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ABSTRACT

In this article, we utilize the notion of Q-distance in the sense of Saadati et al [ R. Saadati, S.M. Vaezpour, P. Vetro
and B.E. Rhoades, Fixed point theorems in generalized partially ordered G-metric spaces, Mathematical and
Computer Modeling, 52, 797-801, 2010 ] to introduce and prove some fixed point results of self-mapping under

contraction conditions of the form Q-Suzuki-contractions.
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1. INTRODUCTION

G-metric space was introduced by Mustafa and Sims
[1] in 2006, which is a generalization of metric
space. Since 2006, many researchers have worked on
G-metric spaces; see for example [2]-[10].

Samet et al in [11] and [12] proved that many results in
G-metric spaces can be derived from known results of
the corresponding usual metric space. Moreover, the
notion of Q-distance related to a complete G-metric
space was considered by Saadati et.al. [13] in 2010.

*Corresponding author, e-mail: kamal@psu.edu.sa

Recently, many researchers studied several fixed point
results using Q-distance mappings; see for example,
[14]-[17]. It is worth mentioning that the interesting
method of Samet et. al. [11] and [12] doesn’t work in
the fixed point results involving Q-distance.

In this paper, we prove new results of fixed point
theorem using the map Q in a complete G-metric space
under contractive conditions of the form Q-Suzuki-
contraction.
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Definition 1.1. [1]. Let X be a nonempty set, and let

G : X xX xX — RY be a function thatsatisfies the
following conditions:

(G1) G(x,y,2)=01ifx=y =17
(G2) G(x, x,y) >0 for all x, y € X with x # y;
(G3) G(x, ¥, Y) <G(x,y,z) forall x,y,z € X withy # z;

(G4) G(x, Y, z) = G(p{x, y, z}), for any permutation of x,
Y, Z,

(G5) G(x,y,2) <G(x,a,a) + G(a,y,z) forall x,y,z,a €
X.

Then the function G is called a generalized metric
space, or more specifically G-metric on X, and the
pair (X,G) is called a G-metric space.

The notion of convergence and Cauchy sequences in the
setting of a G-metric space are given as follows:

Definition 1.2. [1]. Let (X, G) be a G-metric space, and
let (xn) be a sequence of points of X. We say that (xn)
is G-convergent to x if for any € > 0, there exists k €
N such that G(x,Xn,Xm) < € for all n,m >k.

Definition 1.3. [1]. Let (X, G) be a G-metric space. A
sequence (xn) in X is said to be G-Cauchy if for every
€ >0, there exists k € N such that G(xn, Xm, x1) < € for
all n,m, I >k.

Definition1.4.[5]. A G-metric space (X,G) is said to be
G-complete or complete G-metric space if every G-
Cauchy sequence in (X, G) is G-convergent in (X, G).

In 2010, Saadati et. al. [13] introduced the notion of Q-
distance related to a complete G-metric space and proved
many results.

Definition 1.5. [13]. Let (X, G) be a G-metric space.
Then a function Q : X xX xX — [0, ) is called an Q-
distance on X if the following conditions are satisfied:

@ Qx vy, 2)<Q(x a a) + Q@Y 2) forall x, y,
Z,a EX,

(b) foranyx, y € X, the functions Q(x, y, .), Q(X, ., )
: X — [0, o) are lower semi continuous,

(c) foreach € >0, there exists 6 > 0 such that if Q(x,
a,a)<dand Q(a,y, z) <5,then Q (x,y,2) <e.

Definition 1.6. [13]. Let (X,G) be a G-metric space and
Q be an Q-distance on X. Then we say that X is Q-
bounded if there exists M >0 such that Q(x,y,z) <M
for all x,y,x € X.

The following lemma plays an important role in the
developmentoftheresultsinthisarticle.

Lemma 1.1. [13]. Let X be a metric space with
metric G and Q be an Q-distance on X. Let (xn), (Yn)
be sequences in X, and (an),(fn) be sequences in [0, x)
converging to zero. Then for all x,y,z,a €X, we have
the following:

(1) 1f Q(y,%n,xn) <an and Q(xn,y,z) <fin for n €N,
then Q(y,y,z) <s and hence y =z;

(2)  1f Q(Yn,Xn, Xn) <an and Q(xn,ym,z) <fn for all m

>n €N, then Q(yn,ym,z) — 0 and henceyn —z;

(3) If Q(Xn, Xm, X1) < an then the sequence (xn) is a
G-Cauchy sequence, for all m,n,I € N with n <
m<lI,;

(4) If Q(xn,a,a) <an for any n €N, then (xn) is a G-
Cauchy sequence.

2. MAIN RESULT

Definition 2.7. [19] A nondecreasing continuous
Sunction ¢ : [0,00) — [0,00) is called an altering distance
function if the following condition holds; ¢(t) = O if
and only if t=0.

Definition 2.8. A mapping T : X — X of a G-metric
space (X,G) is called an Q-Suzuki-contraction if there
exists k € [0,1) and an altering distance function ¢ such
that for all x,y,z € X and p, g € N with g >p, the
following condition holds

if (1—k) Q(x, TPx, T9x) < Q(x,y, ), then pQ(Tx, Ty,
Tz) <k pQ(X,Y, 7).

Theorem 2.2. Let (X, G) be a complete G-metric space
and Q be an Q-distance on X such that X is Q-
bounded. Let T : X — X be an Q-Suzuki-contraction
mapping that satisfies the following condition:

for all ue X if Tu #u, then
inf{Q(x,Tx,u): xeX}>0. (2.1)

Then T has a fixed point in X. Moreover, for any fixed
Point z € X of T,we have Q(z,2,z) =0.

Proof. Let xo € X and define a sequence (Xn) in X
inductively by setting xn = T xn-1, N €N.

Forp=q =1, since (1 —k) Q(x,Tx, Tx) < Q(x, Tx, Tx)
holds for every x € X, we have

P Q(Tx T2, T2X) < kpQ(x, TX, TX). 2.2)
Substituting x =Xn-1 in the inequality (2.2), gives us

@Q(Xn,Xn+1,Xn+1) = @Q(TXn-1,Xn, TXn) < k pQ(Xn-1,
Xn-1, Xn). (2.3)

Since k < 1 and ¢ is an altering distance function, the
sequence (Q(Xn,Xn+1,Xn+1): N € N) is a non- increasing
sequence ofnonnegativereal numbers. Therefore, there isr >
Osuch that

lim  Q(Xn,Xn+1,Xn+1) =T.

n—oo

Taking the limit as n — oo in 2.3, implies that pr < kor
and thus r =0, since k < 1. Hence

lim  Q(Xn, Xn+1, Xn+1) = 0. (2.4)

n—oo
Moreover, forp=1,and q>1, since (1 —k)Q(x,Tx, T4x)
< Q(x,Tx,TYx) holds for every x eX, then

PQ(T x, T2%, T4 1% <k pQ(x, Tx, T9x). (2.5)

For n,s € N with s >1, substituting x = X,-, in (2.5),
impliesthat
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(/)Q(Xn,Xn+1,Xn+s) = (/)Q(Txn-lyTXn,TXmsfl)
<k ¢Q(Xn-1,Xn, Xn+s-1). (2.6)

Since k < 1 and ¢ is an altering distance function, the
sequence ((Xn, Xn+1, Xn+s): N € N) is a non-increasing
sequence of nonnegative real numbers. Therefore, there is
r>0 such that

lim Q(Xn,Xn+1,Xn+s) =r.

N—oo
Applying the limit as n — oo to the inequality 2.6, gives us
or <k pr. Since k < 1, we have r =0 and hence

lim  Q(Xn,Xn+1,Xn+s) =0, forall s>1. 2.7)

N—oo

Considering the Definition 1.5, implies that

Q(Xn, Xm, X1) < Q(Xn, Xn+1, Xn+1) + Q(Xn+1, Xn+2, Xn+2)
+- -+ Q(Xm-1, Xm, X1),

forall Im,neNwithl>m>n, m=n+sand |l =m +t.
By taking the limit of the above inequality as n — oo, we get

lim Q(Xn,Xm,X1) =0.

n,m,l—oo

Lemma 1.1 implies that (xn) is a G-Cauchy sequence and
hence (xn) converges to an element u € X. For all € > 0,
since (xn) is a G-Cauchy sequence, there exists N € N such
that Q(xn,Xm, X1) <€, for all n,m,l1 >N. Thus,

lim inf Q(Xn, xm,X1) <€, for all n,m >N.
| )

The lower semi-continuity of Q implies that

Q(Xn, Xm, U) < lim inf Q(xn, xm, XI) <e, for all n,m >N.
|—o0

Consideringm=n+1in (2.8), gives us Q(Xn, Xn+1, U) <€,

foralln>N.

Assume that Tu # u. Then 2.1 implies that
0 < inf{Q(x, Tx, u) : x € X} <inf{Q(Xn, Xn+1, U) :
n >N} <e, forall e >0 which is a contradiction.

Therefore Tu =u. Let z=Tz. Then by (2.2), we have

QO(z,2,2) =Q(Tz,T22,T22) <kopz,Tz,TZ) =
kK pQ(z,2,2).

Since k < 1 and ¢ is an altering distance function,we have
Q(z,2,2) =0.

Definition 2.9. A mapping T : X — X of a G-metric space
(X,G) is called a generalized Q-Suzuki-contraction if there
exists k € [0,1) and an altering distance function ¢
such that the following condition holds:

If for all p,q € N with q >p,

(1 -k Qx, TPx, T9x) <Q(xy,2)
then we have

Q(TX, Ty, Tz) <k max{Q(x, Tx, Tx),Q(y, Ty, Ty),
Q(z,Tz,Tz)}

for all x,y,z € X.

Lemma 2.3. Let T : X — X be a generalized Q-Suzuki-
contraction. Then

Q(Tx, T2, T2x) <k Q(x, Tx, Tx) for all x€X.  (2.9)

Proof. Assume p = q = 1. Since (1 —k)Q(x, Tx, Tx)
<Q(x,Tx, Tx) holds for every x €X, thenwe have

If max{Q(x, Tx, Tx), Q(x, T2x, T2)} = Q(x, T %x,

T2x), then Q(x, T2x, T2X) < kQ(x, T2x, T2x) which
isacontradiction, since k < 1. Therefore, max{Q(x, Tx,

Tx),Q(x,sz,sz)}z Q(x,Tx, Tx) and hence
Q(Tx, T2x, T2x) <k Q(x, Tx, Tx) for all x € X. (2.10)

Lemma2.4. Letqg>1and T : X — X be a generalized Q-
Suzuki-contraction. Then

Q(qu, Tq+1x, Tq+1x) <9 o X, Tx, Tx) for all
X € X.

Proof. By substituting x in Lemma (2.3) by T q_1x, we get

oy, T4y 19ty = o (1 971y, T (T %),
T(TY))

<k Q(T471x 1A%, T9x)

<k Q(x, Tx, Tx).
Thus (2.8)
QT % 791 T+ <k 9 Qx, Tx, TX). (2.11)

Theorem 2.5. Let (X, G) be a complete G-metric space
and Q be an Q-distance on X such that X is Q-
bounded. Let T be a self-mapping on X that satisfies the
following conditions:

(1) T isageneralized Q-Suzuki-contraction;

(2) ifforallueX, Tu#u, then

inf{Q(x,Tx, u) : x € X} > 0. (2.12)
Then T has a fixed point in X.

Proof. Let xo € X and define a sequence (xn) in X
inductively by taking Xn = TXn-1 forn€N.

Substitute x=xn—1 in (2.10), implies that

Q(Xn,Xn+]_, Xn+]_) = Q(TXn-]_,TXn,TXn)

<k Q(Xn—1, Xn—1, Xn)

<k M Q(xo, X1, x1).

Since X is Q-bounded, there exists M > 0 such that Q(x,y,
z) <M for all x,y,z € X. Hence
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Q(Xn, Xn+1, Xn+1) < kM.
By taking the limit as n — oo for both sides, we get

lim  Q(Xn, Xn+1, Xn+1) = 0. (2.13)

n—oo

since k < 1. Also, for p=1, and g >1, since (1 —k)Q(x,
Tx, T9x) <Q(x, Tx, T9x) holds for every x € X, we have

Q(Tx, T2x, TI*1x) <kmax{Q(x, Tx, Tx), (T x,T2x,
T2x),(T9%, T 1y TA+103

= kmax{Q(x, Tx, Tx), (T dx,
TA+ly TA+1y3,

But from 2.11, we have Q(T9x, Td*1x 7d*1y) <k
Q(x, Tx, Tx) and thus,

Q(Tx, T2x, TIx) <k max{Q(x Tx, Tx), KIQ(x Tx, TX)}.

Since k < 1, we have

QTx T2, Ty <k Q(x, Tx, TX). (2.14)

For n,s €N with s>1 substitute x=xn-1 in (2.14), implies
that

Q(Xn, Xn+1, Xn+s) = Q(Txn-1, T %01, T Xor s 1)
<k Q(Xn-1, Xn, Xn).

Taking the limit as n — oo for both sides and using 2.13,
we get

lim Q(Xn, Xn+1, Xn+s) =0. (215)

n—oo

The Definition 1.5 implies that

Q(Xn, Xm, X1) < Q(Xn, Xn+1, Xn+1) + Q(Xn+1, Xn+2, Xn+2)
+ -+ Q(Xm-1, Xm, X1),

forall ,m,n eNwithl>m>n, m=n+sandl=m+t.

Applying the limit as n — oo and using 2.13 and 2.15, we
get that

lim Q(Xn,Xm, X1) = 0.

n,m,l—oo

Lemma 1.1 implies that (xn) is a G-Cauchy sequence and
S0 (Xn) converges to some u € X. Since (xn) is a G-Cauchy
sequence, then for all e > 0, there exists N € N such that
Q(Xn, Xm, X1) <€, for all n,m,1 >N. Thus

lim  inf Q(Xn, Xm, XI1) <e.
|-

Since Q is lower semi-continuous, we have

Q(Xn, Xm, U) < lim inf Q(Xn, Xm, X1) <k, (2.16)
|—oo

for all n,m >N.

Consideringm=n+1in (2.16), we get Q(Xn,Xn+1,U) <€,
for all n >N. Suppose that Tu # u. Then Condition 2.12
implies that

0 < inf{Q(x, Tx, u): xeX} < inf{Q(Xn, Xn+1, U): N>N}
< ¢, for all e > 0 which is a contradiction. Therefore
Tu=u.
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