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Abstract

The aim of this paper is to deal with the uniqueness problem on meromorphic functions
in C™ sharing small functions with their difference polynomial, and the results obtained
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1. Introduction and main results

Let f be a non-constant meromorphic function in the complex domain. In this paper,
we assume that the reader is familiar with the standard notions in Nevanlinna’s value
distribution theory, such as the proximation function m(r, f), the (integrated) counting
function N(r, f), and the Nevanlinna characteristic function T'(r, f) (see e.g., [2,14,26]).
A meromorphic function a(z) is called a small function with respect to f if T'(r,a) =
o(T(r, f)) as r — oo outside a possible exceptional set of finite logarithmic measure. The
family of all small function of f is denoted by S(f), and let S(f) = S(f)U{oo}. We recall
the following definition.

Definition 1.1 ([12,26]). For o € S(f)NS(g), we say that f and g share « CM (IM) pro-
vided that f—a and g—a have the same zeros counting multiplicity (ignoring multiplicity).
If 1/f and 1/g share 0 CM (IM), then we say that f and g share co CM (IM).

The well-known five-value theorem [20] says that two non-constant meromorphic func-
tions f and g on the complex plane C must be equal if they have the same inverse images
(ignoring multiplicities) for five distinct values in P!(C). Li and Qiao [16] proved that
the five-value theorem remains valid if five values are replaced with five small functions.
Rubel and Yang [22] considered the uniqueness problem that for an entire function f, if f
shares two finite values CM with f’, then f = f’. The result was considered into the case
of meromorphic functions by Mues and Steinmetz [19] and Gundersen [8]. We restate it
as follows:
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Theorem 1.2 ([8,19]). If a meromorphic function f and its derivative f’ share two distinct
finite values ay,as CM, then f = f'.

Variations and generations for Theorem 1.2 have been studied through out the last
decades(see e.g., [15,23]). In 1993, Riissmann [23] considered the case of the linear differ-
ential polynomial and proved the following result:

Theorem 1.3 ([23]). Let f be a meromorphic function and
L(f) = f" 4 an1fO"V - taof, n 22,

where a;(j =0,--- ,n— 1) are polynomials. If f and L(f) share two distinct finite values
CM, then L(f) = f up to some exceptional cases which were also given.

Owing to the difference analogue of the logarithmic derivative lemma verified indepen-
dently by Halburd-Korhonen [9,10] and Chiang-Feng [4], many authors have paid more
attention to the study of uniqueness problems for meromorphic functions sharing values
or small functions with their shifts or difference operators(see [3,5,7,11]). Heittokangas
et. al. [11] firstly considered a shift analogue of Theorem 1.2 and proved the following
result:

Theorem 1.4 ([11]). Let f(z) be a meromorphic function of finite order, and let n € C.
If f(z) and f(z +n) share three distinct functions a,b,c € S(f) with period n CM, then
f(z) = f(z+mn) forall z€ C.

Cui and Chen [5] considered that a meromorphic function and its difference operator
share three distinct values CM, and proved the following result:

Theorem 1.5 ([5]). Let f(z) be a nonconstant meromorphic function of finite order, and
1 be a nonzero finite complex constant. Let a,b be two distinct finite complex constants
and n be a positive integer. If Apf(2) and f(2) share a,b,00 CM, then A} f(z) = f(2).

For the case of n = 1 in Theorem 1.5, one can also refer to [18]. And the version that
sharing small functions of Theorem 1.5 was obtained by Gao et. al. [7]. As we mentioned
above, a large number of research works on uniqueness problem have been studied in
complex plane(see e.g., [3,5,7,8,11,16,18,22,25,26]). One may ask whether there exist
some corresponding uniqueness results for meromorphic functions sharing values with their
shifts or difference operators in the case of higher dimension? In 2018, Liu and Zhang [17]
gave an affirmative answer and showed some uniqueness results on meromorphic functions
f in several complex variables as follows in which f shared three small functions with the
general difference polynomial in f.

Define the difference polynomial in f as

P(f) = ao(2)f(2) + a1(2) f(z +0) + ... + an(2) f(z + 1) (n € N),

where z € C™,n € C™\ {0} and ax(z)(0 < k < n) are small functions of f which are
not all zero and such that > }_jar(z) = 0. Obviously, P(f) denotes the more general
difference polynomial. Especially, if ax(z) = C¥(—1)""%(0 < k < n), then P(f) = AP f.

For the difference polynomial P(f) in f with constant coefficients, Liu and Zhang [17]
proved the following result:

Theorem 1.6 ([17]). Let f : C™ — P! be a nonconstant meromorphic function of finite
order and let a(z),b(z)(# 0) € S(f) be two periodic meromorphic functions with period n,
where z,n € C™. If f(2) —a(z), P(f) —b(z), and A, o P(f) — b(z) share 0,00 CM, then
P(f) = Ayo P(f).
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In this paper, we make further study on uniqueness problems of meromorphic functions
sharing small functions with their difference polynomial P(f) in several complex variables.
One first shows a difference analogue of Theorem 1.3 for meromorphic functions in several
complex variables as follows.

Theorem 1.7. Let f : C™ — P! be a nonconstant meromorphic function of finite order
such that P(f) # 0 and let a(z),b(z) € S(f) be two distinct periodic meromorphic functions
with period n, where z € C™. If f(z) and P(f) share a(z),b(z),00 CM, then P(f) = f(2).

The following corollary can be derived immediately from Theorem 1.7, which can be seen
as an extension of Theorem 1.5 from one complex variable to several complex variables.

Corollary 1.8. Let f : C™ — P! be a nonconstant meromorphic function of finite order
such that ADf(z) # 0 and let a(z),b(z) € S(f) be two distinct periodic meromorphic
functions with period n, where z € C™. If f(z) and A} f(2) share a(z),b(z),00 CM, then

A f(2) = [f(2).

Furthermore, if 0o is replaced by a small function ¢(z) € S(f) in Theorem 1.7, we obtain
the following theorem:

Theorem 1.9. Let f : C™ — P! be a nonconstant meromorphic function of finite order
such that P(f) # 0 and let a(z),b(z),c(z) € S(f) be three distinct periodic meromorphic
functions with period n, where z € C™. If f(z) and P(f) share a(z),b(2),c(z) CM, then

P(f) = f(2).
For the case ay(z) = C*(—1)"7%(0 < k < n), Theorem 1.9 can be written as follows.

Corollary 1.10. Let f : C™ — P! be a nonconstant meromorphic function of finite order
such that P(f) # 0 and let a(z),b(z),c(z) € S(f) be three distinct periodic meromorphic
functions with period n, where z € C™. If f(2) and A} f(2) share a(2),b(z),c(z) CM, then

A f(2) = [f(2).

By Theorem 1.7 and Theorem 1.9, one gets directly the following result. We omit the
details of the proof.

Theorem 1.11. Let f : C™ — P! be a nonconstant meromorphic function of finite
order such that P(f) # 0 and let a(z),b(z) € S(f),c(z) € S(f) be three distinct periodic
meromorphic functions with period n, where z € C™. If f(z) and P(f) share a(z),b(z),c(z)
CM, then P(f) = f(z).

The following examples show that the conditions and the conclusion in Theorem 1.11
can be satisfied and that some conditions are necessary.

Example 1.12. Let m = 2,7 = (In2,0),z = (2!, 22), and f(z) = ¢* 72°. Let n = 2 and
P(f) = ao(2)f(2) + a1(2)f(z + n) + az(2) f(z + 2n). Obviously, f(z + kn) = 2ke* +2° (k =
0,1,2) and P(f) = (ao(z) + 2a1(z) 4 4ag(z))e* T=°,
o Let ag(z) = 2(2' + 22) +3,a1(2) = —3(2' + 22) — 5,a2(2) = 2! + 22 + 2. One thus
knows f = P(f) = e* T2°.
o Let aj(z) = CE(~1)"*(k = 0,1,2), then P(f) = Alf =" +2* = [.

Example 1.13. Let m = 2,n = (1n3,0),z = (z1,22), and f(z) = ¢ t*. Let n =
2,a0(2) = 3(z1 + 22) + 2,a1(2) = — (z +22) = 3,a2(2) = 2t + 22+ 1. Then, f(z +kn) =
3k T2 (k = 0,1,2) and P(f) = 2% T%°. Obviously, f(z) and P(f) share 0,00 CM, but
P(f) # f(2).
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2. Basic notions and auxiliary lemmas

We firstly recall some basis notions in several complex variables (see [21,24]). For a point
zo9 € C™, the entire function f(z) on C™ can be written as f(z) = > ;o; Qi(z — 20), where
the term Q;(z—zp) is either identically zero or a homogeneous polynomial of degree i. For a
divisor v on C™, we denote the zero-multiplicity of f at 2o by v¢(20) = min{i | Q;(2 —20) #
0}. Therefore, we can define a divisor vy such that v¢(z0) equals the zero multiplicity of
vr at zp in the sense of [6, Definition 2.1] whenever 2y is a regular point of an analytic

set |vf| = {z € C™| v¢(z) # 0}. Let f(z) be a nonzero meromorphic function on C™. For
each zg € C™, we can choose non-zero holomorphic functions f; and fo on a neighborhood

U of zp such that f = % on U and dim{z € C™ | fi(z2) = fa(z) = 0} < m — 2. Define

vy =vyp and v L=V, which are independent of the choices of f; and fo.

Let z = (21,22,--- ,2™) € C™ and r > 0, we set ||z|| = /[21[2 + - -- + [z™]2, and
Sm(r) ={z € C"| [lz]| =1}, Bm(r) ={z € C"| ||| <r}.
Define the differential operators 9 = > 7 a%jdzj and 9 = Y71, %dfj. We set d =
0+ 0, d° = %(5— 0), and write

m—1

m—1
mn(2) = (dd°[2]2)" ", om(z) = d°log |z [* A (dd°log | =)
for = € C™\{0}. Set
Z v(2), if m=1,

l2|<t
/ vi(2)nm(z), if m>2.
V[N B (t)

The counting functions of vy and the proximity function of f can be define respectively
by

n(t, I/f) =

" n(t
N(r,vp) = n(zni{)dt, (1<r <o),
1t

m(r )= [ log" |f(2om(2).
Sm (T)
Then the Nevanlinna characteristic function of f is defined as T'(r, f) = m(r, f) + N(r, f).
The following lemmas can be used in the latter proofs of main results in this paper
frequently.

Lemma 2.1. ([13, Theorem 3.1]). Let f : C™ — P! be a non-constant meromorphic
function such that f(0) # 0,00, and let c € C™, e > 0. If the hyper-order ¢(f) = ¢ < 2/3,

hen
| /6)Bm(r) log’* S om(z) =0 ( et )

f(z) pl=3s—e
where 7 — oo outside of a possible exceptional set E C [1,+00) of finite logarithmic
measure [p1/dt < co.

Lemma 2.2. ([13, Theorem 4.3]). Let f : C™ — P! be a meromorphic function, let
ce C™ e >0. If hyper-order ¢(f) = ¢ < 2/3, then

T(r, f) )

rl—%g—s

T, £z +0) = T(r ) + o

where r — oo outside of an exceptional set of finite logarithmic measure.
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Lemma 2.3. Let f be a non-constant meromorphic function of finite order on C™, n €
C™\ {0}. Then for any periodic small function a(z) of f with period n,

(- )

where r — oo outside of a possible exceptional set E C [1,+00) of finite logarithmic
measure [p1/dt < co.

= o(T(r, f))

Proof. By > i_yar =0 and Lemma 2.1 we have

P(f) _ > k=0 0k(2)(f (2 + ke) — a(z))
n(r ) - a<z>) = (s f(z) = a(z) )
" (z+ kc) —a(z))
<3 m (n? Ly )+ elm )
(T(r, f = a)) + o(T(r, f)) = o(T(r, f))-
g
Lemma 2.4. ([1, Corollary 4.5]). Let a1(z),a2(z), -+ ,an(z) be n meromorphic functions
in C™ and g1(2), g2(2), -+ , gn(2) be n entire functions in C™ satisfying
z": ai(2)e9?) = 0.
i=1
If forall1 <i<n
T(r,ai) = o(T(r,e%™%)),j # k,
then a;(z) =0 for 1 <i<n.
Lemma 2.5. ([17]). Let a(2) be a polynomial in z, z = (2, 2> ,2™) e C™. If a(z) is
of degree n(> 1), then deg (a(z + ¢) — a(z)) < n holds for any c= (cl, s, ")y eCcm.

Lemma 2.6. ([12, Theorem 1.101]). Suppose that fi(2), fa(2),- -, fu(2) are linearly in-
dependent meromorphic functions in C™ such that

fit ot + =1

Then for1<j<n, R>p>r>rg,

TG f) < N(r. f;) +ki1 {ne flk> - NG+ N )

2m— IT(R)
p—r

N %)ntll {(r) }+0(1),

where W =Wy, ..o, (f1, fo, -+, fn) Z 0 is a Wronskian determinant,

n(n —1
et <i=ll 4t ] < Y,

and where

T(r) = max {T(r, fu)}-
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3. Proof of Theorem 1.7

Since f(z) and P(f) share a, b, 0o, there exist two polynomials «(z), 3(z), z € C™ such
that

P(f) —al2) _ @ PU) =b(z) _ a0y (3.1)

f(z) —a(z) " f(2) = b(2)

If e?) = 1 or #(®) = 1 or e*®) = ¢#(®), then by (3.1), we get P(f) = f(z). We now
suppose to the contrary that P(f) # f(z), which means

() £ 1 (B() £ 1, o) 2 (B).

By Lemma 2.3, by the first equation in (3.1) one has

Y — i (1. m [ r & milr &
T(r,e*) =m(r,e*) < (’f(z)—a(z))+ <’f(z)—a(z)>+0(1)
<T(r,f)+ S(r, f). (32
Similarity,

T(r,e®y <T(r,f)+S(r, f), (3.3)

where r — oo outside of a possible exceptional set E C [1,4+00) of finite logarithmic
measure [ 1/dt < co. On the other hand, we get from (3.1) that,

_beP —ae®+a—b  (b—a)(ef —1)

J=—— = +a, (3.4)
(b — a)(ef —
Py = <0 eﬁ“z(za D (3.5)

It follows from (3.2)-(3.4) that

T(r, f) <T(r, eﬁ) + T(r, e’ — e*)+ S(r, f)
<T(r,e*)+2T(r, BB) + S(r, f)
< 3T(r, f) + 5(r, f),

which implies that

T(r,f)=0(T(r,e*) +T(r, eﬂ)) (3.6)

<

ForneC™, f:C" —-PLa:C" =P, B:C"—Pand k€ {0,1,2,--- ,n}, we use
the short notations for brevity:
= fz+kn), a* = alz+kn), B* = Bz + kn),
AF =@k —a, BF =g - p.
By (3.4) and the definition of P(f), we have
n n b—a) (eBk - 1)

i ) n
P(f)zzakszzak<fk_a):];0@k T

I (e}
k=0 k=0 €

Together with (3.5),
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Multiplying by [Ir_o (eBk — ea‘k) on both sides of the above equation yields

iak(b—a) (eBk—l) ﬁ (ij—e&j)
k=0 =05k

=e(b—a)(e’ —1) H (eBk - ea‘k) +a ﬁ (eBk - e&k) . (3.7)
k=0

k=1

Let’s divide into three cases as follows.

Case 1. deg(a) > deg(f) > 0. In this case, deg(a) > 1, T(r,e?) = o(T(r,e%)). By
(3.2) and (3.6), one further has

T(r,e”) = S(r, ), T(r,f)=O(T(r,e%)).

Then for k € {0,1,--- ,n}, a,b,ar € S(e). In view of Lemma 2.5, deg(A*) < deg(a) and
thus T(r,e2") = o(T(r, e®)).

For (3.7), we rewrite it as the following form:

z”: ar(b—a) (eﬁ_k - 1) ﬁ (egj - eAjeO‘>

k=0 j=0,j#k
n _ _ n _ _
=e(b—a)(e’ —1) H (eﬁk - eAkeO‘> +a H (eﬁk - eAkeo‘) . (3.8)
k=1 k=0

The above equality can be seen as the polynomial in e® with small function coefficients as
follows:

Dyyre™De L D oo 4 Die® + Dy =0, (3.9)

where Dy are polynomials in a, b, eAk,eBk, ar(k=0,1,--- ,n) and are also small functions
of e%, namely,

T(r,Ds) =0(T(r,e”))(s=0,1,--- ,n+1).

Applying Lemma 2.4 to (3.9), one deduce that Dy = 0(s =0,1,--- ,n+ 1). On the other
hand,

Dpi1 = (a— b)(eﬁ 1) H (_eAk) — a,f[o (—e/ik)

k=1
= ((b —a)(ef —1) - a) kf[O (—eAk) .

Thus by Dy, 1 = 0, one has (b—a)(e® —1) —a = 0. If a = 0, then ¢ = 1 which contradicts
the assumption that e®?) £ 1. If b = 0, ¢’ = 0 which is impossible. So, ab # 0 and

b
e = P a From (3.8), the term Dy can be written as
—a

n _ n _. n _
Dy = Zak(b— a) (eﬁk - 1) H e —a H B
k=0 j=0,j#k k=0

b
Substituting e® = 5 into the above equality, one deduces

which is a contradiction.
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Case 2. deg() > deg(a) > 0. By the similar method as in Case 1, from (3.3) and
(3.6) one deduces that

T(r,e®) = S(r,f), T(r.f)=O0(T(re"),

and a, b, ar(k =0,1,--- ,n) are all small functions with respect to ep. By Lemma 2.5, one
also has deg(B¥) < deg(ﬁ) and T(r,eB") = o(T(r,e?)) for k € {0,1,2,--- ,n}. For (3.7),
one has the following form:

zn:ak(b— a) (eékeﬁ - 1) ﬁ (ijeﬁ - e&j)

k=0 j=0,j#k
n _ n _
= e%(b—a)(e’ — 1) H (eBkeﬂ - e&k) +a H (eBkeB - edk) .
k=1 k=0

The above equality can be further rewritten as

where D, € S(ef). Tt thus follows from Lemma 2.4 that D, = 0 for s = 0,1,--- ,n + 1.
By utilizing >~}'_, ax = 0, one has for the term D, 11,

Dy = Zak —a)e H ij—e“(b—a)HeBk—aHeék
:—(a—i—(b—a)eO‘)HeBk.
k=0

Then D,11 = 0 yields a + (b — a)e® = 0. By some simple discussion, one gets the
contradiction for the case that a = 0 or b = 0. Hence, ab # 0 and e* = Lb Furthermore,
Dy turns into
n n ) n n .
_; _
—Zak(b—a) H (—60‘) *b—a) H( )—aH(—e“)
k=0 j=0,j#k k=1 k=0
ban+1
o (b—a)t1’
Since a, b are two distinct functions, Dg # 0, which contradicts the fact that Dy = 0 for
s=0,1,--- ;n+1.
Case 3. deg(f) = deg(a) > 0.

Subcase 3.1. deg(3) = deg(a) = 0. In this case, e* and e’ are nonzero constants.
Together with (3.4), f(z) is a periodic function of period 7. By the definition of P(f), we
have

Z apf* = Z arf =0,
which contradicts to the assumption that P(f) §é 0.

Subcase 3.2. deg(f) = deg(a) > 1. Obviously, T(r,e?) = O(T(r,e®)). By (3.6), one
has
T(r, f) = O(T(r,e")), T(r, f) = O(T(r,e")),
and a,b, ak,e‘gk, eB* (k = 0,1,---,n) are all small functions of e* and e”. Set v(z) =
B(z) — a(z), then v(z) is a polynomial in z € C™ such that deg(vy) < deg(a) = deg(p).
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If deg(v) < deg(a), T'(r,e") = o(T'(r,e“)). Then (3.7) becomes

Zn: ar(b —a) (eékeveo‘ - 1) ﬁ (eéjeveo‘ - eAje"‘>

k=0 =0,k

n _ _ n _ _
=e*(b—a)(ee* —1) H (eBkeVeo‘ - eAkea) +a H (eBke'yeO‘ — eAke“) .
k=0

k=1
The above equality can be rewritten as the following form:

Dn+2e(n+2)a + Dn+1e(n+1)a + Dpe™ =0,

where Dy satisfies T'(r, Ds) = o(T'(r,e%))(s = n,n + 1,n 4+ 2). One thus gets Ds = 0(s =
n,n + 1,n + 2) by Lemma 2.4. On the other hand,

Dnio = (b—a)e” fi (eékeV —-eAk) = (b—a)e’ "™ fi (eBk __eak)7
k=1 Pt

which yields Dy, 2 # 0 for e* # €, a contradiction.
If deg(y) = deg(a), one rewrite (3.7) as

iak(b—a) (eékeﬁ - 1) ﬁ (ijeB - eAjea>

k=0 j=0,j#k
n _ _ n _ _
=e(b—a)(e’ —1) H (eBkeB - eAkeo‘> +a H (eBkeﬂ - eAkeo‘) ,
k=1 k=0
and we get
X
> Dyeretsrt =, (3.10)
k=0
where 0 < I, <n+1,0 < sy <n+1and Di(k = 0,1,---,x) are all small functions

of e and eP. Notice that Dy are not all zeros. For the term e("+1)°‘+f3 its coefficient
(b—a) szl(—eAk) is not zero since b — a # 0, and the coefficient(b — a) [[7_; ® B" of the
term et (8 ig not zero.

Assume that deg(l;a+ 5,8 — ljo— s;8) = deg(ar) = deg(B) for all 0 <7 < x,0 < j < x.
Set
Pk = DkelkaJrSk/Bv k= 07 17 Y. O
From (3.10), >X_q¢r = 0. We deduce from the basic linear algebra that there exist

j€40,1,2,--- , x} and some nonzero complex numbers \; such that
SOJZZ)\kSOkv HC{0717"‘7j_17j+17'”7X}7
ker

where {¢i|k € £} are linearly independent. Divide both of the two sides of the above
equality by ¢;, we have

1= Z)\k(pk Z/\ k (lk lj)ot(s— s])ﬂ

ker Pj kEr ]

D

Note that the zeros and poles of < A\ D—ke(l’f —li)at (k=508 § and their Wronskian determi-
J

nant come only from the zeros and poles of Dy(k € ) and D;. Then by Lemma 2.6,

T (7«’ )\kglﬁe(lk—lj)a—l-(sk—sj)[a) < 0] (Z T(T’, Dk) + T(’I“, D])) — O(T('r" ea))'

J kEk



82 M. Wang, Z. Liu

This is impossible since deg(l;o + 55 — lja — s;3) = deg(«) = deg(f). Hence there exist
two distinct integers 4,5 € {0,1,2,-- -, x} such that deg(lja+ 5,8 — lja — s;5) < deg(a) =
deg(ﬁ) Noting that (li,si) 75 (lj,Sj). If ll - lj = 0, Si — 8§ 75 0 or lz - lj 7& O,Si — S5 = O,
then deg(lio + 5,8 — lja — sj5) = deg(a) = deg(5). Hence, l; — [; # 0 and s; — s; # 0.
By simple computation, we have
B = (e(si—sj)ﬁ)l/(si_sj) — (e(lj—li)ae(si—sj)ﬁ—(lj—li)a)1/(Si_sj)
= el(5i=3))B=(=li)a)/(5i=5;) o ((lj=Li)a) /(si=s85) — preter,

where H = e((si=3:)8=i=l)e)/(si=s5) and t = (I; — 1;) / (s; — ;) . It follows from deg(l;a +
siB — ljo — 5;3) < deg(a) = deg(B) that H € S(e®), H € S(e”). On the other hand,
deg(y) = deg(a) = deg(p), we know that ¢t # 1. Without loss of generality, we assume

: . 1/t
that |t| < 1. Otherwise, we may consider e® = (eﬂ/H)

Suppose that t = ¢/p > 0, Where P, q are positive co- prlme integers and ¢ < p. Denote
e = e¥/P, T(r,e*) = pT(r,e ) and we know a,b, H, e, eB" a;(k = 0,1,--- ,n) are all
small functions with respect to e®. Note that e = He'® = H eq“ then (3 7) can be
rewritten as

i ax(b—a) (eBkHeqa — 1) ﬁ (ijHeqa — eAjepa)
k=0 j=0,j#k

= e”a(b —a) (Heqa - 1) ﬁ (egkhﬂeqa — eAkepa) +a ﬁ (e];)kHeq82 - eAkepa) .
k=0

k=1
For the above equality, one also gets

Eelntlpataa | pi) = 0, (3.11)
where £ = (a — b)H [[}-, (—eAk) is a nonzero polynomial for a # b and Py(e®) is a

polynomial in e of degree at most (n + 1)p with small coefficients. Obviously, T'(r, E) =
0 (T(r, eo‘)) . Applying Lemma 2.4 to (3.11) again, we deduce that E = 0, a contradiction.

Suppose now that t = —¢q/p < 0, where p, ¢ are positive co-prime integers and g < p.
Denote e = eo‘/p then e = He!® = He 9% and T(r,e*) = pT(r,e*). Therefrore,
a,b,H,eA" eB” ap(k =0,1,---,n) are all small functions with respect to e®. From (3.7),
one gets

(b — o) (B He—d5 _ 1 B fo-da _ A gpa
kzzoak(b a)(e He™1 ) H ( He 9% —e¢ ep>

7=0,7

3

= epg(b (He_qo‘ - 1) H ( eI — epa) +a H ( He 9o — e’ikepa) .

Multiplying by e(1)ae on hoth sides of the above equation,
Z ax(b—a) (eBkH - eqa> H (ijH - egje(p'“l)a)
k=0 §=0,j#k
= epa(b —a)(H - 1% B I — At ertoe) 4 g Felptoa)
(- i v (21— e
Furthermore, we obtain

EentDptaa Po(ea) + Fy =0, (3.12)
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where . .
E=-b H (—eAk) yEoy=—a H (eBkH>
k=0 k=0

and Po(ea) is a polynomial in e® with small function coefficients such that 1 < deg(FPy(e N))
< (n+ 1)p + ng. Obviously, E € S(e%), Ey € S(e ) Applying Lemma 2.4 to (3.12),
E = Ey = 0. One thus gets a = b = 0, a contradiction.

4. Proof of Theorem 1.9

Since a(z), b(z), c(z) are distinct, we may assume that a(z)c(z) # 0. Let

_ f(e) —alz)  c(z) = b(2) = PU) —az)  elz) —b(2)
M=) o) ey B TR et ety Y
Then ¢1(z) and ga2(z) share the values 0,1,00 CM. Hence, there exist two polynomials
a(z) and (z), z € C™ such that

92(2) Cog(z) -1
Suppose that P(f) # f(z). Then
e®(2) £ 1,eP(2) £ 1 =) £ £B2)
By Lemma 2.2, we deduce from (4.1) and (4.2) that
T(r,e*) < (n+2)T(r, f) + S(r, f), (4.3)
T(r,e’) < (n+2)T(r, f) + S(r, f), (4.4)

where 7 — oo outside of an exceptional set of finite logarithmic measure. It follows from
(4.2) that

91(2) _ o 91 =1 sy (4.2)

e 1 — B2

gl(z) = 1 — Bl —alz)’ 92(2) = ca(z) _ B2)" (4'5)
By (4.1), (4.3), (4.4), and (4.5) we have
T(r,f) =T(r,g1) +S(r, f) < T(r,e®) +2T(r,e”) + 5(r, f)

< Bn+6)T(r,f)+ S(r, f). (4.6)

Let d = %, d #0,1. We thus conclude from (4.1) and (4.5) that

~ (b—a)d(e* —€P)
(z) = (1 —d)e™ — etB + def o, (47)
— ade® + (ad — b)eP

P(f) = b— ade” + (ad — b) (4.8)

1—(1—d)ePf —de> -

As similar discussion as showed in Theorem 1.7, we use the short notations for brevity:
' =f(z+kn),a" = alz + kn), B° = Bz + kn), A" = a* —a, B* = 5 — 5.

By (4.7) and the definition of P(f), we have

Z akfk z": ( ) Z a — a)d(e&k iegk) B
= i (11— eak e +B* 1 deb*
Together with (4.8)
(b—a)d(e® —ef) b —ade” + (ad — b)eP

a — = .
kz%) g (1 —d)ed* — ea*+8* 4 def* 1—(1—d)eP —dex
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k

Multiplying by [Ir—o ((1 —d)e® —
sides of (4.9), it yields

e&k+Bk4_deBk) and (1__(1__d)eﬁ—-dea) on both

n

iak(b — a)d(ea‘k — e’ék) (1—(1—d)e’ —de”) - H [(1 _ d)e&j _ A deﬁj}
k=0

7=0,j#k
= (b= ade® + (ad — b)e”) T (1 = d)e™ — ™+ 1 ™). (4.10)
k=0
We consider it in three cases.

Case 1. deg(a) > deg(B) > 0. Obviously, deg(a) > 1, T(r,e?) = o(T(r,e®)). It follows
from (4.6) that

T(r, f) <T(r,e*) +S(r, f) < Bn+6)T(r, f) + S(r, f),

which implies that T'(r, f) = O(T(r,e®)). Thus, a,b,d,ay, A¥(k =0,1,--- ,n) are all small
functions of e®. From (4.10), we have

Zn: ar(b—a)d (e’ikea — egk) (1 —(1—d)e’ — dea)
k=0

n

H ((1 —d— eféj) eAeo 1 dij)

J=0,j#k
n — — —
= (b —ade® + (ad — b)eﬁ) H ((1 —d-— eﬁk) e + deﬁk> .
k=0
For the above equality, we further get
Dryoe™2e L D et 44 Die® + Dy = 0, (4.11)

where Dg(s = 0,1,--- ,n + 2) are polynomials in a, b, d, eAk,eB’f,ak(k: =0,1,---,n). Ap-
plying Lemma 2.4 to (4.11), Dy =0(s =0,1,--- ,n+ 2). In particular,

ar(b—a)d(—e") (1= (1= d)e”) ] de” ~ (b+ (ad ~b)e )Hdeﬁk

Il
M:

Dy

k=0 j=0,j#k
:zn: (a—b)(1—(1—d)eﬁ)ﬁde — (b+ (ad —b)e )Hde
k k=0

n _

b+ (ad — b)) T] de™,

k=0

||
Il
—~ ©

which ensures that b+ (ad — b)e® = 0. Note that b — ad =

b—
clb—a) # 0, we have that
c—a

b
B = . 4.12
C T bh_ad (4.12)

Substituting it into Dy, 9, it gives

n

_ _ Cd Y o ad TT (1 d— o) oA
Do = Zak a)de™ (—d) H (1 d—e )e —G—adkl:[()(l d—e )e

§=0.j#k

_ (,;) ap(b — a)d(—d) (1 —d- b_bd>" +ad (1 A _bad)"*l> kﬁoem
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b
By ad #0,1 —d — —— = 0. Together with (4.12), we have

b—ad
ef=1-d.
Substituting it into (4.9), we get
b—a & ik a+b—ad— ae®
g ) 4.1
1—dz::‘”“e ‘ 2—d—eo (4.13)

For simplicity, we denote U = ll) > k=0 age™” it is easy to check that T(r,U) = S(r,e%).
By the assumption that P(f) # 0, U # 0. (4.13) can be rewritten as the following equality.
Ue** = ((2—d)U +a)e* +ad — b —a,

which yields 27'(r,e®) = T'(r,e*) + S(r,e®), a contradiction.
Case 2. deg(f) > deg(a) > 0. In this case, deg(8) > 1, T'(r,e %: (r e%)). By the
(r,

ofT
similar discussion as showed in Case 1, one has T'(r, f) = O(T ))- And (4.10) can be
rewritten as
Dyyoe™28 L Dy 1em 8 4y Die 4 Dy = 0, (4.14)
where D, € S(e?). Applying Lemma 2.4 to (4.14), D, =0 for s =0,1,--- ,n+ 2. For the
term Dy, we know

n n

Do =Y ap(b—a)de® (1 —de®) [ (1-d)e® —(b—ade) [J(1 —d)e™
k=0 j—o,jyék k=0
Z d(1 — de®) H e — (b—ade®) (1 —d)"*! H e
k=0
= (ade® —b) (1 — d)"*! H e
Since ad # 0 and d # 1, Dy =0 1mphes
b
e = — (4.15)
Substituting it into Dy, 9, it gives
Dyio = Z ax(b—a)d Bk(l —d) H (d— ea‘j)ij + (b — ad) H(d — ea)eék
j=0,j#k k=0
:<Zak(b—a)d(1—d) (b—ad)(d >He d— e
k=0
b\ 1 b\"
= (b—ad) <d— ad) 1€ (d—ad> .

k=0

b

Owing to (b — ad) # 0, we deduce from D,o = 0 that d = i Together with (4.15),
a

e“ = d. Substituting it into (4.9), we get

(a —0) Z apeP’ e? (6’8 —d— 1) = (b —ad)e® — ad® +b. (4.16)

Set V.= (a—10)> 7} akeék. As one knows b — ad # 0, from the above equality, V' # 0
and T'(r,V) = S(r,e?). Then (4.16) has the following form:

Ve = ((d+1)V +b—ad) e’ —ad® + b,
which yields 27 (r,e®) = T(r,e?) + S(r,e?), a contradiction.
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Case 3. deg(f) = deg(a) > 0.

Subcase 3.1. deg(3) = deg(a) = 0. In this case, e* and e’ are nonzero constants.
Together with (4.7), f(z) is a periodic function of period 1. By the definition of P(f), we

have
= Za’kf_k = Zakfzoa
k=0 k=0
which contradicts to the assumption that P(f) # 0.
Subcase 3.2. deg(f) = deg(c) > 1. Obviously, T(r, ) = O(T(r,e)). (4.6) gives
T(r,f) = O(T(r,e)).
Set v(z) = B(2) — a(z), z € C™ where 7(z) satisfies deg(y) < deg(a) = deg(B). If
deg(v) < deg(a), obviously, T'(r,eY) = o (T'(r,e*)). By (4.10),

Z ai(b—a)d (eAkea - eBk+760‘) (1—-(1—=d)e"e” —de™)

k=0
n _ —_. - . _ .
H ((1 - d)eAJ e 6A7+B]+’y€2a + deB]Jr’Yea)
j—o,j#k:
= (b— ade® + (ad — b)e’e” H ( e degk'weo‘) .

Furthermore, we get
D2n+3e(2n+3)a + D2n+2e(2n+2)a 4t Dn+1€(n+1)a =0, (4'17)

where Dg(s =n+1,---,2n+ 3) are small functions of e*. Applying Lemma 2.4 to (4.17),
we obtain Dg =0(s=n+1,---,2n+ 3). In particular, for the term Ds,,13 one has

Doy i3 = ((ad — b)e” — ad) H <76Ak+ék+7) =0.

k=0
Owing to (ad — b) = ca=b) #0, e’ = ad , namely, e* = ad — beﬂ. Thus, (4.9) gives
c—a ad—b ad
= 4.1
Z_: GBkG’B H1 66 — HQ’ ( 8)
where
b b—bd a
Hy=1-—, HH=1———, Hy= .
0 ad’ ! ad * 2T a—b
Note that Hy, H1, Hy are small functions of e? and
b cla—0b) a
Hy=1-— = 0, Hy= 0
0 ad  a(c—10) 70, H —b 7
Multiplying by (eﬂ — HQ) [Ti-o (Hoeékeﬁ — Hl) on both sides of (4.18), we get
n n _ . n —
San(ef—H) T[ (Hoe™'e” - Hi) = B3 I] (Hoe® e — Hy), (4.19)

k=0 G=0,j#k k=0
which equivalents to

Epp1e™ L Bend 4 Bref + By =0, (4.20)
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where Fq4(s = 0,1,---,n + 1) are polynomials in HO,Hl,HQ,@Bk,Qk(k =0,1,---,n).
Applying Lemma 2.4 to (4.20), Es = 0(s = 0,1,--- ,n 4+ 1). On the other hand, we see
that

n
Eo =Y ap(—H1)"(—Hs) — Hi(—H)"*' = —H3(—H,)""' =0,
k=0
which ensures H; = 0 since Hy # 0. By (4.19), we get
(}14 —'170113)6ﬂ = HyHy,

where Hy = Y 1_g ake_Bk. Together with HoHy # 0, Hy # 0 and (Hy — HoH2) # 0, a
contradiction.

If deg(v) = deg(a) = deg(p), then (4.10) can be rewritten as

i ag(b—a)d (e’ikea - eBke*B) (1 —(1—d)e’ - dea)
k=0

n

H [(1 —d—- ijefB) e e deéjeﬁ}

=057k
= [b —ade” + (ad — b)eﬁ} H [(1 —d— eékeﬂ) eAe 4 deékeﬂ} :
k=0
From the above equality, we get
X
> Dyelretsrt =, (4.21)
k=0
where 0 < [, < n + 2,0 < Sk <n+2k=0,1,---,x) and Dg(k = 0,1,--- ,x) are
polynomials in a, b, d, A €% Jap(k=0,1,--- ,n). We thus have
T(r, Dy) = 0( (r,e) = o(T(r,e”))(k = 0,1,---,x).

We know that the coefficients of the equation(4.21) are not all zeros. For the term
e 2t (D8 Cits coefficient —ad [7_, (—eBkeAk is not zero since ad # 0. For the term

e(mtDat(n+2)8 it coefficient(ad — b) TTR—g (—eBkeAk) is not zero since ad — b # 0.

Next, we assume that deg(lia + s;6 — lja — s;8) = deg(a) = deg(B) for all 0 <
i < x,0 <j < x Let g = Dpeleo™f(k = 0,1,---,x). Thus, > _q¢r = 0.

From basic linear algebra, we deduce that there exist j € {0,1,2,---,x} and a set
kC{0,1,---,j—1,74+1,---,x} such that
©i = Akpr, (4.22)
ker

where \;(k € k) are some nonzero complex numbers and {¢x|k € k} is linearly indepen-
dent. Dividing both of the two sides of (4.22) by ¢;, we have

1— Z)‘k Z)‘ D 1))t (si-57)8.

kek Pj kek J

D
It is not difficult to verify that the zeros and poles of {)\kae(lklf)aHSij)ﬁ} and their
J
Wronskian determinant come only from the zeros and poles of Dy (k € k) and D;. Then
by Lemma 2.6 we have that

T(r, el o) < 0 (Z T(r, Dy) + T(r, D]-)) = o(T(r, ")),

J kek
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This is a contradiction for deg(lja + s;8 — lja — s;8) = deg(c) = deg(f). Hence there
exist two distinct integers i,j € {0,1,2,--- ,m} such that deg(lia + s;6 — lja — s;8) <
deg(a) = deg(B). Noting that {; —; # 0 and s; — s; # 0.

By the similar method as in Theorem 1.7,

ef = He™,

where H = e((5i=5)8=(l=l)a)/(si=55) ¢ §(e*) N S(e®) and t = L= (t # 1). Without loss

li
Si_S]'

1/t
of generality, we may suppose [t| < 1 for otherwise we may consider e® = (eﬂ /H ) .

Suppose that ¢t = ¢/p > 0, where p,q are positive co-prime integers and ¢ < p.
We denote e* = e/ then e = He!® = Het™ and T(r,e®) = pT(r,e®). Therefore

a,b,d, H, egk, eBk, ar(k =0,1,--- ,n) are all small functions with respect to e®. From that
we rewrite (4.10) as

2": ai(b—a)d (e‘akepa - Heékeqa) (1 - (1- d)Hqu - depa)
k=0
H ((1 - d)eAj ePd _ AP [o(pa)a + dHeP eqa)
J=0,j#k
= (b ade?® + (ad — b)He™™)
: ﬁ ((1 - d)e’&kepa — AT B gelrtoa 4 dHeBkeqa) .
k=0

Furthermore, we have
Een+Dpa+(nt)aa 4 poo@) — (4.23)

where E € S(ea) is a polynomial in a,b,d, H, eAk, eBk,ak(kz =0,1,---,n) and Po(ea) is a

polynomial in e® of degree at most (n 4+ 1)p + (n + 2)q with coefficients being small with
respect to e®. Applying Lemma 2.4 to (4.23), E = 0. Since ad # 0, we have

FE = adH™! H A" B #0
k=0

a contradiction.

Suppose that ¢ = —q/p < 0, where p, ¢ are positive co-prime integers and ¢ < p. Set
e® = /P, then e = He!™ = He 9. From (4.10), we have

i ar(b—a)d (e‘gkel’a - Heéke_qa) (1 —(1- d)He_qa - depa)
k=0

H ((1 - d)eAj P — AHB fre—a)a dHije_qa>
=0,k
= (b— ade?® + (ad — b)He™™")

: H ((1 - d)e’éikepa — B prelr—a)a | dHeBke*qE> :
k=0
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Multiplying by e(2)a2 on hoth sides of the above equation, we obtain

Z ar(b—a)d (eAke(erq)a - HeBk> (qu —(1—-d)H — de(p+Q)a>
k=0

ﬁ ((1 - d)eAje(p'Hl)82 — MBI fera dHij>
=03k
= (beqa — ade@tO 4 (ad — b)H)
. ﬁ ((1 - cl)e’ake(p'~"1)a — ATHB prepar | dHeBk> .
k=0
We conclude that
Eent2ptaa | p(e2) = 0. (4.24)

where E € S(e®) and Py(e®) is a polynomial in~ea of degree at most (n + 1)p + (n + 2)q
with coefficients being small with respect to e*. Applying Lemma 2.4 to (4.24),FE = 0.
On the other hand,

n

E=Y apb—a)de™ (—=d) J[ O -d)e” +add (1 - d)e
k=0 =057k k=0

=(1—d)" ﬁ A <zn: a(a — b)d® + ad>
k=0

k=0
=(1-d)" H eAkad #0,
k=0

a contradiction. That completes the proof of Theorem 1.9.
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