lying fully on H2 with the moving Sabban frame {a, t, }.
The curve B:1 € R - S of a defined by

B(5(9)) = 5 (c1x(s) + c26()) @

is called the spacelike aé-Smarandache curve of a.and fully
lieson S%, where ¢;, c,eR\{0} and —c? + ¢ = 2.

Theorem 3.1. Let a:1 € R » HZ be a unit speed regular
curve lying fully on H2 with the Sabban frame {«,t,&}
and geodesic curvature k, . If B:lIc R—S7 is the
aé-Smarandache curve of o with the Sabban
frame {,B,t,;,g’,;} then the relationships between the
Sabban frame of a and its aé-Smarandache curve are
given by

& L
Bl |7 ° &l
=10 & O]ft (5)
Q28 Qe
fﬁ 7 0 N ¢
where ¢ = +1 and its geodesic curvature Kg is given by
B _ CiKg—C2
=9 = 6
9 er—cangl ©)

Proof. Differentiating the equation (4) with respect to s
and considering (2), we obtain

dgds _ 1 _
FryEaY- (c1 — i)t
This can be rewritten as

s 1
B =5 (c1 — o)t )

where
ds _ |cl—czxg|
ds - \/E (8)

By substituting (8) into (7) we obtain a simple form of Eq.
7 as follows,

tﬁ =&t (9)

wheree =1 if ¢; —cyig > 0for all s and e =—1 if
c; —cykg <0 for all s. It can be easily seen that the
tangent vector tg is a unit spacelike vector. Taking the
Lorentzian vector cross product of (4) with (9) we have

Sp =B Atp
=5 (ca+ad) (10)

It is easily seen that {z is a unit timelike vector. On the
other hand, by taking the derivative of the equation (9) with
respect to s, we find

dtp ds

FET e(a + K4é) (11)
By substituting (8) into (11) we find

ro__ V2e

B = Tor—carey] (a +xr48). (12)

Consequently, from (4), (9), and (12), the geodesic

curvature Kg of the curve B = B(5(s)) is explicitly
obtained by

l} _ ’ _ Clkg—cz
kg = det(B, tg, tp) = Teicargl (13)

Thus, the theorem is proved. In three theorems that follow,
in a similar way as in Theorem 3.1 we obtain the Sabban
frame {ﬁ, tﬁ,fﬂ} and the geodesic curvature ;cg of a

spacelike Smarandache curve. We omit the proofs of
Theorems 3.2, 3.3, and 3.4, since they are analogous to the
proof of Theorem 3.1.

Definition 3.2. Let a = a(s) be aregular unit speed curve
lying fully on HZ. Then the spacelike at-Smarandache
curve f:1c R - S2 of a defined by

B(S()) = 5 (1a(s) + ct(s)) (14)
where ¢, c,eR\{0} and —c? + cZ = 2.

Theorem 3.2. Let a:1 € R » HZ be a regular unit speed
curve lying fully on HZ with the Sabban frame {a,t, &}
and geodesic curvature k,. If B:Ic R— S is the
spacelike at-Smarandache curve of a, then its frame

{B.tp. &5} is given by
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e s o

B c c CoKg o

tg|=| [cg-2 (g2 gz H (15)

{8 I —ciKg —C16Kg -2 |E
lJZ(c%xé—Z) Jz(czzxé—z) \/Z(czzxfl—z)J

The geodesic curvature xg of the curve B is given by
1
Kg = —s/(czzkgll — 16Ky — 223)  (16)
(c3xg—2) '

where c5xZ > 2 and

M = —c3Kgkg + ¢ (ckG — 2)
Ay = —cic5igicy + (c — k) (c5K5 — 2) 17
A3 = —c3kiKy + (c1kg + oK) (c5KE — 2)

Definition 3.3. Let a:1 € R — H2 be a regular unit speed
curve lying fully on HZ Then the spacelike
té-Smarandache curve B:1 c R - SZ of a defined by

B(5(9)) = 5 (c1t(s) + c¢ () (18)

where ¢;, c,eR\{0} and c? + ¢Z = 2.

Theorem 3.3. Let a:1 ¢ R - H2 be a regular unit speed
curve lying fully on HZ with the Sabban frame {a,t, &}
and geodesic curvature k4. If g:lcR - SZ is the
spacelike t&-Smarandache curve of «, then its frame

{B.tp. &5} is given by

=Y L2
0 V2 V2
B ¢ —cykg c1kg o
| = \/Zxé—clz JZK;—C% JZK;—C% [t] (19)
B —2Kg [ —c? $

\/2(21{5—6%) JZ(ZK?,—C%) \/Z(Zk;—clz)

he geodesic curvature }cg of the curve B is given by

1
K = o (Pl acde — i) @)
2Kg—cy

where ¢f < 2«2 and

A = =2¢1KgKg — ok g (2K% — c2)
Ay = 2cok2ky + (01 — ok — c1K2)(2k2 — ¢)  (21)
A3 = —2cik2ic) + (—coK2 + cy)) (262 — c2)

Definition 3.4. Let a:1 € R — HZ be a regular unit speed
curve lying fully on HZ Then the spacelike
at&-Smarandache curve B:1 € R — 52 of a defined by

B(E®) = F(aa® +ot(s) + i) (@2

where ¢y, ¢y, c;€R\{0} and —c? + c2 + cZ = 3.

Theorem 3.4. Let a:1 € R » HZ be a regular unit speed
curve lying fully on HZ with the Sabban frame {a,t,¢&}
and geodesic curvature kg If B:IcR - S is the
até-Smarandache curve of a, then its frame {B, tg, &5} is
given by

‘G L2 S
B V3 V3 V3 a
& c1—C3kg C2Kg
fﬁ l—CZZKg—Cg(—C1+C3Kg) C2C3—C1C2Kg cl(cl—chg)—czzj
V34 V34 V34
where
_ 2_ 24 2.2 2 2
A= (01 - C3Kg) —c; t kg (01 - C3K'g) >y —

c3x2 and the Smarandache curve B is a spacelike curve.
Furthermore, the geodesic curvature ;cg of curve B is
given by

Kg = ((szlcg + cKg — c163)A + (—CchKg + cyc3) Ay +

2
(¢ — cre3K5 — sz)/13) X (((01 —c3k,) — 3+
5/ -1

szic;) 2) (24)
where
A = ca(esry(cq — carey) — ciregry)

+(ey — c3xy) ((cl - C3Kg)2 —ci+ czzkgz)
Az = (c1 — csiey) (esrey(cy — carcq) — c2regkey)

+(c; — csry—cyK?) ((c1 - c31cg)2 —cZ+ CZZng)
A3 = cyicq(csrcf ey — caicy) — cEregiey)

+(rey(c1 — c3k) + €206)) ((c1 —cyig) =+ CZZng)

(25)

Example 3.1. Let us consider a regular unit speed curve o
on HZ defined by

_1\2 _1\2
a(s) = (—(S 21) +1, & 21) , S — 1).

Then the orthonormal Sabban frame {a(s), t(s), é(s)} of
o can be calculated as follows:

_12 _1\2
a(s) = (—(s 21) +1, s 21) , S — 1)

ts)=(s—-1,s—-1, 1)
o) = (&2, &0y 5 1)

2
The geodesic curvature of a is —1. In terms of the
definitions, we obtain the spacelike Smarandache curves
on S% according to the Sabban frame on HZ.

First, when we take c; =1 and c, = V3, then the
a&-Smarandache curve is spacelike and given by
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B(3() = \/_((1 +2\/—> (s—1)2+1,

(”ﬂ( —1y2- J?,(s—l)(lwi))

and the Sabban frame of the spacelike a&-Smarandache
curve is given by

.

AN

tgl=10 1 Ol[tl
V3

Wl 1g o "

and its geodesic curvature xg is —1.

Second, when we take ¢; =1 and ¢, = V3, then the
at-Smarandache curve is a spacelike and given by

B(5(s)) = \f((SZ +V3(s—1) +1,

(s— 1)2

+3(s— 1), (s—1+\/_)>

and the Sabban frame of the spacelike at-Smarandache
curve is given by

1 V3
8 [Tz\/_z
27 H
& V3
g l%é—ﬂ

and its geodesic curvature xg is —1.

Third, when we take ¢; =1 and ¢, =1, then the
t&-Smarandache curve is a spacelike curve and given by

ﬂ(s(s)) \/_((S 21) +s-—1, (5_2—1)2+s—2, s)

and the Sabban frame of the spacalike t&-Smarandache
curve is given by

o L L

ﬁ 2 \/E a

tel=11 1 -1]|t
1 _1f)¢

“l V2 5 -5

and its geodesic curvature Kg is —1.

Finally, when we take ¢; = /3, ¢, =3 and ¢; = V3,

then the at&-Smarandache curve is a spacelike curve and
given by

B(5(s) =((s—1)?+s(s—1)?+s—22s—1)

and the Sabban frame of the spacelike até-Smarandache
curve is given by

. Hl

and its geodesic curvature ;cg is —

N|WN | R =

We give a curve a in hyperbolic space and its
Smarandache partners in de Sitter space in Figure 1.

4. CURVES IN HYPERBOLIC SPACE AND DUAL
TIMELIKE SMARANDACHE PARTNERS

In this section we obtain the timelike Smarandache partners
in de Sitter space of a curve in hyperbolic space.

Theorem 4.1. Let a:1 € R —» H3 be a regular unit speed
curve lying fully on HZ . Then the timelike
a& -Smarandache curve B:1c R - S? of a does not
exist.

Proof. Assume that a:1 € R - HZ be aregular unit speed
curve lying fully on H32. Then the timelike

aé-Smarandache curve B:1 < R — SZ of « is defined by
_ 1
B(5)) = 3 (c1a(s) + 2§ (5)) (26)
¢y, c,€R\{0}, —cZ + c2 = 2. Differentiating (26) with
respect to s and using (2), we obtain
, . _dpds 1
p'(s) = TS ds —ﬁ(cl ok gt

ds 1
tg E = ﬁ (c1 — CZKg)t

where

s _ (c1—cakg)?
ds 2

which is a contradiction.
In the corollaries which follow, in a similar way as in the
previous section, we obtain the Sabban frame {ﬁ, tﬁrfﬁ}

and  the geodesic curvature xﬁ of a timelike
Smarandache curve. We omit the proofs of Theorems 4.2,
4.3,and 4.4.

Definition 4.1. Let a:1 € R — HZ be a regular unit speed
curve lying fully on HZ Then, the timelike
at-Smarandache curve B:1 € R — S of a is defined by

B(5() = F(cals) + cpt(s))

where c;, c,eR\{0}, and —c? + ¢Z = 2.
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Corollary 4.1. Let a:1 ¢ R - H2 be a regular unit speed

curve lying fully on HZ with the Sabban frame {a,t,&}
and the geodesic curvature k,. If B:1c R - S7 is the
timelike at-Smarandache curve of a, then its frame

{B.tp. &5} is given by

= = 0
B [ c1 C2Kg a
tg|=| J2-cixg  [-chih [a-chd H
B —C%Kg —C1C2Kg -2 | f
| JZ(Z—CZZK;) Jz(z_chg) Jz(z-ch;)J
B

and the corresponding geodesic curvature k, is given by

9
KF = — (K, Ay — cicaicgdy — 223)
g (2—c§x§)5/2 2"g 1%2”g7t2 3

where —c? + ¢ = 2 with ¢;,c,eR\{0}, c5k5 < 2 and

A = C3Kgky + ¢4 (2 — c5K})
Ay = cic5KgKg + (€ — C2K5) (2 = 5 K})
A3 = c3kiig + (ciig + cokg) (2 — c5K5).

Definition 4.2. Let a:1c R — H2 be a regular unit
speed curve lying fully on HZ. Then, the timelike

t&-Smarandache curve B:1 c R - SZ of a is defined by

B(5() = % (ert(®) + (),

where ¢;, c,eR\{0}, and ¢ + ¢ = 2.

a is a unit speed curve on HZ (black line)

B is a unit speed spacelike curve on SZ (red line)

; \
Y Vs
Vit
%‘- \

at-Smarandache curve

té-Smarandache curve

até-Smarandache curve

Figure 1. Spacelike Smarandache partner curves of a curve a on H?
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Corollary 4.2. Let a:1 € R — HZ be a regular unit speed
curve lying fully on H2 with the Sabban frame {a,t,&}
and geodesic curvature kg . If B:1c R - S% is the

timelike t& -Smarandache curve of a, then its frame

{B.tp. &5} is given by

C1 C2
[ 0 N % |
ﬂ | c1 —C2Kg C1kg | a
— ‘ \/C%—ZK \/C%—ZK\% \/C%—ZK\% It]
fﬁ | —2Kg cicz —c2 | §
|

JZ(Cl—ZKg) \/Z(C%—ZK;) \/Z(C%—ZKE)J

and the corresponding geodesic curvature Kg is given by
Kg = —(ZKQA]_ + C]_CZAZ + C1 13)

(Cl‘z’cg)
where ¢y, c;€R\{0}, ¢f + ¢§ = 2, ¢f > 2k} and

A = 2¢iKgKy — Cakg(cf — 2K2)
Ay = —2cok2Ky + (c1 — ok — ¢1K2) (¢ — 2K2)

A3 = 2cik2ky + (crky—ca2)(cf — 2k2).

Definition 4.3. Let a:1 ¢ R — H2 be a regular unit speed
curve lying fully on HZ. Then at&-Smarandache curve
B:1c R - S? of a is defined by

B(5(9)) = F(cals) + cpt(s) + cs¢(s))
C1,Cp, C3€R\{0}, —c? + ¢ + ¢ = 3.

Corollary 4.3. Let a:1 c R - HZ be a regular unit speed
curve lying fully on H3 with the Sabban frame {«,t,&}
and geodesic curvature kg . If B:1cR - S2 is the

timelike até-Smarandache curve of a, then its frame

{B.t5, &5} is given by

C1 C2 C3
0 7 7
c, €1 — C3Ky 2K,
- E v a
| —cdrey — cs(—c1 + c3y) €03 — ci0ok ey — c3k5) — 3|
34° V34A* V34*
where

2 2
A =c—(cy — cai5)” — 32, (¢ — caiy)” < 3 — c3xl

and the corresponding geodesic curvature Kg is given by

) <(c221cg + ¢y — clc3)A1 + (—C1C2Kg + C2C3)ﬂ.2>
K- =
g +(c? — crc35 — €3) A5

2 2 2,2 %2 -
X (CZ_(Cl_C3Kg) —CZKg)

where ¢y, ¢;, c3eR\{0}, —c? + c% + ¢Z = 3 and

A = ca(—caref(c1 — careg) + cZrgich)
+(cy — e3K4) (c% —(c1 — esxg)” - CZZK;)
Ay = (1 — c34) (—esry(cq — c3kq) + c3rgky)
+(c2 — c3kg—cyK2) (c22 — (e — c3;cg)2 - cf}cﬁ)
A3 = carg(—csif(cy — cag) + cErgi)

+ (CZK;, +1g(cr — c3xg)) (022 — (¢, = c31<g)2 - CZZK;)

Example 4.1. Let us consider a regular unit speed curve «a
on HZ defined by
a(s) = (coshs,sinhs, 0).

Then the orthonormal Sabban frame {a, t, ¢} of the curve

a and the orthonormal Sabban frame {B,t5,é5} of the

curve B and the geodesic curvature Kg of a timelike

Smarandache curve can be calculated as in the previous
example. The curve a and its Smarandache partners are

given in Figure 2.
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« is a unit speed curve on HZ (black line)

S is a unit speed timelike curve on S (red line)

at-Smarandache curve

t&-Smarandache curve até-Smarandache curve

Figure 2. Timelike Smarandache partner curves of a curve a on HZ
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