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ABSTRACT

In this paper, we study left ideals, left primary and weakly left primary ideals in T -LA-rings. Some
characterizations of left primary and weakly left primary ideals are obtained. Moreover, we investigate relationships
left primary and weakly left primary ideals in I" -LA-rings. Finally, we obtain necessary and sufficient conditions of
a weakly left primary ideal to be a left primary ideals in I" -LA- rings.
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1. INTRODUCTION

Abel-Grassmann's  groupoid (AG-groupoid) is the
generalization of semigroup theory with the wide range
of usages in theory of flocks [6]. The fundamentals of
this non-associative algebraic structure were the first
discovered by Kazim and Naseeruddin [1]. AG-groupoid
is a non-associative algebraic structure mid way between
a groupoid and a commutative semigroup. It is interesting
to note that an AG-groupoid with right identity becomes
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a commutative monoid [4]. This structure is closely
related with a commutative semigroup because if an AG-
groupoid contains a right identity, then it becomes a
commutative monoid [4]. A left identity in an AG-
groupoid is unique. ldeals in AG-groupoids have been
discussed by Mushtaqg and Yousuf [4, 5].
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In 1981, the notion of I" -semigroups was introduced by
Sen. Let S and I" be any nonempty sets. If there exists a
mapping S xI'xS —S written (a,a,c) by aoc, S is called a
I -semigroup if S satisfies the identity:

(aab)B ¢ = aa(bpc)

for all a,b,ceS and a,p €T’. AT -AG-groupoids
analogous to I -semigroups. A groupoid Sis calledaT -
AG-groupoid if it satisfies the left invertive law:

(ayb)dc = (cyb)da

for all a,b,c,d €S and y,8 eI" [2]. This structure is also
known as left almost semigroup (LA-semigroup).

S.M. Yusuf in [18] introduces the concept of a left almost
ring (LA-ring). That is, a non-empty set R with two
binary operations “+” and ““ - ” is called a left almost ring,
if (R+) is a LA-group, (R,) is a LA-semigroup and
distributive laws of “-” over “+” holds. Further in [12] T.
Shah and 1. Rehman generalize the notions of
commutative semigroup rings into LA-semigroup LA-
rings. However T. Shah and Fazal ur Rehman in [12]
generalize the notion of a LA-ring into an nLA-ring. A
near left almost ring (NLA-ring) N is a LAgroup under
“+”, a LA-semigroup under “” and left distributive
property of “-”” over “+” holds.

T. Shah, Fazal ur Rehman and M. Raees asserted that a
commutative ring (R,+,"), we can always obtain a LA-
ring (R,®,") by defining, for a,b,ceR,a®b =b-a and a'b
is same as in the ring. Furthermore, in this paper we
characterize the left primary and weakly left primary
ideals in T -LA-rings. Moreover, we investigate
relationships left primary and weakly left primary ideals
in T -LA-rings. Finally, we obtain necessary and
sufficient conditions of a weakly left primary ideal to be a
left primary ideals in T -LArings.

2. IDEALS INT -LA-RINGS

The results of the following lemmas seem play an
important role to study T -LA-ring; these facts will be
used so frequently that normally we shall make no
reference to this lemma.

Definition 2.1. Let (R,+) and (T',+) be a two LA-groups,
R is called a T - left almost ring (I -LA-ring) if there

exists a mapping RxI'xR—R by (a,a,b)—aab, for all
a,beR and a T satisfying the following conditions

1. ao(b +c) = aab + aac
2. (a +b)ac = aac +bac
3. a(a +p )b =acb+ apb

4. (aob)p c =(cob)p a, for all ab,ceR and
o,p el

Lemma 2.2. If R is a T -LA-ring with left identity, then
ayb =apb, forall a,peRand y , I

Proof. Let R is a T" -LA-ring and e be the left identity of
a,beR and lety , €T therefore we have

ayb =ay (epb)
=ey (apb)
=ap b.
Hence ay b = apb.

Lemma 2.3. Let R be a T -LA-ring with left identity e.
ThenRTR=Rand R =el'R = RTe.

Proof. Let R be a I' -LA-ring with left identity e and let
reR then r=eareRIR, for all a ", so that R < RT'R.
Since R is a I" -LA-ring, we have RTR < R. Thus RI'R
=R. Now as e is a left identity in R,eaa = a, for all aeR
and o €T". Then R =el'R. Since (aab)p ¢ = (cab)p a, for
all a,b,ceR and o,p T, we have (RTR)'e = (eI'R)I'R.
Now,

Rl'e = (RTR)['e = (eIR)TR=RTR =R.
Hence R =el'R =RTIe.

Definition 2.4. A nonempty subset | of a " -LA-ring R is
a subring of R if under the binary operations in R, form a
I" -LA-ring.

Definition 2.5. A subring | of R is called a left (right)
ideal of RiIf RTI c | (ITR < 1) and is called ideal if it is
left as well as right ideal.

Lemma 2.6. If R is a T" -LA-ring with left identity, then
every right ideal is a left ideal.

Proof. Let R be a I" -LA-ring with left identity and let A
be a right ideal of R. Then for acA, reR and a eI,
consider

roa = (ep roa
= (ap r)ae
e (ATR)IR
< AI'R
c A

where e is a left identity and B €T, that is raacA.
Therefore A is left ideal of R.

Lemma 2.7. If | is a left ideal of a I" -LA-ring R with left
identity, and if for any a<R, y €T, then ay | is a left ideal
of R.

Proof. Let | be a left ideal of R, consider

sy (ayi) = (eys)y (ayi)
(ey @)y (sy i)
ay (syi)eay |

and (ayi) +(ayj) =ay (i +j)eayl. Hence ay | is a left
ideal of R.

Lemma 2.8. Let R be a I' -LA-ring with left identity, and
aeR, vy el’. Then Rya is a left ideal of R.

Proof. Let R be a T'-LA-ring with left identity, and
aeR,y el'. Then
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Ry(Rya) = (RyR)y(Rya)
= (ayR)y (RyR)
= (ayRyR
= (RyR)ya
=Rya

and (ry a) +(sya) =(r +s)y aeRya. Hence Rya is a left
ideal of R.

Lemma 2.9. If | is an ideal of a " -LA-ring R with left
identity, and if for any aeR,y €T, then az;/l is an ideal

of R.

Proof. By Lemma 2.7, we have a2y| is a left ideal of R.
Now consider
@‘yr)ys = ((aya)yrys
= ((rya)ya)ys
= [ey ((rva)ya)lys
= [sy((rya)ya)lye
= [(rya)y (sya)lve
= [((sya)ya)yrlye
= [((aya)ysyyrlye
= [(rys)y (aya)lve
= [ey (ay a)ly (ry )
(aya)y (rys)

az}/(rj/s) € a27|.

Hence azyl is an ideal of R.

Lemma 2.10. Let R be a T -LA-ring with left identity,
and aeR, y €l". Then R;/a2 is an ideal of R.

Proof. Let R be a I" -LA-ring with left identity, and acR,
y €I’. Now consider

Rya’ = (RTR)ya’

a’y(RTR)
= azyR

By Lemma 2.9, we have R;/a2 is an ideal of R.

Lemma 2.11. Let R be a T -LA-ring with left identity,
and let A,B be left ideals of R. Then (A:T": B) is a left ideal
in R, where (A:T: B) ={reR: BI'r c A}.

Proof. Suppose that R is a I" -LA-ring. Let seR and let
a,be(A:T: B). Then Bl'a c A and BI'b — A so that

BI'(a+b) = (Bra)+(BI'b)
c A+ A
=A
and
Bl'(sya) = sI'(Bya)
= s['A
= A
Therefore a +be(A:T: B) and syae(A:T:B) so that
RI(A:T: B) < (A:T: B). Hence (A:T: B) is a left ideal in R.

Corollary 2.12. Let R be a " -LA-ring with left identity,
and let A be left ideals of R Then (A:y :b) is a left ideal in
R, where (A:y :b) ={reR:by reA}.

Proof. This follows from Lemma 2.11.

Remark.1. Let R be aT" -LA-ring and let A be a left ideal
of R. It is easy to verify that Ac (Axy : r).

2. Let R be a I -LA-ring with left identity e,
and let A be a proper left (right) ideal of R. By Corollary
2.12 , we have eg(A:y : r), where reR- A.

3. Let R be a " -LA-ring and let A,B,C be left
ideals of R. It is easy to verify that (A:T:C) <(AT:
B),where B cC.

3. LEFT PRIMARY AND WEAKLY LEFT
PRIMARY IDEAL INT -LA-RINGS

We start with the following theorem that gives a relation
between left primary and weakly left primary ideal in T -
LA-ring. Our starting points is the following definition:

Definition 3.1. A left ideal P is called left primary if AT'B
< P implies that ((ATA)T)...ATA)=A"cPorB cP

for some positive integer n, where A, B is a left ideals of
R.

Definition 3.2. A left ideal P is called weakly left
primary if 0 = ATB < P implies that (((ATA) T')...A TA)

=A"c P or B c P for some positive integer n, where A,
B is a left ideals of R.

Remark. It is easy to see that every left primary ideal is
weakly left primary.

Lemma 3.3. If Ris a I" -LA-ring with left identity, then a
left ideal P of R is left primary if and only if aybeP
implies that a " P or beP for some positive integer n,
where y eI" and a,beR.

Proof. Let P be a left ideal of T -LA-ring R with left
identity. Now suppose that aybeP. Then by Definition of
left ideal, we get

(Rya)B (Rab) (RYR)B(aab)
RpB(acb)
RBP

P.

N

N
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Then a=(eya)" € (Rya)" <P or b =eabeRab c P, for
some positive integer n. Conversely, the proof is easy.

Corollary 3.4. If R is a I" -LA-ring with left identity, then
a left ideal P of R is weakly left primary if and only if O
# aybeP implies that a" P or beP for some positive
integer n, where y eT" and a,beR.

Proof. This follows from Lemma 3.3.

Let R be aT" -LA-ring and A be a subset of R. We write

\/Z = {ae R: a" eA, for some positive integer k}.

Theorem 3.5. Let R be a I' -LA-ring with left identity,
and let P be an ideal of R. If P is a weakly left primary

ideal that is not let primary. Then \/E = \/6

Proof. Let R be a " -LA-ring with left identity. First, we
prove that P = 0. Suppose that P* = 0 we show that P
is weakly left primary. Let aybeP, where a,beR, y T. If
ay b =0, then either

ae+P orbeP

since P is weakly left primary ideal. So suppose that ayb
=0. If Pyb =0, then there is an element p’ of P such that
p'yb # 0, so that

0#pyb=(p+a)ybeP
and hence P weakly left primary ideal gives either
p'+ae NP orbeP. Asp'+ ae\/; and p'eP < \/; we

have either ac VP or beP. So we can assume that Pyb
=0. Similarly, we can assume that Pya =0. Since

P? 0, there exist ¢, d P such that cyd = 0. Then
O#@+c)y(b+d)eP,

so either a +CG\/E or b +d P, and hence either

ae VP or beP. Thus P is left primary ideal. Clearly,

\/6@/3. As P° =0, we get \/Eg\lia hence
\/E=\/6, P as required.

Corollary 3.6. Let R be a T -LA-ring with left identity,

and let P an ideal of R. If JE;M/E then P is left
primary if and only if P is weakly left primary.

Proof. This follows from Theorem 3.5.

Lemma 3.7. Let R be a T" -LA-ring with left identity, and
let P be a proper ideal of R. If P is a weakly left primary
ideal of R, then

(P:I': Rl'a) = PU(0:T": RI'a),

where aeR- \/;

Proof. Let R be a I -LA-ring with left identity, and let P
be a weakly left primary ideal of R. Clearly,

P u(0:I': RTa) c(P:I': RTa).

For the other inclusion, suppose that me(P:I": RT'a), so

that
(RTa)[(RCm) = (MIR)['(ar'R)

= (mla)[(RTR)
= (mra)l'R

=(RTa)'m
cP.

If 0 #(R'a)l'm, then m =eymeRI'mc P since P is
weakly left primary. If 0 =(Rl'a)l'm, then me(0:T:
RIa) so we have the equality.

Corollary 3.8. Let R be a T -LA-ring with left identity,
and let P be a proper ideal of R. If P is a weakly left
primary ideal of R, then

(P:I'ma)=PuU(0:T: a),

where aeR— \/E .
Proof. This follows from Lemma 3.7.

Corollary 3.9. Let R be a I' -LA-ring with left identity,
and let P be a proper ideal of R. If (P:I": RT'a) = PU(0:T":
RI'a), then

(P:T: Rl'a) =P or (P:I': RTa) = (0:T": RT'a),

where aeR- \/E .
Proof. This follows from Lemma 3.7.

Theorem 3.10. Let R be a I" - LA-ring with left identity,
and let P be a proper ideal of R. If (P:I": n) =P or (P:T": n)
=(0:T": n), then P is a weakly left primary ideal of R,

where neR —\/;.

Proof. Let R be aT" -LA-ring with left identity, and let P
be a proper ideal of R. Suppose that Let 0 = myneP,

where meR —«/P , y €T". Then
me(P:I': n)=P U0 :I":n)
by Corollary 3.9 hence meP since myn = 0, as required.

Lemma 3.11. Let R=R xR,, where each R isaT -
LA-ring with left identity. Then the following hold:

(i If A is a left ideal of R , then

N
JAXRZ:J:fo

@iy If A is a left ideal of R,, then

JRxA =R xA.

Proof. The proof is straightforward.
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Theorem 3.12. Let R=R xR,, where each R isaT -
LA-ring with left identity. If P is a weakly left primary
(left primary) ideal of R, then P xR, is a weakly left
primary (left primary) ideal of R.

Proof. Suppose that R = R xR, , where each R, isaT -
LA-ring with left identity and P is a weakly left primary
ideal of R, . Let

0 # (a, b)y(c, d)=(ay ¢, byd)ePxR,

where (a,b),(c,d )eR, y T so either ae \/E or ceP since
P is weakly left primary. It follows that either

@ b)e VP xR= [PxR, or(c,d)ePxR.

By Definition of weakly left primary ideal, we have
P xR, is a weakly left primary ideal of R.

Corollary 3.13. Let R=R xR, , where each R isaTl -
LA-ring with left identity. If P is a weakly left primary
(left primary) ideal of R,, then R x P is a weakly left
primary (left primary) ideal of R.

Proof. This follows from Theorem 3.12.

Corollary 3.14. Let R =TIR,, where each R, isaT -
i=1

LA-ring with left identity. If P is a weakly left primary
(left primary) ideal of Rj , then

R xR, x..xP_ xP xR, x..xR

n

is a weakly left primary (left primary) ideal of R.

Proof. This follows from Theorem 3.12 and Corollary
3.13.

Theorem 3.15. Let R=R xR,, where each R, isal -

LA-ring with left identity. If P is a weakly left primary
ideal of R, then either P =0 or P is left primary.

Proof. Let R =R xR, ,whereeach R isaI -LA-ring

with identity and let P = P, x R, be a weakly left primary

ideal of R. We can assume that P = 0. So there is an
element (a, b) of P with (a,b) = (0,0). Then

(0,0) # (a,e)y (e, b)e P,

where yeT, gives either

@) < VP = [RxR, = R xR, or e, b)e P

If (e, b)e P, then P =R xP,. We will show that P, is
left primary hence P is weakly left primary by Corollary
3.13. Letcyd € P,, where c,d € R, . Then

(0,0) = (e, c)y (e, d) = (e, cy)e P,

so either (e, ¢) \/Ez \/ﬁ: R x\/g or (e, d)eP
and hence either ce \IE or d eP,. By a similar
argument, P = R x P, is left primary.

Proposition 3.16. Let Ac P be proper ideals of a T -LA-
ring R. Then the following hold:

(i) If P is weakly left primary (left primary),
then P /A is weakly left primary (left primary).

(if) If A and P/A are weakly left primary (left
primary), then P is weakly left primary (left primary).

Proof. (i) Let 0 = (@ + A)y (b + A) =ay b + AeP/A, where
a,beR,y eT'soaybeP. Ifayb =0€A, then

@+Ayb+A)=0,
a contradiction. So if P is weakly left primary, then either

ae VP orbeP, hence eithera+ A € P/Aorb + A eP/A,
as required.

(if) Let 0 #aybeP, where abeR , so (a
+A)y (b +A)eP/A. For aybeA, if A is weakly left
primary, then either

acAc \/; orbeAc P.
So we may assume that aybegA. Then either a

+Ae VP /P or b+ AcP/A. It follows that either ae \/;
or beP as needed.

Theorem 3.17. Let P and Q be weakly left primary ideals
of aT -LA —ring R that are not left primary. Then P +Q is
a weakly left primary ideal of R.

Proof. Since (P +Q) /Q ~Q/ (PNQ), we get that (P+Q) /Q
is weakly left primary by Proposition 3.16 (i). Now the
assertion follows from Proposition 3.16 (ii).
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