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ABSTRACT

In this paper, we study on g —analogue of Szasz-Beta-Stancu type operators. We give a VVoronovskaja type theorem

for q - Szasz-Beta-Stancu type operators.
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1. INTRODUCTION

In the paper, in [18], Mahmudov introduced King type
q —Szasz operators and obtained rate of global
convergence in the frame of weighted spaces and a
Voronovskaja type theorem for these operators. In [22],
Yiiksel and Dinlemez gave a Voronovskaja type
theorem for g-analogue of a certain family Szasz-Beta
type operators. In [8], Govil and Gupta constructed the
q —analogue of certain Beta-Szasz-Stancu operators.
They estimated the moments and established direct
results in terms of modulus of continuity and an
asymptotic formula for the g-operators. In [4],
Dinlemez gave approximation properties of q - Szasz-
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Beta-Stancu type operators and obtain a weighted
approximation theorem for the operators. After then
several interesting generalization about g —calculus
were given in [5,6,10,11,12,13,17,19, 23]. Our goal
is to give a Voronovskaja type approximation theorem
for these operators. We use without further explanation
the basic notations and formulas, from the theory of
q —calculus as set out in [1,2,3,14,15,16,20,21].

We need fix some notations and recall some
definitations: Let A>0 and fbe a real valued
continuous function defined on the interval [0, ). For
0 < q <1,q —Szasz-Beta-Stancu type operators are
defined as
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/s
mP 0 = nk(x)f 0f () 4a® (D
where

510 = ([nle2)

and

bz'k(x)=m.

If we write ¢ = 1 and @ = 8 = 0 in (1.1), then the operators B(“ ) are reduced to q —Szasz-beta type operators studied
in [9].

2. VORONOVSKAJA TYPE THEOREM

For the sake of brevity, the notations F,’(n) = [Tio[n — il, and G4 (n) = ([n], + B) will be used throughout the paper.
Now we are ready to give the following lemma for the Korovkin test functions.

Lemma 1. Let e, (t) = t™,m = 0,1,2,3 and 4. Then, we get

(i) BSEP (eg, %) = 1,

iy p(aB) F [nlg a
i) B =
( ) n,q (elr x) qzag(n)qu(n)x + qGZ(n)qu(TL) GZ(TL)’
4 3 3 )
(iii) BSP (e, %) = —— 18 y2 4 infg (i), aln} iy
q6<Gg(n)> qu(n) q5<Gg(n)> qu(n) q4<(;g(n)) qu(n) q2<Gg(n)) qu(n)
2 2 2 2
[ ]q[nlq " a[n]zq P,
qs(cg(n)) Fm) q(cg(n)) Fi(n) (Gg(n)>
6 2 5 4
(iv) B (g x) = — i3y ) Wlarlelgalnlg | stnlge Lo
qlz(Gg(n)) Fim) qu(Gg(n)> Fim) q6(62(n)) Fln)
{[2131414+[2149%}[ng 3[213[nl3a 3[n]Za?

3 3 + 3 X
q9<ag(n)> Fil(n) q5<cg(n)) Fjl(n) qz(agm)) Fyl(n)

[214[314[n]3 + 3[2]q[n]35a + o3

+ 3 31
q6<ag(n>> Fil(n) q3(ag(n>) Fyl(n) (agm)

(V) B((x,ﬁ)(e4 x) — [n]c814 x4+ {[7]q [5]1gq+l ] 2} 4‘“["]24 x3
nq 4
qZO(cg(m) Fl(n) qw(ag(n)) Ff(n) qu(cg(m) Fil(n)
4af[5], + [2]74}(n] {[5 [6], + [215[6]4q + [2]7[4]44° + [2]4q*}[n] N 6a’[n]g 22

)
q (Gg(n)) F;’(m 0 (63em) Fe e 0 (63em) Eoam
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N {[2]5[4]q[5]q+[2]q[S]qu+[2]q[3]qq3}[n]3 4a{[2]é[4]q+[i]qq2}[n]3 6a2[2]54n] 4a3[n15 x4
qw(ag(n)) Q) qg(ag(n)) Fil(n) qS(Gg(n)> F"(n) q (ag(m) Fl(n)
[2]4[314[41q[n]¢ 4a[2]4(3]4[n13 6aZ[2]4[nl3 4a3[n]q
4 + 4 4 4 + 4+
w(cg<n>) Fjl ) qs(gg(n)) F'(n) q3(cg<n>) Fjl(n) q(cgm)) Fl(n) (cg(m)
Proof. Using ¢ —Gamma and g —Beta functions in [1, 2], we obtain the estimate,
. {(2k?—(k+m) (k+m+1)}
1 t m _ [m+k]g![n-m—-1]4'q 2
q 0 B(k+1,n) (1+0)1Hk+1 tTdqt = [kl n—1]! (2.1)
the proof of (i) — (iii) are given in [4]. Then, using (2.1) and the equality
[n]ly =I[slg +q°[n—s],0<s<n, (2.2)

We get

3 (o]
n qX k —-7k—12
B(“B)(e3,x) [ ]q e—[n]qx ( )

’ [k — 3],
(Grem) Bl =
3 k 2.0\ k2-5k-16
+ #Z?:z e~ [lgx quf
(G“(n)) 0! le=2lq!
B 3
o s tnlge () (2l alga?) ks
(Gq(n)> ) ! [k—1]q!
8
ke -
+$Zk , elnlax (Inlgx)“[2lq[3lg K=k-12
(Gq(n)> Fl) lk=1lg!
8
6 5 2 5 4
— ["]q3 PEI {I ]q+[2]qz}[n]q + 3a[n]g 2
qu(GZ(m) F () q“(cgm)) Fj (n) q6<cg(n)> Ff(n)
+ {[2]?,[4]q+[2]gq2}[n]3+ sal2lginly 3a2[n]35 .

3
qg(cg(n)) Fl(n) qS(cg(n)) £y () qZ(cg(n)) F{ ()

[2]4[814[n13 n 3a[2]q[;z]?, n a3

+ 3 3y
qﬁ(a,‘;(n)) F5 () q3(c;;<n>) Fy (n) (c,';(n))

and so we have proof of (iv). Finally we make same process in (iv) we get (v)
easily.

Using the de.nation of [n], , itis not diffucult to see that if lim,, ., g% =4 than lim,,_,,,[n],, =0, where 0 < g, < 1
and q, - 1.

We need the following lemma for the VVoronovskaja theorem.
Lemma 2. Let (g,,) < (0,1) a sequence such that g,, > 1 and gjf » Aasn — oo.

Then for any n € IN we have the following limits

(i) limyo[nlg, B ﬁ)((t —x)%x) = (2-28 — Dx? + 2x,

n,dn
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(i) limy, oo [n]2 BP((£ — )% x) = (342 — 122+ 12)x* + (24 — 120)x3 + 22,

n,qn
Proof. i) Using the equality (2.2) for q,, , we get desired result
lim[nlg, Byl (¢ = )% %)

(1 —q)(qi + gz —q)n - 213,

n—oo 2
(65 ) B
N (qn +4q3 — 12q; +8 . 2Bq3)[nlg,[n - 213, L2
(65 m) B J
ot | PRI, 2alnl,

i (63) B gt (G Fen)

2[n]3 2a[n],
- z - 2ix = (2 =28 —x? + 2x.
R G | T G
(it) From Lemma 1 and using the linearity property of the B,%’f) operators forn > 4;
we obtain
BER (6 — )% %) = S1(n, q)x* + (0, 4)x® + S3(n, ) x2 + Sa(n, 4)x+S5(n, ), 2.3)
where
8 6 4 2

S1(n,q) = ["l]qn4 - Hn]q% + G[n]qg T2 G‘1‘71-1[(1111])(];‘1‘n(n)+ '

q%"(Gg”(n)) ) q}LZ(GZ"(n)> Fim () q%(GZ"(n)> Ermy T '

[n17,([7]q, + [5]4,9n + [21%,97 4aln]§
Sz(n, qn) — Qn( dn Qn4 n an n) + ‘zl—n

a@ (6 m) Eney a2 (6 m) Ena
_ 4([51gn +[21Gan) Gy, 12a[n]g, n 6[nl3, 6(1+[2]¢,,)[n]3,
3 3 2 2
q}ll(GE”(n)> Fim () qﬁ(ng(n)) i (n) q;’i(Gg"(n)) Fm(n) qﬁ(Gg"(n))
n 12a[n]§n _ q4[n]qnq _
n n n ’
S3(n,q,) = [n]Sn([S]qn[6]qn+[2]5n[6]qnqri+[2]én[4]qnq%+[2]qnq;‘1) 4a[n]2n([5]qn:qn[2]én) n i
»YUn
q}i(agn(n)) Fim () q}#(GZ”(n)) F™ ) qﬁ<G§”(n)> F" )

4’([2]12111[4]11n+q721[2]f1n)[n]$n lza[z]én[n]gn 12“2[71]211 6[2]Qn[n]én

3 - 3 - 3 + 2 + 2 +

q;i(ag"(n)) FS™(n) qz(ag”(m) () q,%(ag”(n)) () q%(cg"(m) () qn(ag"m)) ™ (n)

6a?

72!
(ei)
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S4(Tl, qn) — [n]gn([z]‘zln[4]‘111[S]Qn+[2]‘Zn4[5]‘an721+[Z]Qn[3]an%) + 4’“([2]%1n[4]Qn+[24]CIanZI)[n]?In 60(2[2]5_“[}71]311 +
q’114<ng(n)) Ff"(n) q%(GE”(n)) F;n(n) qﬁ(ng(n)) qun(n)
4a®[n)2, _ 4(2]q,,[31g, 13, _ 12a[2]q,[n13, _ 4d®
4 3 2 3
q%<agn(n)) F™ ) q,ﬁ(agn(m) ™) q,%(c;g"(n)) FM ) (Gg"(n))
— [Z]Qn[g’]‘Zn[MQn[nmn 4‘1[2]%1[3]‘171["]271 60(2[2]‘111[”]311 4a3[n]Qn 4a*
55(”: qn) - 4 4 4 + 4 + 4
q,%"(ag"(n)) FM ) q,%(ag"(n)) M) q,%(c;g"(n)) FM ) qn(Gg"(n)) A ) (Gg"(n)>
It is obvious that
limy, 0[], {S4(n, @n) + Ss(n, g} = 0. 24)
Using the equality (2.1) we will get the following limits. First of all we have
1 C1(qn)[n - 4]2 C2(qn) [n]q [n— 4’]177
Tim[nl2, 5,(n,q,) = lim { (1 - )2 S EEC R L
a2 (68 a) Ffn a2 (68" a) En
C n)2 [n — 4] Hi(n,[n—4], ,«,
(@)l ]“"[4 Jin |y iy ML ]f” £) =327 - 122+ 12,
n—-oo
a2 (65m) Erm) " g (63 ) Ea
(25)

where
C1(qn) = a2° — 203" — 5q3° — 243 +43° +4q3° +3a3* + 243 + 477,
C2(qn, B) = —7q3° +15¢3° + 34438 + (8 — 48)q3” + (88 — 8)q3° + (88 — 44)q°
—(4B +52)q3* — (4B + 20)q3% + (4 — 4P)q3? + 324" + 2443° + 1647° + 8477,

C3(qn, B) = 21q3° — 48q3° — 9943° + (24p—5)qn’ + (26 — 528)q3° + (182 — 44p)q3°
+(6B2 + 368 + 238)q3* — (12B%2 — 128 — 62)q3% + (608 — 72)q3% + (6B% + 368 — 246)q3?
—(24B + 224)q3° — (248 — 112)q2° — 24Bq28 + 112q2%7 + 84q2° + 56q2° + 28q2*.
Secondly,

lim [n]2, 5, (1, q,)

D, (gy)[nlg, [n — 417, LD (g)[nl3 [n— 415, + im T2 (n,[n—4]g,,a,B)

= lim4 (1 —qz) 7 7 7
a@ (6 @) ey e (6o0) Eron) T R (6inm) Ena

n—-oo

=24-122,
(2.6)

Where
D,(q,) = (4a — 2)q3° — (Ba + 10)q3> — (8a + 8)q3* + (4a + 3)g3% + (4a +9)q3? + (4a + 10)g3t
+643° + 3q5°,
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D,(qy) = (12 — 24a)q3° + (52a + 58)¢35 + (44a + 38)q3* — (12af + 36a + 33)q33
—(24aB + 12a + 208 + 81)q32 — (60a — 48 + 120)g3!
—(12aB + 36a + 128 + 74)q3° + (24a — 86 + 12)g%°
+(24a — 46 + 60)q28 + (24a + 70)q?’,

4
and also degree of H, (n, [n—4],,, B) according to [n],, [n — 4], is lower then (ng (n)) an ().
Finally,
lim [n]2, S5(n, 4,)

2 E1(qn) [n—4]2n

= lim, [n]qn Hs(n[n-4lg, . ana.B) _

=12

7+ lim v
q}l7Ff"(n)<ng(n)) ”“"q,%’Ff”(n)(cgn(n))
@27)
where

Ei(qn) = =3q3° — 337 + (60 — T)q* — (12a* + 20a + 9)q;° — (4a — 2)q7°

+(6a? + 12a + 10)q28 + (8a + 11)q27 + (4a + 7)q2° + 3¢2° + q2*,

and degrees of Hy(n, [n — 41,,, @, B), Ha(n,[n — 414, @, B), Hs(n, [n — 4],,, @, B) according to [n], [n — 4], is lower
then E,™™(n) (Gg”(n))4. Multiplying (2.3) by [n]Z , taking limits and combining the limits among (2.4)-(2.7) we reach the
desired result.

The weighted Korovkin- type theorems was proved by Gadzhiev [7]. We give the Gadzhiev’s results in weighted spaces.
Let p(x) = 1+ x%. B,[0, ) denotes the set of all functions f, from [0,0) to IR, satisfying growth condition |f (x)| <

Ngp(x), where Ny is a constant depending only on f. B, [0, ) is a normed space with the norm ||f||p = {sup%: X €

If ()l

xists finitely.
) exists finitely

IR}. C, [0, 00) denotes the subspace of continuous functions in B, [0, c0) for which I;}mw

We now give a VVoronovskaja type theorem for B,(Ifzf )operators.

Theorem 1. Let (g,) < (0,1) a sequence such that g, -1 and g — Aasn— oo. Forany f e C‘;‘[O,oo) such that
f'.f" € C4[0,0). We have the limit

limyeo ], (BSSD(F,) = f()) = (2 = 2= Px + 1+ )f @) + (1 -3) %% +0)f" (@),
Proof. By Taylor’s expansion of f, we have
FO = FG) + F/GIE =) +5 7 ()t = )% + &(t,0)(t — )2,

where £(t,x) — 0 as t — x. From linearity of the operators B,(f;‘f) we have

&%?Um)=f@)+ﬁ@ﬂ$ﬁ%@—xl@+§f%@3““«r—m%m+BW?@GJXt—w%w.

n,qn nq

Using Lemma 1 and making necessary process, we abtain

(1 + guln — 1]qn)2 - qu(l + B+ qnln - 1]qn)[n - 1]qnx

%ﬁvw—fm=ﬂuﬁ

R G ()
+qn -1 1 —2]% (qi' —2q1° + ¢8
qnty ()G~ (n qSF';”(n)(G;”(n))

(an° +2(12]q, +£)a7 = 2(3(2Dq, + B)aR + 42q,aDn — 20, | ,

+ 2
ash () (G4
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(qn +2(1+ a)gy — (1 + 2a)qn)[n — 215, . [2]g, [n]Z,
2
R (69 ) a5 (65 m)
aln] a? )
+ I+ } BYEP (e(t, %) (t — 1), %).

an Fene) (6800) (Ganem))')

For third term on the right side, using Cauchy-Schwarz inequality we have

lim [n], B (e(t, 1) (¢ — 0% %) < JlimB,ﬁogﬁ)(EZ(t,x),x) Jlim [n12, B2 (¢ — 0% )
n—oo n n-oo vln n-—oo n

since lim B{%P (¢2(t,x), x) = 0 and from Lemma 2 (i) lim [n]?, BY“P) (¢t — x)* x) is finite. We yield

ndqn
lim [n]4, BXSP (e(t, %) (¢ — %)%, x) = 0.
n—oo

ndqn

Thus we get
limy ol (B (F(0,2) = £()

(qn qn)[n - 1 + (an - (1 + B)) Tl]q
nqu" (mGg"(n)

=f’(X){r{ij§o P +1+a}

(
10 — 4 10 9
L1 f,,(x) lim M(l B (qn +qn — ax0)n Zz]qn L a’ +2((2l,, +B)Zn
\ B o (6rm)  aiErm (6 m)

_ 2(3[2lg, + B)an — 4[2]q,9) [ — 215, [nlg,, 24| @t 20+ gy
2
asi o (65" (n)) azr o (63 )

(4 20D - 205, [nl,, Xl
2
HAOI UV

—(@-2-prx+1+a)f @+ [ (1-2)2 +x) 00
2

and the proof is completed.
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