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1. Introduction

Crossed modules have been introduced for Lie algebras by Kassel and Loday in [6], as well as they initially
originate in Whitehead’s work for groups,[10]. It is known that the notion of crossed modules modelling
homotopy 2-type has become an important tool in various contexts. Some of related works with crossed
modules of Lie algebras are [2], [8], and [9]. The notion of 2-crossed modules of groups based on that of
crossed modules has been introduced by Conduche [3] as an algebraic models of homotopy 3-types. In [5],
Ellis has also presented the Lie algebra version of that for getting the equivalence between the category of 2-
crossed modules and that of simplicial Lie algebras with Moore complex of length 2. Ak¢a and Arvasi apply

higher order Peiffer elements in simplicial Lie algebras to the Lie 2-crossed module in [1].

In this paper, we invented the concept of quasi 2-crossed modules of Lie algebras. In [4], Carrasco and Porter
have mentioned this notion for group cases. We have also intend to use it to work on functorial relations,
similar to how algebraic models of homotopy 2-types are used. We will see that the roles of quasi 2-crossed

modules in Lie algebras and those of pre-crossed modules are similar except dimensionally.
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2. Preliminaries
2.1.Crossed modules of Lie algebras

If Y and Z are two Lie algebras, then a left Lie algebra action of Z on Y is a k-bilinear map

ZxY — Y
(z,y) +— zxy,

that satisfies the following two axioms:
L) zx[y,y1=[zxyY1+[y,z*)],
L2) [z,Z]*y=z* (2 xy)—2 x(z2xy)

foreach z,z’ € Zandeach y,y' € Y.

A pre-crossed module over Lie algebras (Y, Z, d) is given by a Lie homomorphism 0: Y — Z, together with

a left Lie algebra action of Z on Y such that the condition
XMod;1 0(z * y) = [z,0(y)] is satisfied for each z€ Z and each ye Y.

A crossed module over Lie algebras (Y, Z, 9) is a pre-crossed module satisfying, in addition “Peiffer identity”

condition:
XMod;2 d(y) xy =1y,)']

forally,y €Y.

Example 2.1. An inclusion map i : I — Z is a crossed module where [ is any ideal of a Lie algebra Z.

Conversely given any crossed module 0: I — Z, one can easily verify that (Y) = I is an ideal in Z.

Example 2.2. Any Z-module Y can be considered as a Lie algebra with zero multiplication, and then0: Y —

Z is a crossed module by 0(y) * ¥ =0y’ = [y,y'1 and 0(z * y) =0=[z,0(y)], forall y,y' € Y,z € Z.
Example 2.3. A Lie k-algebra morphism

p: S — Der(S)
s — u®=us: § —- S

s = ps(s)=1s,5]
with the action of Der(S) on S given as

Der(S)xS — S
d,s) — d=*s=d(s)

is a crossed module where Der(S) is a set of derivations of S,i.e.
Der(S)={d|d:S— S, d([s1, s2]) = [s1,ds2] + [ds1, $2] 51, 52 € S}.

(See for detail [7].)
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A crossed module morphism f: (Y, Z,0) — (Y',Z',d") isapair (fy : Y — Y/, fo : Z — Z') of Lie algebra mor-

phisms, making the diagram below commutative:

Y 9 A
fll Lfo
Y' VA
a’

also preserving action of Zon Y.

Although the following discussion may be found in various algebraic cases, we include it here since we will

need to generalize it later.

If : M — P is a pre-crossed module of Lie algebras then d:M/M — P given by 5([m]) = 0(m) is a crossed
module where M is the ideal generated by the elements [m, m'] —d(m) * m/, for m, m' € M. It is not difficult

to see that following equations are satisfied

a([m)) * [m'] = d(m) = [m'] = [0(m) * m'] = [[m, m']] = [[m], [m']]

A(p * [m1) = d([p * m]) = d(p * m) = [p,d(m)].

For any pre-crossed module Enorphism (fi, fo) : (M, P0) — (M, P',0"), we get the crossed module morphism
(f1, fo): (MIM,B0) — (M'/M', P',d"), where f,([m]) = [f1(m)],m € M. Since

fillm,m' —=0(m) *m') = fi(lm,m']) — f1(O(m) x m')
= [fim), fi(mM)] = fo(0(m)) = f1(m)
=[fitm), A(M)] -0 (fi(m)) * fi(m") e M’

]_”1 is well-defined morphism. Thus, it can be given a functor
F:PXMOD — XMOD

defined as F((M, P.9)) = (M’/]\;I’,P’,a’) on object and as F((f1, fo)) = (]_”1,f0) on morphism.

Furthermore, it is clear that there is forgetful functor G: XMOD — PXMOD and the functor F is left adjoint
to G.

2.2.2-Crossed Modules of Lie algebras

In this section, we recall the definition of 2-crossed modules over Lie algebras given [5].

A pair of Lie homomorphisms L 2, M 4, P with an action of P on M and L, and a bilinear function {,} :
M x M — L such that below axioms are satisfied for every m,m’,m" € M, I,I € L and p € P are defined as a

2-crossed module of Lie algebras
1. 016,=0

2. 02(P1)=7(02D),01(Pm) = [p,01(m)]
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. Oodm,m'y =@M — [(m,m]

w

021,051y = [1,1]

=~

{021, m} +{m, 0,1} =]

o

. Pim,m’y = Pm,m'y + (m,Pm'}

=2}

7. (mm L, m"y =0 m Y+ i, [, m 1 =0 (m,my - () I, m 1)

’ " ! " " ’ ’ " " " ’ ’
Am,m,m =0 m,m Y =0 mym =m0 m — (m,m 1+ 9 m — [m, m 1)

o]

It is denoted by (L, M, P,0-,01,1,}). If the below diagram is commutative

MxM—" o % oy p
flell lfz lfl Lfo
M x M’ r M P
W % 9
that is, the equations
A1 fi = fodr
d2 f» = fi02,

Rbi=0) (A )

are satisfied and

AP m)=5P £ m)
LPH=1P 0

then a triple (f2, f1, fo) is called by the morphism of between 2-crossed modules (L, M, P,d,,0:,{,}) and
(L,M,P,3d,,8,{}).
As a result, the category of 2-crossed modules is obtained, with 2-crossed modules as objects and mor-

phisms between them as morphisms and it is denoted by L2XMOD.

When the morphisms f; and fj above are the identity, we will get a subcategory L2XMOD/ (M, P), the cat-

egory of 2-crossed modules, over fixed pre-crossed module 0, : M — P ..

2.3. Quasi 2-Crossed Modules of Lie Algebras

A quasi 2-crossed module of Lie algebras is a sequence L Oz, M 9, P of Lie algebra homomorphisms to-

gether with a bilinear map {,} : M x M — L satisfying the below axioms

LQ2X1) 010, =0
LQ2X2) 02(P1) =P (021), 01(Pm) = [p,01(m)]

LQ2X3) P{moy, 1} = {P mg, m1} + {mo,P my}
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LQ2X4) 02{mg, m1} =" my — [mg, m]

LQ2X5) {my, [my, mol} = 9" {mg, ma} — "2 {mg, m1} — {my, % my — [mg, myl}
+{my, 2" my — [mg, m 1}
LQ2X6) {[mg, m1], ma} =210 {my, ma} + {mg, [m1, mal} — O™ {my, my}

—{my, [my, mol}

LQ2X7) [{mg, m1},%™ (my < )] = {91 [my,8211,0,{mg, my}}
for all m, mgy, my, mp € M and [ € L. Also, the action on L of M is given by

m<l=%"]_{m, 0,1} = {0,1, m}.

We get the category LQ2XMOD quasi 2-crossed modules of Lie algebras by defining whose morphisms
similar to that of L2XMOD and it is obtained a subcategory L2XMOD/ (M, P) with baseAA 0,: M — P, [7].

Proposition 2.4. Every 2-crossed module is a quasi 2-crossed module.

Proof.

Let (L, M, P,0,,01,1,}) be a 2-crossed module. To complete the proof, just axiom 7 has to be verified.

02{mg, my} <%0 {0, 1, m}

= 82{mo, m1} <{%™8,1, m} + {021, my }

= B2{mg, m1} <{%™8,1, m} + 02{mg, m1} <{021,90 my}
= {02 ({9m08,1, m}),02{mg, my}} +

[{myg, m1},% (my <))

{82 (1021,9 my}), 02 {mg, my }}
= {(al(@'"oagm m— [0, |, m]} +

{(61 (021) (67710 my) — 021, omyg ml]}

= {10m001@:D1p — [0m0§, 1, m], 90 my — [mg, my ]} +

{0—[021,9 my 1,90 my — [mg, my 1}

= {=[°"0,1,m],%™ my - [mg, m]}+
{=[021,9M0 my 1,90 my — [myo, my 1}

= {[my,9™0,1] + [°™ my,021],82{mog, m}}

= {9™[my,0211,021mq, my}}
forall m,mg,m; e Mand [ € L.

Proposition 2.5. If (L, M, P,d,,01, {,}) is a Lie quasi 2-crossed module, then ideal L generated by the elements
of the type

m*1=%"]—{m, 0,1} — 821, m}
I®1 =1[1,11-1021,0,1}

is a P-invariant ideal in Lie algebra L, forall [,/ € L, m € M.
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Proof.

Pimsl) = POM]—{m,d,1}—{0,1,m})
= PO —Pim,0,1} - P{0,1, m}
= (p,oym}-1+©@m)-(p-1)—{Pm,021} — {(m,05(P 1)} — {02(P1), m} — (021, m}
= mxPl+0UM ] _(p, 6,1} —1{021,P m}
= m*Pl+Pm=Del

forpe P, me M, l€ L, and we also get

P(LTT—{821,050'})

= [LPI1={Pds1,0,1} —{021,P0,1'}

= [PLIT+[LPI=1{02(P1),021'} = 1021,02(P 1)}
= [PLIT={02(°D),050'} + (1,11~ 1021,0,(P1)}
= (Plel)+U®Pl)el

rael)

forpeP,,l'eL
Theorem 2.6. Let (L, M, P,0»,01,{,}) be a Lie quasi 2-crossed module and L be as in previous proposition.
Then (L/L, M,P,5,61,{,_}) is a 2-crossed module where 0 : L/T — M, is given by A+ = 0yl and {,}: M x

M — L/L is defined by {,Y(my, my) = {my, my} + Lfor l € Land my, m» € M, respectively.

Proof.
drmx1) = 0,0 —{m,0,1} — (021, m})
= 0;01) —05({m, 021}) — 02 (1021, m})
= almagl—almazl+[m,azl]—al(azl)m+[agl,m]
= 0+[m,0,11-"m—[m,0d,1]
=0
and
o(l®l) = 0.(,11-1{0l,0l})

= 02(11,1) - 02(101,01'})
(021,001 =923, — (351,051 ]
=0

forallme M, 1, I e L, that is d»(L) = 0. Thus

0: LIL - M
I+L — d(+L) =05l

is well-defined. It is seen that some of the axioms of the 2-crossed module are verified.

{021,021}
021,050} + L
[,I1+L ({021,000}~ [1,11 € L)

{0(+1),0(l' +L)}
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U +L),m}+{m,0o(l+L)} = {0.1,m}+{m,0,1}
= {0, m}+L+{m,0,1}+L
= Omp, T
= 0m(4T)

dTmumal = 8(imy,mal+I)
= 02({my, my})

= OMimy —my, myl

for all m,my,my € M, I+L,I +L € L/L. The validity of other axioms can be seen similarly. Therefore we

have following result:

Corollary 2.7. There is (F, G) adjoint functor pair,

F
LQ2XMOD = [2XMOD.
G

Proof.
Let ¥ =(L,M,P,0,,01,{}) and &£ = (L',M’,P/,G’Z,a/l, {,}') be two Lie quasi 2-crossed module and (f, f1, fo)

be morphism between them. The functor
F:LQ2XMOD — L2XMOD

is given by F(£) = (L/L,M,P3,01,1,), F(£) = (L’/f,M,,P’,g,O’pW) and F(f2, fi, fo) = (f;', fi, fo) where
frU+T) = fo(l) + L. We have

Lmxl) = LOMI—{m,0,1} {821, m})
= £~ fr(im, 0210 — f2({021, m})
= SOm £ ()~ {fi(m), fi(@2D} — {f1(02D), fi (M)}
= BAM £ (1)~ (), 8y (LY — 10, (f(D), fi(m))
= fim*frDel

and ’ ’
Lh®h) = fa(ll,1,]1-1{021,0211)

= fall, k] = f2(10211,0212})
= [foh, ool = (f2(1D)(0211,0212))
= [fahy, falol =1} (fi, f2) (0211, 0210)
= [f2h, folol = {fi0211, 102 1a}
= [foh, ool - {5’2f2 ll»alng LY
= fl)xfrllel

form*land, ® e L andso (L)< L.

The morphism f; : L/IL— L' /L givenby f; (I+L) = fo(D) + L is well-defined, since fli-b)e fr(L)< L for
ll - lg € Z
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We have - _ - .
0,(fy(I+L) = 0,((foh)+L)
= 0,(fD)
= fi(02(D)
= fi@U+1L)
and also
0,fi = fodu

since (f2, f1, fo) is a morphism of quasi 2-crossed modules of Lie algebras. Therefore we get following com-

mutative diagram:

L/L M P
R
Ul ——sM ———>7p
0, 0

Furthermore we have below equations:

Fr 0 my, my) fy (imy, ma} + 1)
flimy, moh) + L
{fi(my), fi(ma)y

L1, f1)(my, my)

L}

Mx M : L/L M P
leﬁL lfz* lfl Lfo
MxM ——L/l ——>M ———>P

8 i) 0

Thus (f5, f1, fo) is a morphism of 2-crossed modules, as seen above.

For # = (K,N,Q,0,,0,,,}) and (f, fi, fo) : F(&) — & € Mor(L2XMOD), the morphism (fq,, fi, fo) : £ —
X isin Mor(LQ2XMOD), where g, : L — L/L. Conversely, for (f2, fi, fo) : & — G(&) € Mor(LQ2XMOD),

(fz*)fl;fo) : (L/eryRaya)m) - (K)Nr Q)a;;ally{;}/)
is a morphism in Mor(L2XMOD). Thus, we get the bijection
L2XMOD(F(¥L), )= LQ2XMOD(%Z,G(X))

such that this family of bijections is natural in £ and % . Clearly; for ki : (hy, hy, ho) = £ — £ € Mor(LQ2XMOD),

we have following commutative diagram

Ne.x

L2XMOD(F(£), X) LQ2XMOD(Z,G(X))

F(h)*=-oF(h) —oh=h*

L2XMOD(F(£), %) LQ2XMOD(¥',G(X))
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since

LR +1)
folha()+ 1)
folg, (ha (1)),

f2 h;: qL (l’)

and for k: (ky, k1, ko) = X — & ‘eM or(LX>, MOD), we get commutative diagram

L2XMOD(F (%), *) X 1Q2XMOD(Z,G(X))

k*=ko— G(k)o—=G(k)*

L2XMOD(F(%), %) —> LQ2XMOD(Z,G(X))
LK

because of
(k2f2)q, = ka(f2q,).

Hence, it is concluded that there is an adjunction between LQ2XMOD and L2XMOD.
3. Conclusion

In this paper, the category of quasi 2-crossed modules for Lie algebras has been introduced, and an adjunc-
tion between this category and that of 2-crossed modules for Lie algebras is constructed. It is concluded
that this category has a similar role to that of pre-crossed modules in corresponding adjunction to their

1-dimensional analogous.
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