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ABSTRACT 

The purpose of this study is to give a Taylor polynomial approximation for the solution of second order linear 

partial differential equations with three variables and variable coefficients. For this purpose, Taylor matrix 
method for the approximate solution of second order linear partial differential equations with specified 

associated conditions in terms of Taylor polynomials about any point.  

Keywords: Taylor polynomial solutions, partial differential equations with three variables, approximate 
solutions of partial differential equations. 

 

1. INTRODUCTION 

Numerical solutions of second order linear partial differential equations with two-dimensional are searched in [5], the 

different methods are searched for solving them in [1], [2], [4]. In this study, we consider that the second order linear 

partial differential equation 
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where ),,,(),,,(),,,(),,,(),,(),,,(),.,(),.,(),,,(),.,(),.,(),,,( zyxuzyxKzyxJzyxIzyxHzyxGzyxFzyxEzyxDzyxCzyxBzyxA  are 

functions having Taylor expressions on an interval
  

bzyxa  ,, , under the given conditions,  

which are  
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where bccca  2,1,0 , where f is function of yx, , g is function of zx, , h is function of  zy, , and  is 

constant. The solution is expressed in the form 

         









N

r

N

s

N

t

t
cz

s
cy

r
cxccc

tsr
u

tsr
zyxu

0 0 0 2102,1,0
,,

!!.!.

1
,, , 

                          bccca  2,1,0          (1.3) 

Which is a Taylor polynomial of degree N at    210 ,,,, ccczyx  , where  
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2. FUNDAMENTAL RELATIONS 

Now, we consider a function  zyxu ,,  of three variables. Let us assume that, in the range bzyxa  ,, , that the 

function  zyxu ,,  and the n th derivatives of  zyxu ,,  with respect to x can be expanded in Taylor series 

        ,
0 0 0 210.,,,, 














r s t

t
cz

s
cy

r
cxtsrazyxu   bccca  2,1,0  and 

           ,
0 0 0 210.

0,0,
,,,,

0,0,














r s t

t
cz

s
cy

r
cx

n
tsrazyx

n
u  bccca  2,1,0 , respectively, where 

 0,0,

,,

n

tsra  and tsra ,,  are Taylor coefficients; clearly 
 

tsrtsr aa ,,

0,0,0

,,   and 
     zyxuzyxu ,,,,0,0,0  .  

Then the recurrence relation between the Taylor coefficients 
 0,0,

,,

n

tsra  and 
 0,0,1

,,

n

tsra  of  
   zyxu n ,,0,0,

 and 

   zyxu n ,,0,0,1
 is given by 

     0,0,
,,1

0,0,1
,,

n
tsrar

n
tsra 


.                                                                 (2.1)   

Now, let us take  Nr ,...,1,0  and assume 
     

0
0,0,

,,...
0,0,1

,,
0,0,0

,, 
n

tsratsratsra  for Nr  ; then the Eq. 

(2.1) can be transformed into the matrix form, 

,...2,1,0,
)0,0,()0,0,1(




n
n

MA
n

A                                                                                 (2.2) 

    0,0,
,,

0,0, n
tsra

n
A  ,  jimM , , Nji ,...,1,0,  , 

   




 N

j

n
tsjajim

n
tsia

0

0,0,
,,.,

0,0,1
,, ,where  



GU J Sci, 28(4):715-728 (2015) / Cenk KEŞAN      717 

 

     

 

     

         

     

 

     
     1.1.1

.

0,0,
0,,...

0,0,
0,1,

0,0,
0,0,

0,0,
1,,......

........

.........

....
0,0,
0,,1...

0,0,
0,1,1

0,0,
0,0,1

0,0,
,,...

0,0,
1,,1

0,0,
0,,0...

0,0,
0,1,0

0,0,
0,0,0

....
0,0,
1,,0...

0,0,
1,1,0

0,0,
1,0,0

.........

........

.
0,0,

,,1......

0,0,
,,0...

0,0,
,1,0

0,0,
,0,0

...
)0,0,(











































NNN

n
NNa

n
Na

n
Na

n
NNa

n
Na

n
a

n
a

n
NNNa

n
Na

n
Na

n
a

n
a

n
Na

n
a

n
a

n
NNa

n
NNa

n
Na

n
Na

n
A

 

and 





























0.....00

.......

........

........

........

0..03000

0...0200

0....010

N

M

. 

For ,...,1,0n  it follows from (2.2) that 

.

.

.

,
)0,0,0()0,0,1()0,0,(

.

.

.

,
)0,0,0(3)0,0,2()0,0,3(

,
)0,0,0(2)0,0,1()0,0,2(

,
)0,0,0()0,0,1(

A
n

M
n

MA
n

A

AMMAA

AMMAA

MAA












        (2.3)                                                         

where clearly AA 
)0,0,0(

. 

Let us assume, in the range bzyxa  ,, , that the n th derivatives of  zyxu ,,  with respect to y can be expanded 
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3. METHOD OF SOLUTION 

Our purpose is to investigate the truncated Taylor series solution of Eq. (1.1), under the given condutions, in the series 

form 
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k
cz

j
cy

i
cxkjiczyxC

0 0 0 210,,,, ,        









N

i

N

j

N

k

k
cz

j
cy

i
cxkjidzyxD

0 0 0 210,,,, ,

       









N

i

N

j

N

k

k
cz

j
cy

i
cxkjiezyxE

0 0 0 210,,,, ,        









N

i

N

j

N

k

k
cz

j
cy

i
cxkjifzyxF

0 0 0 210,,,, ,

       









N

i

N

j

N

k

k
cz

j
cy

i
cxkjigzyxG

0 0 0 210,,,, ,        









N

i

N

j

N

k

k
cz

j
cy

i
cxkjihzyxH

0 0 0 210,,,, , 

       









N

i

N

j

N

k

k
cz

j
cy

i
cxkjiızyxI

0 0 0 210,,,, ,        









N

i

N

j

N

k

k
cz

j
cy

i
cxkjijzyxJ

0 0 0 210,,,, , 

       









N

i

N

j

N

k

k
cz

j
cy

i
cxkjikzyxK

0 0 0 210,,,,       (3.1) 

which  are Taylor polynomials at    210 ,,,, ccczyx  . By using the expressions (3.1) in Eq., we get 

           






 











N

i

N

j

N

k y

uk
cz

j
cy

i
cxkjib

x

uk
cz

j
cy

i
cxkjia

0 0 0 2

2

210,,2

2

210,,  

            
yx

uk
cz

j
cy

i
cxkjid

z

uk
cz

j
cy

i
cxkjic











2

210,,2

2

210,,  

            
zy

uk
cz

j
cy

i
cxkjif

zx

uk
cz

j
cy

i
cxkjie











2

210,,

2

210,,  

            
y

uk
cz

j
cy

i
cxkjih

x

uk
cz

j
cy

i
cxkjig









 210,,210,,  

             







 u

k
cz

j
cy

i
cxkjij

z

uk
cz

j
cy

i
cxkjiı 210,,210,,  

      









N

i

N

j

N

k

k
cz

j
cy

i
cxkjik

0 0 0 210,, .      (3.2) 

The matrix representation of Taylor expansions       tsr
u

k
cx

j
cx

i
cx

,,
210 

 

 NjNitsr ,...,1,0;,...,1,0;2,1,0;2,1,0;2,1,0  , are obtained by means of the formula 

     ,,,
0,0,

0 YA
r

MiXCzyx
r

u
i

cx

Z


     

       ,,,
0,,0

0 Y
Ts

MAiXCzyx
s

u
i

cx

Z


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       ,,,
0,0,

1 Y
T

jCA
r

XMzyx
r

u
j

cy

Z


 

       ,,,
0,,0

1 Y
Ts

MiCAXzyx
s

u
j

cy

Z


 

     ,,,
0,0,

2 YA
r

XMzyx
r

u
k

cz

kZC


 

       ,,,
0,,0

2 Y
Ts

MAXzyx
s

u
k

cz

kZC


 

     ,,,
,0,0

0 YA
t

MiXCzyx
t

u
i

cx

t
ZM


     

       ,,,
,0,0

1 Y
T

jCAXzyx
t

u
j

cy

t
ZM


 

     ,,,
,0,0

2 YAXzyx
t

u
k

cz

t
MkZC


    

           ,,,
,,

210 Y
Ts

MjCA
r

MiXCzyx
tsr

u
k

cz
j

cy
i

cx

t
MkZC


                (3.3) 

where IM 0
 (unit matrix), 

      N
cxcxcxX 0...

2

001  , 

      TN
cycycyY 1...

2

111  , 

      N
cxczczZ 2...

2

221  ,  

The matrix form  jip cC ,  is defined in [3]. Also we assume that the matrix form of the equation  zyxK ,,  can be 

defined as follows 

  YKXzyxK

Z

,,
  ,                    (3.4) 

where  kjikK ,,  .,...,1,0,, Nkji   

Substituting the expressions (3.3) and (3.4) into the Eq. (3.2), and simplifying the result, we have the matrix equation 

   






 



N

i

N

j

N

k
T

MjCAiCkjib
T

jCAMiCkjia

kCkC

0 0 0
2

,,
2

,,

 

    TMjCAMiCkjid
T

jCAiCkjic

kCMkC

,,,,

2


 

    TMjCAiCkjif
T

jCAMiCkjie

MkCMkC

,,,, 
 

    TMjCAiCkjih
T

jCAMiCkjig

kCkC

,,,, 
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     KT
jCAiCkjij

T
jCAiCkjiı

kCMkC









,,,,

,     (3.5) 

which correspondes to a system    1.1.1  NNN  algebraic equations fort he unknown Taylor coefficients 

Ntsra tsr ,...,1,0,,;,,  . Breafly, we can assume that Eq. (3.5) is given in the form 





10

1 

 K
AYW

Z
,          (3.6) 

where        10,...,2,1,,, ,,,   jijiji zZyYwW . Matrix equation (3.6) can be reduce to new matrix 

equation by making use of  

       

.,...,1,0,,...,1,0,,...,1,0,,...,1,0

,,...,1,0,,...,1,0;,.,.,
121,121

NvNuNlNk

NjNilkzvuyjiw
lNuNjkNvNi

x




  

Then, the new matrix equation ( the fundamental matrix equation) is 





10

1
 GAX ,          (3.7) 

where       10,...,2,1,111,...,1,0,,,   NNNqzqzxX   and 

 NNaNaNaNaaaNaaaA ,,0.1,,00,,0...,1,0...1,1,00,1,0,0,0...1,0,00,0,0  

       TNNNaNNNaNNaaa ,,1,,...,,1...1,0,10,0,1  , 

 NNgNgNgNgggNgggG ,,0.1,,00,,0...,1,0...1,1,00,1,0,0,0...1,0,00,0,0  

       TNNNgNNNgNNggg ,,1,,...,,1...1,0,10,0,1  . 

 

4. MATRIX FORMS OF CONDITIONS 

 Let us consider the matrices forms of given condition 

           
       ,,2,,

1,0,0
,,

1,0,0

,,
1,0,0

2,,
0,0,0

,,
0,0,0

,,
0,0,0

yxfcyxubyxu

ayxucyxubyxuayxu




       (4.1) 

           
       ,,,1,

0,1,0
,,

0,1,0

,,
0,1,0

,1,
0,0,0

,,
0,0,0

,,
0,0,0

zxgzcxuzbxu

zaxuzcxuzbxuzaxu




                      (4.2) 

           
       ,,,,0

0,0,1
,,

0,0,1

,,
0,0,1

,,0
0,0,0

,,
0,0,0

,,
0,0,0

zyhzycuzybu

zyauzycuzybuzyau




                                                          (4.3) 
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           
           

           

           
      .2,1,0,1,0,1,0

2,,0,,0,,02,,0,,0,,0

2,1,,1,,1,2,,,,,,

2,,,,,,2,1,,1,,1,

2,,,,,,2,,,,,,











cccubccuaccu

cbcubbcuabcucacubacuaacu

ccbubcbuacbucbbubbbuabbu

cabubabuaabuccaubcauacau

cbaubbauabaucaaubaauaaau

                                                  (4.4) 

Now, we try to obtain the corresponding matrices form for the given condition as follows: 

         
         
         ,1

0...010
1

,
1

0...010
1

,0...0100
1

,0...
2
001

0

,0...
2
001

0
,0...0010

0











N
kkbX

N
hhaX

cX
N

kkkbX

N
hhhaXcX

     (4.5) 

where 00 cah   and 00 cbk  , 

         
         

          ,
1

1...110
1

,
1

1...110
1

,0...0101
1

,1...
2
111

0

,1...
2
111

0
,0...0011

0

TN
kkbY

TN
hhaY

T
cY

TN
kkkbY

TN
hhhaY

T
cY











     (4.6) 

where 11 cah   and 11 cbk  , 

         
         
         ,1

2...210
1

,
1

2...210
1

,0...0102
1

,2...
2
221

0

,2...
2
221

0
,0...0012

0











N
kkbZ

N
hhaZ

cZ
N

kkkbZ

N
hhhaZcZ

     (4.7) 

where 22 cah   and 22 cbk  . We assume that the function  yxf , ,  zxg ,  and  zyh ,  can be 

expanded as 

      ,
0 0 10.,, 










r s

s
cy

r
cxsrfyxf        ,

0 0 20.,, 









r s

s
cz

r
cxsrgzxg and 

     









0 0 21.,,
r s

s
cz

r
cysrhzyh  or in the matrix forms 

  YfXyxf , ,   T
ZgXzxg , , and   YhZzyh ,                    (4.8) 

where  























NNfNfNf

Nfff

nfff

f

,...1,0,

.

.

...

...

.

.

.

.

,1...1,10,1

,0...1,00,0

, 























NNgNgNg

Nggg

nggg

g

,...1,0,

.

.

...

...

.

.

.

.

,1...1,10,1

,0...1,00,0

, 























NNhNhNh

Nhhh

nhhh

h

,...1,0,

.

.

...

...

.

.

.

.

,1...1,10,1

,0...1,00,0

. 

We obtain the matrices forms 
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  
  ,2,,,,,

0

cbaYAXyxu

Z

 


 

  
   ,2,,,,,

1,0,0

1

cbaYAXyxu

Z

 


 

     ,1,,,
0

,, cbaYAXzxu

Z

 
        ,1,,,

1
,,

0,1,0
cbaYAXzxu

Z

 
      

(4.9) 

     ,0,,,
0

,, cbaYAXzyu

Z

 
         ,0,,,

1
,,

0,0,1
cbaYAXzyu

Z

 
 

  
        .2,,,1cb,a,  ,0,,,

00
,,

0

cbacbaYAXu

Z

 


                                           (4.10)  

Substituting these matrices forms into conditions (4.1), (4.2), (4.3), and (4.4), then simplifying, we get the fundamental 

matrix equations of conditions as follows 

,fA

U


 

,gVA 
   

,hAT 
 

,21

3

QAQ

Q
  where 

 
      2,,,

10
cbaZZU   ,   

      1,,,
10

cbaYYV   , 

      0,,,
10

cbaXXT   ,  
   0,,,
0

1 cbaXQ   , 

   1,,,
0

2 cbaYQ   , 
   2,,,
0

3 cbaZQ   . 

 

5. FORMER METHOD FOR THE SOLUTION 

We can assume that the Eq. (3.7) is in the form 

GAX  ,  where  



10

1
XX .                       (5.1) 

Then the augmented matrix of (5.1) becomes  GX ;  or 

   

   

                





























NNNgNNNNNNxNNNxNNNx

gNNNxxx

gNNNxxx

,,;121,121...1,1210,121

.;......

.;......

.;......

1,0,0;121,1...1,10,1

0,0,0;121,0...1,00,0

. (5.2) 

If we take the matrix forms of the conditions as fAU  , gAV  , hAT  , AQ , respectively, the 

augmented matrices of them become  fU; ,  gV ; ,  hT ; ,  ;Q  or more clearly 
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   

   

                





























NNfNNNNNNuNNNuNNNu

fNNNuuu

fNNNuuu

,;121,121...1,1210,121

.;......

.;......

.;......

1,0;121,1...1,10,1

0,0;121,0...1,00,0

,   (5.3) 

   

   

                





























NNgNNNNNNvNNNvNNNv

gNNNvvv

gNNNvvv

,;121,121...1,1210,121

.;......

.;......

.;......

1,0;121,1...1,10,1

0,0;121,0...1,00,0

,  (5.4) 

   

   

                





























NNhNNNNNNtNNNtNNNt

hNNNttt

hNNNttt

,;121,121...1,1210,121

.;......

.;......

.;......

1,0;121,1...1,10,1

0,0;121,0...1,00,0

   (5.5) 

and 

    ;121,0...1,00,0  NNNqqq .       (5.6) 

Consequently, by replacing (5.3), (5.4), (5.5) and (5.6) by the last    1113  NN  rows of (5.2). we have the new 

augmented matrix 

   

   

               

   

               

   

               

   

               

    





















































































;121,0...1,00,0

,;121,121...1,1210,121

.;....

.;....

.;....

0,0;121,0...1,00,0

,;121,121...1,1210,121

.;....

.;......

.;......

0,0;121,0...1,00,0

,;121,121...1,1210,121

.;......

.;......

.;......

0,0;121,0...1,00,0

1,3,;
121,2221

...
1,22210,2221

.;......

.;......

.;......

1,0,0;121,1...1,10,1

0,0,0;121,0...1,00,0

...

NNNqqq

NNhNNNNNNtNNNtNNNt

hNNNvtt

NNgNNNNNNvNNNvNNNv

gNNNvvv

NNfNNNNNNuNNNuNNNu

fNNNuuu

NNNg
NNNNN

x
NN

x
NN

x

gNNNxxx

gNNNxxx

. 
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From the solution of this system we can find matrix A  or matrix A . 

6. ILLUSTRATIONS 

The Taylor matrix method applied in this study is useful in finding approximate solutions of second order linear partial 

differential equations with three variables in terms of Taylor polynomials. We illustrate it by the following examples. 

Example 1.  We now consider  the problem 

8 xxuyyuzzu ;  

      

      ,34,0,

,6220,,0,,

zxzxyu

yxyxyxzuyxu





        

(6.1) 

and seek the solution in the form 

        ,
2

0

2

0

2

0 210.,,,, 









r s t

t
cz

s
cy

r
cxtsrazyxu      0,0,02,1,0 ccc .                 (6.2) 

Then  we obtain the matrix equation 

  RA
T

MAAM

M

8
22

2



        (6.3) 

where 

 





















000

0000

00001

0000

000

R

 

and the condition matrices are 

A

U















001

046

4120

; 
     0

1
0

0
ZZU  , 

  















000

004

0120

0
1

AY .                   (6.4) 

By replacing the new matrix form of (6.4) in the new matrix form of (6.3), we have the matrix equation under given 

conditions as follows  
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

































































































































































































































0

0

0

0

0

4

0

12

0

0

0

1

0

4

6

4

12

0

0

0

0

0

0

0

0

0

8

222

221

220

212

211

210

202

201

200

122

121

120

112

111

110

102

101

100

022

021

020

012

011

010

002

001

000

.

000100000000000000000000000

000010000000000000000000000

000001000000000000000000000

000000000000100000000000000

000000000000010000000000000

000000000000001000000000000

000000000000000000000100000

000000000000000000000010000

000000000000000000000001000

011000000000000000000000000

000011000000000000000000000

000000011000000000000000000

000000000011000000000000000

000000000000011000000000000

000000000000000011000000000

000000000000000000011000000

000000000000000000000011000

000000000000000000000000011

000000000000000000000000000

000000000000000000000000000

002000000000000000000000000

000000000000000000000000000

000000000000000000000000000

000000000002000000000000000

002000000000000000200000000

000002000000000000000200000

000000002000000000002000200

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

 

Hence, we can solve this matrix from with aiding computer.We obtain Taylor coffecients from the solution of this system 

as follows 

,10,0,2,61,0,1,40,1,10,2,0,121,1,0,92,0,0  aaaaaa   

the others coefficients equal zero and thereby the solution of problem (6.1) becomes 

  yzxzxyzyxzyxu 126494,, 222  , which is exact solution. 

 

 

 

 

7.CONCLUSIONS 

Analytic solutions of the second order linear partial 

differential equations with three variables and with 

variable coefficients are usually difficult. The Taylor 

matrix method can be proposed for approximate 

solutions of this equations. 

In this study, the usefulness of the Taylor matrix 

method presented for the approximate solution of the 

second order linear partial differential equations with 

three variables is discussed. A considerable advantage 

of the method is that the solution is expressed as a 

truncated Taylor series and thereby a Taylor polynomial 

about any point-wise    210 ,,,, ccczyx  . 

Furthermore, after calculation of the series coefficients, 
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the solution  zyxu ,,  of the equations can be easily 

evaluated for arbitrary values of  zyx ,,  at low 

computation effort. If the functions 

),,,(),.,(),.,(),,,(),.,(),.,(),,,( zyxGzyxFzyxEzyxDzyxCzyxBzyxA

),,,(),,,(),,,(),,,( zyxKzyxJzyxIzyxH  in the 

equation, can be expended to the Taylor series, then 

there exists the solution  zyxu ,, ; otherwise, the 

method can not be used. 

To get the best approximating solution of the equation, 

we must take more terms from the Taylor expansion of 

functions; that is, the truncation limit N  must be 

chosen sufficiently large. Briefly, for computational 

efficiency, an estimate for N  is important. If N  is 

chosen too large, more work than necessary will have 

been done; for N  too small, the computation will have 

to be repeated. Therefore N  must be chosen 

sufficiently large. In cases, it may be required computer 

aid. The method can be also extend to the solution of 

the higher order linear partial differential equations as 

the solution of the schrodinger equation depend on time 

in three dimension. 
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