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ABSTRACT 

In this paper, we study on 𝑞 −analogue of  Szász-Beta-Stancu type operators. We give a Voronovskaja type theorem 

for 𝑞 - Szász-Beta-Stancu type operators. 
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1. INTRODUCTION 

In the paper, in [18], Mahmudov introduced King type 

𝑞 −Szász operators and obtained rate of global 

convergence in the frame of weighted spaces and a 

Voronovskaja type theorem for these operators. In [22], 
Yüksel and Dinlemez gave a Voronovskaja type 

theorem for q-analogue of a certain family Szász-Beta 

type operators. In [8], Govil and Gupta constructed the 

𝑞 −analogue of certain Beta-Szász-Stancu operators. 

They estimated the moments and established direct 

results in terms of modulus of continuity and an 

asymptotic formula for the q-operators. In [4], 
Dinlemez gave approximation properties of 𝑞 - Szász-  

 

 

Beta-Stancu type operators and obtain a weighted 

approximation theorem for the operators. After then 

several interesting generalization about 𝑞 −calculus 

were given in [5, 6, 10, 11, 12, 13, 17, 19, 23]. Our goal 

is to give a Voronovskaja type approximation theorem 

for these operators. We use without further explanation 

the basic notations and formulas, from the theory of 

𝑞 −calculus as set out in [1,2,3,14,15,16,20,21]. 

We need fix some notations and recall some 

definitations: Let 𝐴 > 0 and 𝑓 be a real valued 

continuous function defined on the interval [0,∞). For 

0 < 𝑞 ≤ 1, 𝑞 −Szász-Beta-Stancu type operators are 

defined as 
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𝐵𝑛,𝑞
(𝛼,𝛽)(𝑓, 𝑥) = ∑𝑠𝑛,𝑘

𝑞
(𝑥) ∫ 𝑏𝑛,𝑘

𝑞 (𝑡)𝑓 (
[𝑛]𝑞𝑡 + 𝛼

[𝑛]𝑞𝑡 + 𝛽
)𝑑𝑞(𝑡),

∞/𝐴

0

∞

𝑘=0

                                                                                                   (1.1) 

where  

𝑠𝑛,𝑘
𝑞 (𝑥) = ([𝑛]𝑞𝑥)

𝑘 𝑒−[𝑛]𝑞𝑥

[𝑘]𝑞!
  

and 

𝑏𝑛,𝑘
𝑞 (𝑥) =

𝑞𝑘
2
𝑥𝑘

𝐵𝑞(𝑘+1,𝑛)(1+𝑥)𝑞
𝑛+𝑘+1.  

If we write 𝑞 = 1 and 𝛼 = 𝛽 = 0 in (1.1), then the operators 𝐵𝑛,𝑞
(𝛼,𝛽)

 are reduced to 𝑞 −Szász-beta type operators studied 

in [9]. 

2. VORONOVSKAJA TYPE THEOREM 

For the sake of brevity, the notations 𝐹𝑠
𝑞(𝑛) = ∏ [𝑛 − 𝑖]𝑞

𝑠
𝑖=0  and 𝐺𝛽

𝑞(𝑛) = ([𝑛]𝑞 + 𝛽) will be used throughout the paper. 

Now we are ready to give the following lemma for the Korovkin test functions. 

Lemma 1. Let 𝑒𝑚(𝑡) = 𝑡
𝑚, 𝑚 = 0,1,2,3 and 4. Then, we get 

(i) 𝐵𝑛,𝑞
(𝛼,𝛽)(𝑒0, 𝑥) = 1, 

(ii) 𝐵𝑛,𝑞
(𝛼,𝛽)(𝑒1, 𝑥) =

[𝑛]𝑞
2

𝑞2𝐺
𝛽
𝑞(𝑛)𝐹1

𝑞(𝑛)
𝑥 +

[𝑛]𝑞

𝑞𝐺
𝛽
𝑞(𝑛)𝐹1

𝑞(𝑛)
+

𝛼

𝐺
𝛽
𝑞(𝑛)

, 

(iii) 𝐵𝑛,𝑞
(𝛼,𝛽)(𝑒2, 𝑥) =

[𝑛]𝑞
4

𝑞6(𝐺
𝛽
𝑞(𝑛))

2

𝐹2
𝑞(𝑛)

𝑥2 + {
[𝑛]𝑞

3

𝑞5(𝐺
𝛽
𝑞(𝑛))

2

𝐹2
𝑞(𝑛)

+
(1+[2]𝑞)[𝑛]𝑞

3

𝑞4(𝐺
𝛽
𝑞(𝑛))

2

𝐹2
𝑞(𝑛)

+
2𝛼[𝑛]𝑞

2

𝑞2(𝐺
𝛽
𝑞(𝑛))

2

𝐹1
𝑞(𝑛)

}𝑥 

                              +
[2]𝑞[𝑛]𝑞

2

𝑞3(𝐺
𝛽
𝑞(𝑛))

2

𝐹2
𝑞(𝑛)

+
2𝛼[𝑛]𝑞

𝑞(𝐺
𝛽
𝑞(𝑛))

2

𝐹1
𝑞(𝑛)

+
𝛼2

(𝐺
𝛽
𝑞(𝑛))

2, 

(iv) 𝐵𝑛,𝑞
(𝛼,𝛽)(𝑒3, 𝑥) =

[𝑛]𝑞
6

𝑞12(𝐺
𝛽
𝑞(𝑛))

3

𝐹3
𝑞(𝑛)

𝑥3 + {
{[5]𝑞+[2]𝑞

2𝑞}[𝑛]𝑞
5

𝑞11(𝐺
𝛽
𝑞(𝑛))

3

𝐹3
𝑞(𝑛)

+
3[𝑛]𝑞

4𝛼

𝑞6(𝐺
𝛽
𝑞(𝑛))

3

𝐹2
𝑞(𝑛)

}𝑥2 

                             +{
{[2]𝑞

2[4]𝑞+[2]𝑞𝑞
2}[𝑛]𝑞

4

𝑞9(𝐺
𝛽
𝑞(𝑛))

3

𝐹3
𝑞(𝑛)

+
3[2]𝑞

2[𝑛]𝑞
3𝛼

𝑞5(𝐺
𝛽
𝑞(𝑛))

3

𝐹2
𝑞(𝑛)

+
3[𝑛]𝑞

2𝛼2

𝑞2(𝐺
𝛽
𝑞(𝑛))

3

𝐹1
𝑞(𝑛)

}𝑥 

                                +
[2]𝑞[3]𝑞[𝑛]𝑞

3

𝑞6(𝐺
𝛽
𝑞
(𝑛))

3

𝐹3
𝑞
(𝑛)

+
3[2]𝑞[𝑛]𝑞

2𝛼

𝑞3(𝐺
𝛽
𝑞
(𝑛))

3

𝐹2
𝑞
(𝑛)

+
𝛼3

(𝐺
𝛽
𝑞
(𝑛))

3, 

 (v) 𝐵𝑛,𝑞
(𝛼,𝛽)(𝑒4, 𝑥) =

[𝑛]𝑞
8

𝑞20(𝐺
𝛽
𝑞(𝑛))

4

𝐹4
𝑞(𝑛)

𝑥4 + {
{[7]𝑞+[5]𝑞𝑞+[2]𝑞

2𝑞2}[𝑛]𝑞
7

𝑞19(𝐺
𝛽
𝑞(𝑛))

4

𝐹4
𝑞(𝑛)

+
4𝛼[𝑛]𝑞

6

𝑞12(𝐺
𝛽
𝑞(𝑛))

4

𝐹3
𝑞(𝑛)

}𝑥3 

+{
4𝛼{[5]𝑞 + [2]𝑞

2𝑞}[𝑛]𝑞
5

𝑞11 (𝐺𝛽
𝑞(𝑛))

4

𝐹3
𝑞(𝑛)

+
{[5]𝑞[6]𝑞 + [2]𝑞

2[6]𝑞𝑞 + [2]𝑞
2[4]𝑞𝑞

2 + [2]𝑞𝑞
4}[𝑛]𝑞

7

𝑞17 (𝐺𝛽
𝑞(𝑛))

4

𝐹4
𝑞(𝑛)

+
6𝛼2[𝑛]𝑞

4

𝑞6 (𝐺𝛽
𝑞(𝑛))

4

𝐹2
𝑞(𝑛)

}𝑥2 
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+{
{[2]𝑞

2[4]𝑞[5]𝑞+[2]𝑞[5]𝑞𝑞
2+[2]𝑞[3]𝑞𝑞

3}[𝑛]𝑞
5

𝑞14(𝐺
𝛽
𝑞(𝑛))

4

𝐹4
𝑞(𝑛)

+
4𝛼{[2]𝑞

2[4]𝑞+[2]𝑞𝑞
2}[𝑛]𝑞

4

𝑞9(𝐺
𝛽
𝑞(𝑛))

4

𝐹3
𝑞(𝑛)

+
6𝛼2[2]𝑞

2[𝑛]𝑞
3

𝑞5(𝐺
𝛽
𝑞(𝑛))

4

𝐹2
𝑞(𝑛)

+
4𝛼3[𝑛]𝑞

2

𝑞2(𝐺
𝛽
𝑞(𝑛))

4

𝐹1
𝑞(𝑛)

}𝑥 +

[2]𝑞[3]𝑞[4]𝑞[𝑛]𝑞
4

𝑞10(𝐺
𝛽
𝑞(𝑛))

4

𝐹4
𝑞(𝑛)

+
4𝛼[2]𝑞[3]𝑞[𝑛]𝑞

3

𝑞6(𝐺
𝛽
𝑞(𝑛))

4

𝐹3
𝑞(𝑛)

+
6𝛼2[2]𝑞[𝑛]𝑞

2

𝑞3(𝐺
𝛽
𝑞(𝑛))

4

𝐹2
𝑞(𝑛)

+
4𝛼3[𝑛]𝑞

𝑞(𝐺
𝛽
𝑞(𝑛))

4

𝐹1
𝑞(𝑛)

+
4𝛼4

(𝐺
𝛽
𝑞(𝑛))

4. 

Proof. Using 𝑞 −Gamma and 𝑞 −Beta functions in [1, 2], we obtain the estimate, 

 

𝑞𝑘
2
∫

1

𝐵(𝑘+1,𝑛)

∞

𝐴
0

𝑡𝑘

(1+𝑡)𝑞
𝑛+𝑘+1 𝑡

𝑚𝑑𝑞𝑡 =
[𝑚+𝑘]𝑞![𝑛−𝑚−1]𝑞!𝑞

{2𝑘2−(𝑘+𝑚)(𝑘+𝑚+1)}
2

[𝑘]𝑞![𝑛−1]𝑞!
.                                               (2.1)                                                                                                                                            

the proof of (𝑖)  −  (𝑖𝑖𝑖) are given in [4]. Then, using (2.1) and the equality 

[𝑛]𝑞 = [𝑠]𝑞 + 𝑞
𝑠[𝑛 − 𝑠]𝑞 , 0 ≤ 𝑠 ≤ 𝑛,                                                                                                                             (2.2)                                                                                                                           

We get 

𝐵𝑛,𝑞
(𝛼,𝛽)(𝑒3, 𝑥) =

[𝑛]𝑞
3

(𝐺𝛽
𝑞(𝑛))

3

𝐹3
𝑞(𝑛)

∑𝑒−[𝑛]𝑞𝑥
∞

𝑘=3

([𝑛]𝑞𝑥)
𝑘

[𝑘 − 3]𝑞!
𝑞
𝑘2−7𝑘−12

2  

                                                                 +
[𝑛]𝑞

3

(𝐺
𝛽
𝑞(𝑛))

3

𝐹3
𝑞(𝑛)

∑ 𝑒−[𝑛]𝑞𝑥∞
𝑘=2

([𝑛]𝑞𝑥)
𝑘
([5]𝑞+[2]𝑞

2𝑞)

[𝑘−2]𝑞!
𝑞
𝑘2−5𝑘−16

2                                             

                                                         +
[𝑛]𝑞

3

(𝐺
𝛽
𝑞(𝑛))

3

𝐹3
𝑞(𝑛)

∑ 𝑒−[𝑛]𝑞𝑥∞
𝑘=1

([𝑛]𝑞𝑥)
𝑘
([2]𝑞

2[4]𝑞+[2]𝑞𝑞
2)

[𝑘−1]𝑞!
𝑞
𝑘2−3𝑘−14

2  

                                                         +
[𝑛]𝑞

3

(𝐺
𝛽
𝑞(𝑛))

3

𝐹3
𝑞(𝑛)

∑ 𝑒−[𝑛]𝑞𝑥∞
𝑘=0

([𝑛]𝑞𝑥)
𝑘
[2]𝑞[3]𝑞

[𝑘−1]𝑞!
𝑞
𝑘2−𝑘−12

2  

                                                        =
[𝑛]𝑞

6

𝑞12(𝐺
𝛽
𝑞(𝑛))

3

𝐹3
𝑞(𝑛)

𝑥3 + {
{[5]𝑞+[2]𝑞

2𝑞}[𝑛]𝑞
5

𝑞11(𝐺
𝛽
𝑞(𝑛))

3

𝐹3
𝑞(𝑛)

+
3𝛼[𝑛]𝑞

4

𝑞6(𝐺
𝛽
𝑞(𝑛))

3

𝐹2
𝑞(𝑛)

}𝑥2 

                                                       +{
{[2]𝑞

2[4]𝑞+[2]𝑞𝑞
2}[𝑛]𝑞

4

𝑞9(𝐺
𝛽
𝑞(𝑛))

3

𝐹3
𝑞(𝑛)

+
3𝛼[2]𝑞

2[𝑛]𝑞
3

𝑞5(𝐺
𝛽
𝑞(𝑛))

3

𝐹2
𝑞(𝑛)

+
3𝛼2[𝑛]𝑞

2

𝑞2(𝐺
𝛽
𝑞(𝑛))

3

𝐹1
𝑞(𝑛)

}𝑥 

                                                              +
[2]𝑞[3]𝑞[𝑛]𝑞

3

𝑞6(𝐺
𝛽
𝑞
(𝑛))

3

𝐹3
𝑞
(𝑛)

+
3𝛼[2]𝑞[𝑛]𝑞

2

𝑞3(𝐺
𝛽
𝑞
(𝑛))

3

𝐹2
𝑞
(𝑛)

+
𝛼3

(𝐺
𝛽
𝑞
(𝑛))

3, 

 

and so we have proof of (𝑖𝑣). Finally we make same process in (𝑖𝑣) we get (𝑣) 

easily. 

Using the de.nation of [𝑛]𝑞𝑛, it is not diffucult to see that if lim𝑛→∞ 𝑞𝑛
𝑛 =𝜆 than lim𝑛→∞[𝑛]𝑞𝑛 =∞,  where 0 <  𝑞𝑛 <  1 

and 𝑞𝑛 → 1. 

We need the following lemma for the Voronovskaja theorem. 

Lemma 2. Let (𝑞𝑛) ⊂ (0,1) a sequence such that 𝑞𝑛 → 1 and 𝑞𝑛
𝑛 → 𝜆 as 𝑛 → ∞. 

Then for any 𝑛 ∈ 𝑰𝑵 we have the following limits 

(i)  lim𝑛→∞[𝑛]𝑞𝑛 𝐵𝑛,𝑞𝑛
(𝛼,𝛽)((𝑡 − 𝑥)2; 𝑥) = (2 − 2𝛽 − 𝜆)𝑥2 + 2𝑥, 
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(ii) lim𝑛→∞[𝑛]𝑞𝑛
2 𝐵𝑛,𝑞𝑛

(𝛼,𝛽)((𝑡 − 𝑥)4; 𝑥) = (3𝜆2 − 12𝜆 + 12)𝑥4 + (24 − 12𝜆)𝑥3 + 2𝑥2. 

Proof. i) Using the equality (2.2) for 𝑞𝑛 , we get desired result 

 lim
𝑛→∞

[𝑛]𝑞𝑛 𝐵𝑛,𝑞𝑛
(𝛼,𝛽)((𝑡 − 𝑥)2; 𝑥)                                                                                                                                                        

=    lim
𝑛→∞

{
 

 (1 − 𝑞𝑛
𝑛)(𝑞𝑛

2 + 𝑞𝑛
3 − 𝑞𝑛

4)[𝑛 − 2]𝑞𝑛
3

(𝐺
𝛽
𝑞𝑛(𝑛))

2

𝐹1
𝑞𝑛(𝑛)

 

                +
(𝑞𝑛
4 + 4𝑞𝑛

3 − 12𝑞𝑛
2 + 8 − 2𝛽𝑞𝑛

2)[𝑛]𝑞𝑛[𝑛 − 2]𝑞𝑛
2

(𝐺𝛽
𝑞𝑛(𝑛))

2

𝐹1
𝑞𝑛(𝑛) }

 

 
𝑥2 

             + lim
                        𝑛→∞

{
 

 [2]𝑞𝑛
2 [𝑛]𝑞𝑛

4

𝑞𝑛
5 (𝐺𝛽

𝑞𝑛(𝑛))
2

𝐹2
𝑞𝑛(𝑛)

+
2𝛼[𝑛]𝑞𝑛

3

𝑞𝑛
2 (𝐺𝛽

𝑞𝑛(𝑛))
2

𝐹1
𝑞𝑛(𝑛)

 

                    −
2[𝑛]𝑞𝑛

2

𝑞𝑛𝐺𝛽
𝑞𝑛(𝑛)𝐹1

𝑞𝑛(𝑛)
−
2𝛼[𝑛]𝑞𝑛
𝐺𝛽
𝑞𝑛(𝑛)

} 𝑥 = (2 − 2𝛽 − 𝜆)𝑥2 + 2𝑥. 

(𝑖𝑖) From Lemma 1 and using the linearity property of the 𝐵𝑛,𝑞𝑛
(𝛼,𝛽)

  operators for 𝑛 >  4; 

we obtain 

𝐵𝑛,𝑞𝑛
(𝛼,𝛽)((𝑡 − 𝑥)4; 𝑥) = 𝑆1(𝑛, 𝑞𝑛)𝑥

4 + 𝑆2(𝑛, 𝑞𝑛)𝑥
3 + 𝑆3(𝑛, 𝑞𝑛)𝑥

2 + 𝑆4(𝑛, 𝑞𝑛)𝑥+𝑆5(𝑛, 𝑞𝑛),                                       (2.3)                                                                                                                                             

where 

𝑆1(𝑛, 𝑞𝑛) =
[𝑛]𝑞𝑛

8

𝑞𝑛
20(𝐺

𝛽
𝑞𝑛(𝑛))

4

𝐹4
𝑞𝑛(𝑛)

−
4[𝑛]𝑞𝑛

6

𝑞𝑛
12(𝐺

𝛽
𝑞𝑛(𝑛))

3

𝐹3
𝑞𝑛(𝑛)

+
6[𝑛]𝑞𝑛

4

𝑞𝑛
6(𝐺

𝛽
𝑞𝑛(𝑛))

2

𝐹2
𝑞𝑛(𝑛)

−
4[𝑛]𝑞𝑛

2

𝑞𝑛
2𝐺

𝛽
𝑞𝑛(𝑛)𝐹1

𝑞𝑛(𝑛)
+1, 

 

𝑆2(𝑛, 𝑞𝑛) =
[𝑛]𝑞𝑛

7 ([7]𝑞𝑛 + [5]𝑞𝑛𝑞𝑛 + [2]𝑞𝑛
2 𝑞𝑛

2)

𝑞𝑛
19 (𝐺𝛽

𝑞𝑛(𝑛))
4

𝐹4
𝑞𝑛(𝑛)

+
4𝛼[𝑛]𝑞𝑛

6

𝑞𝑛
12 (𝐺𝛽

𝑞𝑛(𝑛))
4

𝐹3
𝑞𝑛(𝑛)

 

 

−
4([5]𝑞𝑛+[2]𝑞𝑛

2 𝑞𝑛)[𝑛]𝑞𝑛
5

𝑞𝑛
11(𝐺

𝛽
𝑞𝑛(𝑛))

3

𝐹3
𝑞𝑛(𝑛)

−
12𝛼[𝑛]𝑞𝑛

4

𝑞𝑛
6(𝐺

𝛽
𝑞𝑛(𝑛))

3

𝐹2
𝑞𝑛(𝑛)

+
6[𝑛]𝑞𝑛

3

𝑞𝑛
5(𝐺

𝛽
𝑞𝑛(𝑛))

2

𝐹2
𝑞𝑛(𝑛)

+
6(1+[2]𝑞𝑛)[𝑛]𝑞𝑛

3

𝑞𝑛
4(𝐺

𝛽
𝑞𝑛(𝑛))

2

𝐹2
𝑞𝑛(𝑛)

               

+
12𝛼[𝑛]𝑞𝑛

2

𝑞𝑛
2(𝐺

𝛽
𝑞𝑛(𝑛))

2

𝐹1
𝑞𝑛(𝑛)

−
4[𝑛]𝑞𝑛

𝑞𝑛𝐺𝛽
𝑞𝑛(𝑛)𝐹1

𝑞𝑛(𝑛)
−

4𝛼

𝐺
𝛽
𝑞𝑛(𝑛)

, 

 

𝑆3(𝑛, 𝑞𝑛) =
[𝑛]𝑞𝑛

6 ([5]𝑞𝑛[6]𝑞𝑛+[2]𝑞𝑛
2 [6]𝑞𝑛𝑞𝑛+[2]𝑞𝑛

2 [4]𝑞𝑛𝑞𝑛
2+[2]𝑞𝑛𝑞𝑛

4)

𝑞𝑛
17(𝐺

𝛽
𝑞𝑛(𝑛))

4

𝐹4
𝑞𝑛(𝑛)

+
4𝛼[𝑛]𝑞𝑛

5 ([5]𝑞𝑛+𝑞𝑛[2]𝑞𝑛
2 )

𝑞𝑛
11(𝐺

𝛽
𝑞𝑛(𝑛))

4

𝐹3
𝑞𝑛(𝑛)

+
6𝛼2[𝑛]𝑞𝑛

4

𝑞𝑛
6(𝐺

𝛽
𝑞𝑛(𝑛))

4

𝐹2
𝑞𝑛(𝑛)

−

4([2]𝑞𝑛
2 [4]𝑞𝑛+𝑞𝑛

2[2]𝑞𝑛)[𝑛]𝑞𝑛
4

𝑞𝑛
9(𝐺

𝛽
𝑞𝑛(𝑛))

3

𝐹3
𝑞𝑛(𝑛)

−
12𝛼[2]𝑞𝑛

2 [𝑛]𝑞𝑛
3

𝑞𝑛
5(𝐺

𝛽
𝑞𝑛(𝑛))

3

𝐹2
𝑞𝑛(𝑛)

−
12𝛼2[𝑛]𝑞𝑛

2

𝑞𝑛
2(𝐺

𝛽
𝑞𝑛(𝑛))

3

𝐹2
𝑞𝑛(𝑛)

+
6[2]𝑞𝑛[𝑛]𝑞𝑛

2

𝑞𝑛
3(𝐺

𝛽
𝑞𝑛(𝑛))

2

𝐹2
𝑞𝑛(𝑛)

+
12𝛼[𝑛]𝑞𝑛

𝑞𝑛(𝐺𝛽
𝑞𝑛(𝑛))

2

𝐹1
𝑞𝑛(𝑛)

+

6𝛼2

(𝐺
𝛽
𝑞𝑛(𝑛))

2, 
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𝑆4(𝑛, 𝑞𝑛) =
[𝑛]𝑞𝑛

5 ([2]𝑞𝑛
2 [4]𝑞𝑛[5]𝑞𝑛+[2]𝑞𝑛[5]𝑞𝑛𝑞𝑛

2+[2]𝑞𝑛[3]𝑞𝑛𝑞𝑛
3)

𝑞𝑛
14(𝐺

𝛽
𝑞𝑛(𝑛))

4

𝐹4
𝑞𝑛(𝑛)

+
4𝛼([2]𝑞𝑛

2 [4]𝑞𝑛+[2]𝑞𝑛𝑞𝑛
2)[𝑛]𝑞𝑛

4

𝑞𝑛
9(𝐺

𝛽
𝑞𝑛(𝑛))

4

𝐹3
𝑞𝑛(𝑛)

+
6𝛼2[2]𝑞𝑛

2 [𝑛]𝑞𝑛
3

𝑞𝑛
5(𝐺

𝛽
𝑞𝑛(𝑛))

4

𝐹2
𝑞𝑛(𝑛)

+

4𝛼3[𝑛]𝑞𝑛
2

𝑞𝑛
2(𝐺

𝛽
𝑞𝑛(𝑛))

4

𝐹1
𝑞𝑛(𝑛)

−
4[2]𝑞𝑛[3]𝑞𝑛[𝑛]𝑞𝑛

3

𝑞𝑛
6(𝐺

𝛽
𝑞𝑛(𝑛))

3

𝐹3
𝑞𝑛(𝑛)

−
12𝛼[2]𝑞𝑛[𝑛]𝑞𝑛

2

𝑞𝑛
3(𝐺

𝛽
𝑞𝑛(𝑛))

2

𝐹2
𝑞𝑛(𝑛)

−
4𝛼3

(𝐺
𝛽
𝑞𝑛(𝑛))

3, 

 

𝑆5(𝑛, 𝑞𝑛) =
[2]𝑞𝑛[3]𝑞𝑛[4]𝑞𝑛[𝑛]𝑞𝑛

4

𝑞𝑛
10(𝐺

𝛽
𝑞𝑛(𝑛))

4

𝐹4
𝑞𝑛(𝑛)

+
4𝛼[2]𝑞𝑛[3]𝑞𝑛[𝑛]𝑞𝑛

3

𝑞𝑛
6(𝐺

𝛽
𝑞𝑛(𝑛))

4

𝐹3
𝑞𝑛(𝑛)

+
6𝛼2[2]𝑞𝑛[𝑛]𝑞𝑛

2

𝑞𝑛
3(𝐺

𝛽
𝑞𝑛(𝑛))

4

𝐹2
𝑞𝑛(𝑛)

+
4𝛼3[𝑛]𝑞𝑛

𝑞𝑛(𝐺𝛽
𝑞𝑛(𝑛))

4

𝐹1
𝑞𝑛(𝑛)

+
4𝛼4

(𝐺
𝛽
𝑞𝑛(𝑛))

4. 

 

It is obvious that 

 lim𝑛→∞[𝑛]𝑞𝑛
2 {𝑆4(𝑛, 𝑞𝑛) + 𝑆5(𝑛, 𝑞𝑛)} = 0.                                       (2.4) 

Using the equality (2.1) we will get the following limits. First of all we have 

 

 lim
𝑛→∞

[𝑛]𝑞𝑛
2 𝑆1(𝑛, 𝑞𝑛) =  lim

𝑛→∞

{
 

 
(1 − 𝑞𝑛

𝑛)2
𝐶1(𝑞𝑛)[𝑛 − 4]𝑞𝑛

8

𝑞𝑛
20 (𝐺𝛽

𝑞𝑛(𝑛))
4

𝐹4
𝑞𝑛(𝑛)

+ (1 − 𝑞𝑛
𝑛)
𝐶2(𝑞𝑛)[𝑛]𝑞𝑛[𝑛 − 4]𝑞𝑛

7

𝑞𝑛
20 (𝐺𝛽

𝑞𝑛(𝑛))
4

𝐹4
𝑞𝑛(𝑛)

+
𝐶3(𝑞𝑛)[𝑛]𝑞𝑛

2 [𝑛 − 4]𝑞𝑛
6

𝑞𝑛
20 (𝐺𝛽

𝑞𝑛(𝑛))
4

𝐹4
𝑞𝑛(𝑛)}

 

 
+  lim
𝑛→∞

𝐻1(𝑛, [𝑛 − 4]𝑞𝑛 , 𝛼, 𝛽)

𝑞𝑛
20 (𝐺𝛽

𝑞𝑛(𝑛))
4

𝐹4
𝑞𝑛(𝑛)

= 3𝜆2 − 12𝜆 + 12, 

                                                                                                                                                                                          (2.5) 

where 

𝐶1(𝑞𝑛) = 𝑞𝑛
40 − 2𝑞𝑛

39 − 5𝑞𝑛
38 − 2𝑞𝑛

37 + 𝑞𝑛
36 + 4𝑞𝑛

35 + 3𝑞𝑛
34 + 2𝑞𝑛

33 + 𝑞𝑛
32 , 

𝐶2(𝑞𝑛, 𝛽) = −7𝑞𝑛
40 + 15𝑞𝑛

39 + 34𝑞𝑛
38 + (8 − 4𝛽)𝑞𝑛

37 + (8𝛽 − 8)𝑞𝑛
36 + (8𝛽 − 44)𝑞𝑛

35     

                    −(4𝛽 + 52)𝑞𝑛
34 − (4𝛽 + 24)𝑞𝑛

33 + (4 − 4𝛽)𝑞𝑛
32 + 32𝑞𝑛

31 + 24𝑞𝑛
30 + 16𝑞𝑛

29 +  8𝑞𝑛
28, 

 

𝐶3(𝑞𝑛, 𝛽) = 21𝑞𝑛
40 − 48𝑞𝑛

39 − 99𝑞𝑛
38 + (24𝛽−5)𝑞𝑛

37 + (26 − 52𝛽)𝑞𝑛
36 + (182 − 44𝛽)𝑞𝑛

35 

                  +(6𝛽2 + 36𝛽 + 238)𝑞𝑛
34 − (12𝛽2 − 12𝛽 − 62)𝑞𝑛

33 + (60𝛽 − 72)𝑞𝑛
32 + (6𝛽2 + 36𝛽 − 246)𝑞𝑛

31 

−(24𝛽 + 224)𝑞𝑛
30 − (24𝛽 − 112)𝑞𝑛

29 − 24𝛽𝑞𝑛
28 + 112𝑞𝑛

27 + 84𝑞𝑛
26 + 56𝑞𝑛

25 + 28𝑞𝑛
24.                     

Secondly, 

lim
𝑛→∞

[𝑛]𝑞𝑛
2 𝑆2(𝑛, 𝑞𝑛)                                                                                                                                                                       

                   =  lim
𝑛→∞

{(1 − 𝑞𝑛
𝑛)
𝐷1(𝑞𝑛)[𝑛]𝑞𝑛[𝑛 − 4]𝑞𝑛

7

𝑞𝑛
19 (𝐺𝛽

𝑞𝑛(𝑛))
4

𝐹4
𝑞𝑛(𝑛)

+
𝐷2(𝑞𝑛)[𝑛]𝑞𝑛

2 [𝑛 − 4]𝑞𝑛
6

𝑞𝑛
19 (𝐺𝛽

𝑞𝑛(𝑛))
4

𝐹4
𝑞𝑛(𝑛)

} +  lim
𝑛→∞

𝐻2(𝑛, [𝑛 − 4]𝑞𝑛 , 𝛼, 𝛽)

𝑞𝑛
19 (𝐺𝛽

𝑞𝑛(𝑛))
4

𝐹4
𝑞𝑛(𝑛)

 

 

                  = 24 − 12𝜆,                                                                                                                                                       
(2.6)                                                                                                                                                                                                                                                    

Where 

𝐷1(𝑞𝑛) = (4𝛼 − 2)𝑞𝑛
36 − (8𝛼 + 10)𝑞𝑛

35 − (8𝛼 + 8)𝑞𝑛
34 + (4𝛼 + 3)𝑞𝑛

33   + (4𝛼 + 9)𝑞𝑛
32 + (4𝛼 + 10)𝑞𝑛

31                 

+6𝑞𝑛
30 + 3𝑞𝑛

29,                                                                                                                                                           
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𝐷2(𝑞𝑛) = (12 − 24𝛼)𝑞𝑛
36 + (52𝛼 + 58)𝑞𝑛

35 + (44𝛼 + 38)𝑞𝑛
34 − (12𝛼𝛽 + 36𝛼 + 33)𝑞𝑛

33                                             

 −(24𝛼𝛽 + 12𝛼 + 20𝛽 + 81)𝑞𝑛
32 − (60𝛼 − 4𝛽 + 120)𝑞𝑛

31                                                                          

                     −(12𝛼𝛽 + 36𝛼 + 12𝛽 + 74)𝑞𝑛
30 + (24𝛼 − 8𝛽 + 12)𝑞𝑛

29       

  +(24𝛼 − 4𝛽 + 60)𝑞𝑛
28 + (24𝛼 + 70)𝑞𝑛

27,                                                                                                          

and also degree of  𝐻2(𝑛, [𝑛 − 4]𝑞𝑛 , 𝛼, 𝛽)  according to [𝑛]𝑞𝑛[𝑛 − 4]𝑞𝑛  is lower then (𝐺𝛽
𝑞𝑛(𝑛))

4

𝐹4
𝑞𝑛(𝑛). 

Finally, 

lim
𝑛→∞

[𝑛]𝑞𝑛
2 𝑆3(𝑛, 𝑞𝑛)                                                                                                                                                                                            

                                = lim𝑛→∞[𝑛]𝑞𝑛
2 𝐸1(𝑞𝑛)[𝑛−4]𝑞𝑛

6

𝑞𝑛
17𝐹4

𝑞𝑛(𝑛)(𝐺
𝛽
𝑞𝑛(𝑛))

4+ lim
𝑛→∞

𝐻3(𝑛,[𝑛−4]𝑞𝑛 ,𝑞𝑛,𝛼,𝛽)

𝑞𝑛
17𝐹4

𝑞𝑛(𝑛)(𝐺
𝛽
𝑞𝑛(𝑛))

4 = 12                                                   

(2.7)                                                                     

where                

𝐸1(𝑞𝑛) = −3𝑞𝑛
33 − 3𝑞𝑛

32 + (6𝛼2 − 7)𝑞𝑛
31 − (12𝛼2 + 20𝛼 + 9)𝑞𝑛

30 − (4𝛼 − 2)𝑞𝑛
29 

             +(6𝛼2 + 12𝛼 + 10)𝑞𝑛
28 + (8𝛼 + 11)𝑞𝑛

27 + (4𝛼 + 7)𝑞𝑛
26 + 3𝑞𝑛

25 + 𝑞𝑛
24, 

and degrees of 𝐻1(𝑛, [𝑛 − 4]𝑞𝑛 , 𝛼, 𝛽), 𝐻2(𝑛, [𝑛 − 4]𝑞𝑛 , 𝛼, 𝛽), 𝐻3(𝑛, [𝑛 − 4]𝑞𝑛 , 𝛼, 𝛽) according to [𝑛]𝑞𝑛[𝑛 − 4]𝑞𝑛 is lower 

then 𝐹4
𝑞𝑛(𝑛) (𝐺𝛽

𝑞𝑛(𝑛))
4

. Multiplying (2.3) by [𝑛]𝑞𝑛
2 , taking limits and combining the limits among (2.4)-(2.7) we reach the 

desired result. 

The weighted Korovkin- type theorems was proved by Gadzhiev [7]. We give the Gadzhiev’s results in weighted spaces. 

Let 𝜌(𝑥) = 1 + 𝑥2.  𝐵𝜌[0,∞) denotes the set of all functions 𝑓, from [0,∞)  to 𝐼𝑅, satisfying growth condition |𝑓(𝑥)| ≤

𝑁𝑓𝜌(𝑥),  where 𝑁𝑓 is a constant depending only on 𝑓.  𝐵𝜌[0,∞) is a normed space with the norm  ‖𝑓‖
𝜌
= {𝑠𝑢𝑝

|𝑓(𝑥)|

𝜌(𝑥)
: 𝑥 ∈

𝐼𝑅}. 𝐶ρ
∗[0,∞) denotes the subspace of continuous functions in 𝐵𝜌[0,∞)  for which lim

|𝑥|→∞

|𝑓(𝑥)|

𝜌(𝑥)
   exists finitely.   

We now give a Voronovskaja type theorem for 𝐵𝑛,𝑞𝑛
(𝛼,𝛽)

operators. 

Theorem 1. Let  (𝑞𝑛) ⊂ (0,1) a sequence such that 𝑞𝑛 → 1 and 𝑞𝑛
𝑛 → 𝜆 as 𝑛 → ∞. For any  𝑓 ∈ 𝐶ρ

∗[0,∞) such that  

𝑓′, 𝑓′′ ∈ 𝐶ρ
∗[0,∞). We have the limit 

lim𝑛→∞[𝑛]𝑞𝑛(𝐵𝑛,𝑞𝑛
(𝛼,𝛽)(𝑓, 𝑥) − 𝑓(𝑥)) = ((2 − 𝜆 − 𝛽)𝑥 + 1 + 𝛼)𝑓′(𝑥) + ((1 −

𝜆

2
) 𝑥2  + 𝑥)𝑓′′(𝑥).  

Proof.  By Taylor’s expansion of f, we have 

𝑓(𝑡) = 𝑓(𝑥) + 𝑓′(𝑥)(𝑡 − 𝑥) +
1

2
𝑓′′(𝑥)(𝑡 − 𝑥)2 + 𝜀(𝑡, 𝑥)(𝑡 − 𝑥)2,  

where 𝜀(𝑡, 𝑥) → 0 as 𝑡 → 𝑥. From linearity of the operators 𝐵𝑛,𝑞𝑛
(𝛼,𝛽)

 we have 

𝐵𝑛,𝑞𝑛
(𝛼,𝛽)(𝑓, 𝑥) =  𝑓(𝑥) + 𝑓′(𝑥)𝐵𝑛,𝑞𝑛

(𝛼,𝛽)
((𝑡 − 𝑥), 𝑥) +

1

2
𝑓′′(𝑥)𝐵𝑛,𝑞𝑛

(𝛼,𝛽)
((𝑡 − 𝑥)2, 𝑥) + 𝐵𝑛,𝑞𝑛

(𝛼,𝛽)(𝜀(𝑡, 𝑥)(𝑡 − 𝑥)2, 𝑥). 

Using Lemma 1 and making necessary process, we abtain 

𝐵𝑛,𝑞𝑛
(𝛼,𝛽)(𝑓, 𝑥) −  𝑓(𝑥) = 𝑓′(𝑥) {

(1 + 𝑞𝑛[𝑛 − 1]𝑞𝑛)
2
− 𝑞𝑛

2(1 + 𝛽 + 𝑞𝑛[𝑛 − 1]𝑞𝑛)[𝑛 − 1]𝑞𝑛
𝑞𝑛
2𝐹1

𝑞𝑛(𝑛)𝐺𝛽
𝑞𝑛(𝑛)

𝑥  

                                   +
[𝑛]𝑞𝑛 + 𝑞𝑛𝛼[𝑛 − 1]𝑞𝑛
𝑞𝑛𝐹1

𝑞𝑛(𝑛)𝐺𝛽
𝑞𝑛(𝑛)

} +
1

2
𝑓′′(𝑥)

{
 

 
(
[𝑛 − 2]𝑞𝑛

4 (𝑞𝑛
11 − 2𝑞𝑛

10 + 𝑞𝑛
8)

𝑞𝑛
6𝐹2

𝑞𝑛(𝑛) (𝐺𝛽
𝑞𝑛(𝑛))

2   

                                         +
(𝑞𝑛
10 + 2([2]𝑞𝑛 + 𝛽)𝑞𝑛

9 − 2(3[2]𝑞𝑛 + 𝛽)𝑞𝑛
8 + 4[2]𝑞𝑛𝑞𝑛

6)[𝑛 − 2]𝑞𝑛
3

𝑞𝑛
6𝐹2

𝑞𝑛(𝑛) (𝐺𝛽
𝑞𝑛(𝑛))

2 )𝑥2 
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                      +
(𝑞𝑛
6 + 2(1 + 𝛼)𝑞𝑛

7 − (1 + 2𝛼)𝑞𝑛
8)[𝑛 − 2]𝑞𝑛

3

𝑞𝑛
5𝐹2

𝑞𝑛(𝑛) (𝐺𝛽
𝑞𝑛(𝑛))

2 𝑥 +
[2]𝑞𝑛[𝑛]𝑞𝑛

2

𝑞𝑛
3𝐹2

𝑞𝑛(𝑛) (𝐺𝛽
𝑞𝑛(𝑛))

2 

              +
2𝛼[𝑛]𝑞𝑛

𝑞𝑛 𝐹1
𝑞𝑛(𝑛) (𝐺𝛽

𝑞𝑛(𝑛))
2 +

𝛼2

(𝐺𝛽
𝑞𝑛(𝑛))

2

}
 

 
+ 𝐵𝑛,𝑞𝑛

(𝛼,𝛽)(𝜀(𝑡, 𝑥)(𝑡 − 𝑥)2, 𝑥). 

 

For third term on the right side, using Cauchy-Schwarz inequality we have 

lim
𝑛→∞

[𝑛]𝑞𝑛𝐵𝑛,𝑞𝑛
(𝛼,𝛽)(𝜀(𝑡, 𝑥)(𝑡 − 𝑥)2, 𝑥) ≤ √ lim

𝑛→∞
𝐵𝑛,𝑞𝑛
(𝛼,𝛽)(𝜀2(𝑡, 𝑥), 𝑥)√ lim

𝑛→∞
[𝑛]𝑞𝑛

2 𝐵𝑛,𝑞𝑛
(𝛼,𝛽)((𝑡 − 𝑥)4, 𝑥) 

Since lim
𝑛→∞

𝐵𝑛,𝑞𝑛
(𝛼,𝛽)(𝜀2(𝑡, 𝑥), 𝑥) = 0 and from Lemma 2 (ii) lim

𝑛→∞
[𝑛]𝑞𝑛

2 𝐵𝑛,𝑞𝑛
(𝛼,𝛽)((𝑡 − 𝑥)4, 𝑥) is finite. We yield  

lim
𝑛→∞

[𝑛]𝑞𝑛𝐵𝑛,𝑞𝑛
(𝛼,𝛽)(𝜀(𝑡, 𝑥)(𝑡 − 𝑥)2, 𝑥) = 0. 

Thus we get 

lim𝑛→∞[𝑛]𝑞𝑛 (𝐵𝑛,𝑞𝑛
(𝛼,𝛽)(𝑓(𝑡), 𝑥) −  𝑓(𝑥))   

= 𝑓′(𝑥) { lim
𝑛→∞

(𝑞𝑛
2 − 𝑞𝑛

3)[𝑛 − 1]𝑞𝑛 + (2𝑞𝑛 − (1 + 𝛽))[𝑛 − 1]𝑞𝑛[𝑛]𝑞𝑛
𝑞𝑛
2𝐹1

𝑞𝑛(𝑛)𝐺
𝛽
𝑞𝑛(𝑛)

𝑥 + 1 + 𝛼} 

+
1

2
𝑓′′(𝑥) lim

𝑛→∞

{
 
 

 
 

(

 
 
(1 − 𝑞𝑛

𝑛)
(𝑞𝑛
8 + 𝑞𝑛

9 − 𝑞𝑛
10)[𝑛 − 2]𝑞𝑛

4

𝑞𝑛
6𝐹2

𝑞𝑛(𝑛) (𝐺
𝛽
𝑞𝑛(𝑛))

2 +
(𝑞𝑛

10 + 2([2]𝑞𝑛 + 𝛽)𝑞𝑛
9

𝑞𝑛
6𝐹2

𝑞𝑛(𝑛) (𝐺
𝛽
𝑞𝑛(𝑛))

2  

−
2(3[2]𝑞𝑛 + 𝛽)𝑞𝑛

8 − 4[2]𝑞𝑛𝑞𝑛
6)[𝑛 − 2]𝑞𝑛

3 [𝑛]𝑞𝑛

𝑞𝑛
6𝐹2

𝑞𝑛(𝑛) (𝐺𝛽
𝑞𝑛(𝑛))

2 )𝑥2 + (
(𝑞𝑛
6 + 2(1 + 𝛼)𝑞𝑛

7

𝑞𝑛
5𝐹4

𝑞𝑛(𝑛) (𝐺𝛽
𝑞𝑛(𝑛))

2 

−
(1 + 2𝛼)𝑞𝑛

8)[𝑛 − 2]𝑞𝑛
3 [𝑛]𝑞𝑛

𝑞𝑛
5𝐹2(𝑛) (𝐺𝛽

𝑞𝑛(𝑛))
2 )𝑥

}
 

 
                                                                               

= ((2 − 𝜆 − 𝛽)𝑥 + 1 + 𝛼)𝑓′(𝑥) + ((1 −
𝜆

2
)𝑥2  + 𝑥) 𝑓′′(𝑥)                               

 

and the proof is completed. 
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