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ABSTRACT

Using the setting of G— metric spaces, some new fixed point theorems for multivalued
monotone mappings in ordered G— metric space X are proved, where the partial ordered

< in X is obtained by a pair of functions (l//’ §0) .
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1. INTRODUCTION AND PRELIMINARIES

Many authors studied many fixed and common fixed didn’t generate a metric space. They introduced a new
points in metric and order metric concept of generalized metric spaces,

spaces. Dhage introduced the concept of D-metric spaces called G-metric spaces. Since then many authors
and studied several fixed point introduced many fixed and common fixed point

results (see [1]-[4]). Mustafa and Sims [5] showed that results using the concept of G-metric spaces

the structure of D metric spaces (see [S]-[25]).
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In 1976, Caristi [26] defined an order relation in a metric
space by using a functional

as follows: Let (X, d) be a metric space, @ : X > Rbe

a functional. Define the relation <

on X by

X<y iff d(x, y) < o(x) = ().

Then < is a partial order relation on X introduced by @
and (X , S) is called an ordered

metric space introduced by . After that many authors

discussed the existence of a fixed

point and a common fixed point using Caristi type
mapping (see [26]-[31]).

Consistent with Mustafa and Sims [6], the following
definitions and results will be needed

in the sequel.

Definition 1.1. Let X be a nonempty set. Suppose that a
mapping G: X X X x X — R satisfies

(G1) G(x,y,2)=0 if x=y=z;

(G2) 0<G(x,y,z) forall X,y,z € X with x #

G3) G(x,x,y) < G(x,y,z) forall x,y,z€ X
with y # Z

(G4) G(x,3,2)=G(x,2)=G(1,z,x)=...

(symmetry in all three variables); and

G5) G(x,v,2) £G(x,a,a)+G(a,y,z) forall
x,y,z,aeX.

Then G is called a G-metric on X and (X,G) is called a

G-metric space.

Definition 1.2. A sequence {xn} in a G-metric space X

is:

(i) a G-Cauchy sequence if for any & > 0, there is

a natural number £, € N  such that for all
n,m,l >2n,,G(x,,x,,x,) <&,

(i) a G-convergent sequence if for any & > 0, there

is anx€ X and an n, € N such that for all
n,m2n,, G(x,,x,,x) <&.

A G-metric space on X is said to be G-complete if

every G-Cauchy sequence in

X is G-convergent in X. It is known that {xn}G-

converges to X € X ifand only if

G(x,,x,,x) =0 as n,m — +oo.

Proposition 1.3. [6] Let X be a G-metric space. Then

the following are equivalent:

1. The sequence {X n} is G-convergent to x.
2. G(x,,x,,x) >0 as n —> 4o0.
3. G(x,,x,x) >0 as n —> 4o0.

4. G(x,,x,,x) >0 as n,m — +oo.

m?>
Proposition 1.4. [6] Let X be a G-metric space. Then

the following are equivalent:

1. The sequence {xn} is G-Cauchy.

2. Forevery & > 0, there exists n, € N, such
that for all n,m > n,, G(x,,x,,x,) <&;

thatis G(x,,X
n,m —> 400,

x)—)O as

m?

Definition 1.5. A G-metric on X is said to be symmetric
if G(x,x,y)=G(x,y,y) for

all x,ye X.

Proposition 1.6. Every G-metric on X will define a
metric d gonX by

dg(x,y)=G(x,y,y)+ G(y,x,X) forall
x,yeX.

For a symmetric G-metric space, one obtains
di(x,y)=2G(x,y,p) forall x,yeX.

However, if G is not symmetric, then the following
inequality holds:

%G(x,y, V) < dy(x,v) <3G(x, y,y) for

all x,yeX.

Definition 1.7. The two classes of following mappings
are defined as

O ={p/@:[0,4%0) —> [0,+0) is lower semi
continuous, @(¢) > 0 forall £ >0, @(0) =0},
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Y ={w/y :[0,4+0) — [0,400) is continuous
and nondecreasing with /() = 0 if and only if
t=0!

Using the setting of G— metric spaces, some new fixed
point theorems for multivalued

monotone mappings in ordered G— metric space X are
proved, where the partial ordered

< in X is obtained by a pair of functions (l//, (p)

2. MAIN RESULTS

Throughout this paper, we let
w :[0,400) — [0,+00) be a function with following
properties:

1. ¥ is nondecreasing continuous.

2 7 ({0}) = 10},

3.

w(a+b)<wy(a)+wy((b)foralla,b €[0,+x).
Let (X,G) be a G-metric space, define a relation < by
using functional ¢ : X — R and

as follows:
x < yiff w(G(x,»,)) < @(x) — p(y)

forall X,y € X. Then it is an easy matter to prove the

following lemma:

Lemma 2.1 < is partial order and (X,S) is a partial

ordered set.

Proof: < is reflexive because

w(G(x,x,x)) = 9(x) — p(x) forall x € X.

< is antisymmetric because if X,y € X with
X< yand y < X, then

y(G(x,y,y)) < o(x) - p(y)

and

w(G(y,x,x) < p(y) — p(x).
Thus

w(G(x,y,)+y(G(y,x,x)) =0.

Henee  y(G(x,y,)) =w(G(y,x,x)) = 0.
Therefore G(x, v, y) = O and hence x = y.

< is transitive because if X, y,z € X with X < yand
y < z, then

Y (G(x,y, ) < p(x) = @(y)

and

w(G(y,2,2)) < p(y) — 9(2).
Thus

W(G(x’ya y)) + W(G(yazaz)) < (D(X) - (D(Z)
Using (G5) of the definition G-metric space and property
(3) of the function i/, we get

w(G(x,2,2) <y (G(x,y, ) + G(y,2,2))
<y (G(x,y, ) +y(G(y,2,2))
< (x) = 9(2).
Thus, we have X < z. |
From now on, we let (X ,G, S) be an ordered G-metric
space introduced by (!// , (0).
Let (X ,G, S) be an ordered G-metric space introduced
by (I,V,Q)). Forx,y € X we define
the ordered interval in X as:
[x,y]={ze X:x<z<y},
[x,40)={ze X :x <z},
(—o,x]={ze X :z<x}.

Let F: X — 2% be a multivalued mapping, we say

that F' is upper semi-continuous if whenever X, € X
and y,€F(x,) with Xx, —x,€Xand
Y, =V, € X ,then y,€ F(x,).

Our first result is:

Theorem 2.1 Let (X, G, S) be an ordered complete G-
metric space introduced by (l// , (0),

where @ : X — R be a function bounded below. Let

F:X—> 2% be a multivalued mapping

and
M ={xe X :F(x)N[x,+0) # @.
Suppose that:

i. F'is upper semi-continuous;

ii. for each x € M, F(x) NM N [x,+oo) * ¢} ;
iii. M # ¢.

Then there exists a sequence (X n) with

x,,<x,€F(x,,), VneN,
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and F has a fixed point x* such that X, —> X*.

Moreover if @ is lower semi-continuous, then

XnS x*forallnA

Proof: Since M # ¢, we choose X, eMcX..
By (ii), we have

F(xy) "M N[x,,+0) # ¢.
Thus we choose
x, € F(x,) "M N[x,,+0).
Therefore X, < X,. Again by (ii), we have
F(x))NM N[x,,+0) # @.
Thus, we choose
x, € F(x;) "M N[x,,+o).

Hence X, < X,. Continuing in the same process, we

construct a sequence (X n) in X such that
x,,<x,€F(x,,), VneN.

Since (X ,G, S) is an ordered G-metric space
introduced by (W ,(0), we get that
l//(G(xn—l b xn b xn )) < go(xnfl ) - go(xn )'
Since I/ is a nonnegative function, we get that
o(x,)—ox,)20 VneN.
Thus
P(x,)2p(x,) VneN.

Since @ is a function which is bounded below, we have

(go(xn )) is a decreasing sequence which is bounded

below. By completeness property of R, we have
lim ¢(x,) =inf{x, :ne N}.

n—+wo

For m > n,wehave X, < X, . Thus, we get
W(G(‘xn b xm b ‘xm )) S w('xn ) - ¢('xm )'

Let n,m — +0o0., then

hm W(G(‘xn ’xm ’xm )) S

n,m-—»+o
lim ¢(x,)— lim ¢(x,).
n—>+0 m—>-+o0

Thus

Proof : Let

lim y(G(x,,%,,,)) = 0.

n,m—>+o0

Using the continuity ofy/ and the fact that
l//_l ({0}) = {0}, we get that

lim G(x,,x,,x,)=0.

n,m-—>-+o0
Hence (xn) is a Cauchy sequence in X. Since X is G-
. * .
complete, then there is X € X such that (xn) is G-
*
convergent to X . Since X, | € X , X, € F()C,F1 ),
* *
X,.,— X and X,—> X by definition of upper semi-

. * *
continuous of F, we have X € F(X ). Now, suppose
that ¢ is lower semi-continuous, then for each

n € N.we have

w(G(x,,x ,x") = lim y(G(x,,x,,x,)
< limsupo(x,) - @(x,,)

m—>+o

— p(x,) - liminf p(x, )
<o(x,)-p(x).
Therefore X, < X forall n € N. I

Corollary 2.1 Let (X ,G,S) be an ordered complete
G-metric space introduced by (l//, (p),

where @ ! X — R be a function bounded below. Let
F:X—> 2% be a multivalued mapping

Suppose that:

i. F'is upper semi-continuous;

ii. F satisfies the monotonic condition: For each
X,y € X with x <y andany u € F(x),

there exists V € F'()) such that u < v.

iii. There exists X, € X such that

F(xy) N[xg,+0) # ¢.
Then there exists a sequence (X n) in X with
x,, <x,€eF(x,,), VneN,

* *
and F has a fixed point X such that X, — X .

Moreover if ¢ is lower semi-continuous,
*
then x,< X forall .

M ={xe X :F(x)N[x,+©) # ¢}.



GU J Sci., 25(2):385-392 (2012)/ Wasfi SHATANAWI'® , Mujahid ABBAS’ 389

By (iii) we conclude that M # ¢ For x € M, take
ye F(x) and x < V. Since F satisfies

the monotonic condition, there exist z € F'()) such
that ¥ < z.. Thus y € M, and

F(x)mM Nn[x,40) # ¢ Thus we get the result
from Theorem 2.1. l

Corollary 2.2 Let (X , G,S) be an ordered complete

G-metric space introduced by (l//, Q)),

where @ : X — R be a function bounded below. Let
fZX — X be amap.

Suppose that:
i. fis continuous.

ii. f* is monotone increasing.

iii. There exists X, € X suchthat x, < f(x,).

Then there exists a sequence (X n) in X with
x,,<x,€f(x,,), VneN,

and f has a fixed point X" such that X, x.

Moreover if @ is lower semi-continuous,
*
then x,< X forall .

Proof : Define F : X — 2% by F(x) = {fx)} for all
X € X.Then F and X satisfy all the

hypotheses of Theorem 2.1. Thus the result follows from
Theorem 2.1. l

Theorem 2.2 Let (X ,G, S) be an ordered complete G-

metric space introduced by (W , (0),

where @ . X —> R be a function bounded above. Let
F: X — 2% beamultivalued mapping

and
M ={xe X :F(x)N(-o0,x]# ¢}.
Suppose that:

i. F' is upper semi-continuous;

ii. foreach x € M, F(x) "M N (—o0,x] # ¢} ;
iii. M # @.

Then there exists a sequence (X n) with

x,,2x,€F(x, ), VneN,

and F has a fixed point )C* such that X, — x*.

Moreover if ) is lower semi-continuous,

then X, > x*for all n.

Proof: Since M # ¢, we choose

x, € F(x,)NM N (—0,x,].

Therefore X, > X,. Again by (ii), we choose
x, € F(x))NM N (-0,x,].

Hence X, = X,. Continuing in the same process, we

construct a sequence (x n) in X such

that

x,,2x,€F(x, ), VneN.

Since (X ,G, S) is an ordered G-metric space

introduced by (l// , (0), we get that
w(G(x,,x,,X,,) <p(x,)—p(x,).

Since I/ is a nonnegative function, we get that
o(x,)~p(x, )20 ¥V neN.

Thus

p(x,) 2 p(x,,) ¥ neN.

Since ( be a function which is bounded above, we have

(p(x " )) is an increasing sequence

which is bounded above. By completeness property of R,
we have

lim ¢(x,) =sup{x, :n e N}.
n—>+0
For m > n,wehave X, 2 X,,. Thus, we get

w(G(x,,x,,x,)) <o(x,)—o(x,).

Let n,m — +o0., then

lim y(G(x,.x,.x,) < lim ¢(x,)~ lim ¢(x,).

n,m—>+w

Thus

lim w(G(x

n,m—>+o0

xn 9xn )) = 0

m?
Using the continuity ofy/ and the fact that
l//_1 ({0}) = {0}, we get that

lim G(x,,x,,x,)=0.

n,m—>+w



390 GU J Sci., 25(2):385-392 (2012)/ Wasfi SHATANAWI'® , Mujahid ABBAS’

Hence (X n) is a Cauchy sequence in X. Since X is G-

. *
complete, then thereis X € X such

%

that (X n) is  G-convergent to X . Since
x,,eX.,x,eF(x,,),

.
X,—>X

¥
X,4—>X and

by definition of upper semi-continuous of F, we have

x' e F(x*). Now, suppose that ¢ is

lower semi-continuous, then for each 7 € N, we have
W(G(x',x,,x,) = lim p(G(x,,%,,%,)
m—>+w
< limsupp(x,, ) - ¢(x,)

m—>+o0
<o(x)-o(x,).
Therefore X, 2> X forall n e N. I

Corollary 2.3 Let (X , G,S) be an ordered complete
G-metric space introduced by (l//, @),

where @ : X — R be a function bounded above. Let
F:X—> 2% be a multivalued mapping

Suppose that:

i. F' is upper semi-continuous;

ii. F satisfies the monotonic condition: For each
X,y € X with x> y andany u € F(x),

there exists v € F' (y) such that U 2 V.

iii. There exists X, € X such that
F(x,) N (=0,x,]# ¢

Then there exists a sequence (X n) in X with

x,,2x,€F(x,,), VneN,

and F has a fixed point x* such that X, —> x*.

Moreover if (0 is lower semi-continuous,

then X, 2> X forall n.
Proof : Let
M ={xe X :F(x)n(—o0o,x]# ¢}.

By (iii) we conclude that M # ¢ For x € M, take
y € F(x)and x > y. Since F satisfies

the monotonic condition, there exist z € F'()) such
that ¥ > z. Thus y € M, and

F(x)nM N (-0, x] # ¢ Thus we get the result
from Theorem 2.2. l

Corollary 2.4 Let (X , G,S) be an ordered complete
G-metric space introduced by (I,V, (0),

where @ : X — R be a function bounded above. Let
f:X — X be amap.

Suppose that:
i. fis continuous.

ii. f is monotone increasing.

iiii. There exists X, € X suchthat X, = f(x,).

Then there exists a sequence (X n) in X with
x,,2x,€f(x,,), VneN,

and f has a fixed point X such that X, x.

Moreover if 0 is lower semi-continuous,
*
then x, = X forall a.

Proof : Define F: X — 2% by F(x) = {fx)} for all
X € X.Then F and X satisfy all the

hypotheses of Theorem 2.2. Thus the result follows from
Theorem 2.2. l
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