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ABSTRACT. By constructing Hopf costructures on closure spaces via homotopy, we give the concepts of closure
Hopf cospace (CH-cospace) and closure Hopf cogroup (CH-cogroup). We then prove that retract and deformation
retract of a CH-cospace are also a CH-cospace. We construct a Hopf costructure on a set with the help of the
quotient closure operator. We also show that a closure space with the same homotopy type as a CH-cogroup is itself
a CH-cogroup. We prove the existence of a covariant functor between the homotopy category of the pointed closure
spaces (CHC) and the category of groups and homomorphisms.
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1. INTRODUCTION

[4] Closure space is defined by a closure operator v : P(X) — P(X) satisfies

(c1) V(@) = 2,

(c2) ACuv(A)forall A € P(X),

(c3) v(AUB) =v(A)Uuv(B)forall A, B € P(X).
Then, (X,v) is called a closure space. If v additionally satisfies the axiom (cs) v(v(A)) = v(A), then v is called a
topological closure operator. In this case (X, v) is called a topological space.

A lot of topological notions, like continuity, separation axioms, compactness, are studied in closure spaces [3,8, 10].
In [12], homotopy concept is defined in closure spaces. In this study, co-Hopf structures are defined in closure spaces.

If (X,v) is a closure space, the closure operator v satisfies the condition (¢5) A € B = wv(A) € v(B). If for all
A € P(X), u(A) = A, then A is called a closed set. If u(X — A) = X — A, then A is called an open set.
A closure operator v is called discrete if v(A) = A, for all A € P(X), and called trivial if v(A) = X, for all A € P(X),
A+ Q.

If there are two or more closure spaces, we use the notation vy for the closure operator on X.

If Y C X, and (X, vy) is a closure space, then Y is a closure space with the closure operator vy(A) = vx(A) N Y, for all
ACY.
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A map f : (X,ux) — (Y,vy) is said to be continuous iff f(vx (A)) C vy (f(A)) for all A C X, f is called closed iff
Sflux (A)) = vy (f(A)).

Example 1.1. Let X = N and v : P(X) — P(X) be defined as v({n}) = {n,n+ 1} and for all A C X,

o ifA=0
uA) = { Ulv(a)) |ac A} L ifA # .

Let show v is a closure operator on N. (¢;) and (c;) are clear by definition of v.
w1 xeaun

(w1 xe apyu (| duxd 1 x e BY)
v(A) U u(B).

Therefore, v is a closure operator on X. Let A = {1,2,3}. Then, v(A) = {1,2,3,4} # v(v(A)) = {1,2,3,4,5}.
Therefore, v is not topological.

v(A U B)

Let (X, v) be a closure space and @ : X — Y be a onto map. Then v, : P(Y) — P(Y) defined as v,(B) = ava~'(B)
is a closure operator on Y, called as quotient closure operator induced by v.

Example 1.2. Let X = {a, b, ¢, d} and define a closure operator v on X such that
v(@) = 2,v({a}) = {a, c}, v({b}) = {b}, v({c}) = {c,d}, v({d}) = {a,d}, v({a, b}) = {a,b,c}
v({a, c)) = v({a,d}) = v({c,d}) = v({a,c,d}) = {a, c,d}, v({b, c}) = {b,c,d}
v({b,d}) = {a,b,d},v(la, b, c}) = v(la, b,d}) = v({b,c,d}) = v(X) = X.

LetY ={1,2,3} and @ : X — Y be defined as a(a) = a(c) = 1, a(b) = 2, a(d) = 3. The quotient closure operator v, is
defined as

vo(2) = @, vo({1}) = va({3}) = va({1,3}) = {1, 3}, va(12}) = {2}, va({1, 2}) = v ({2,3}) = va(Y) = Y.
Let 8 : X — Y be defined as B(a) = B(b) = 1,B(c) = 2,5(d) = 3. The quotient closure operator vg is defined as
vp(@) = @, up({1}) = {1, 2}, up(2}) = (2,3}, yp({3D) = {1, 3}, ({1, 2}) = vp({1,3}) = vp({2,3}) = y({Y}) = V.
Now define y : X — Y such that y(a) = y(b) = 1, y(c) = 3. Then,
vy({2) = yoy™ (2)) = yu(2) = 7 (2) = @.
Therefore, v, is not a closure operator on Y, since y is not an onto map.

Lemma 1.3. [12] Let (X, v) be a closure space, a : X — Y be an onto map. Then, the closure operator v, induced by
v is the finest closure operator on Y makes a continuous.

Definition 1.4. A set W C X is called a neighbourhood of A iff W € X — v (X — A). The set of all neighbourhood of A
is denoted by V4.

A closure operator on is defined in [12] by the help of neighbourhood as following:

Definition 1.5. [12] Let (X, v) be a closure space, Y € X and 8 C P(X). If
i) A€ Vy,forall A € B,
ii) For all U € ‘Vy there exists A € 8 such that B C U,

then B is called a base of the neighbourhood system Vy.
Let Sy ¢ P(X) and ‘Vy is a neighbourhood system of Y. If all finite intersections of elements of Sy is a base for Vy,
then Sy is called a subbase for Vy.
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Theorem 1.6. [4] Let [],¢; Xy be the cartesian product of the closure spaces (X;, v;)ie;. For each x € [];e; X, let
YV, = {JTJ_-I(V) : j €1,V c X; aneighborhood of mj(x) € X},

where it; : [1ie; Xi — (Xj,v)) is the projection map. Then, there exist a unique closure structure on [],c; X, such that
V., is a subbase for each x € ] e; Xo-

Definition 1.7. Let (X, xo, vx) and (Y, 9, vy) be pointed closure spaces. The wedge sum of X and Y is
XVY=XX{y}U{xp}xYCcXXxY.

The wedge sum of pointed closure spaces (X, xg, vx) and (Y, yo,vy) is a pointed closure space with the base point
(x0,y0) and the closure operator vxyy, defined as

vxvy() = vxxy(w) N (X VYY),
forallu e P(X X Y).
Iff:X,x)—>2Z,g:Y,y9) >Zandh:Y — W, then (f,g): X VY — Zis a map defined as
J&x) it y=yo
gy) if x=x
and fVh:XVY — ZV Wisamap defined as (f V h)(x,y) = (f(x), h(p)).

(f, 9)x,y) = {

2. CrLosure H-CosPACES

The concepts of Hopf space and Hopf cospace have been studied by many researchers on different spaces. In
[2,5,6,9],the concept of hopf space is examined and in [7], the concept of Hopf cospace examined in digital spaces.
Adhikari and Rahaman [1] defined generalized topological monoid as a generalization of Hopf group. Park defined the
concept of subgroup in Hopf spaces [11]. In this part, we define closure Hopf cospace with the help of homotopy and
investigate some properties of closure Hopf cospaces.

Homotopy on closure spaces defined in [12] as following: Continuous functions f, g : (X,vyx) — (¥,vy) are called
homotopic, denoted by f =~ g, if there exists a continuous map

F:(Xx1un) — (Yuy)

such that Flxy = f and Flxx1y = g, where [ = [0, 1] and (X, vx) and (¥, vy) are closure spaces and vy is the closure
operator on X X I. Then, H is called homotopy between f and g.

The homotopy relation ” =~ ” is an equivalence relation. We use [f1 ={g| f ~ g, g: (X,ux) — (Y,vy)} to denote
of homotopy class of f, and [(X, vx); (Y,vy)l = {[f] | f: (X,vx) = (Y,vy)}] to denote the set of all homotopy classes
of the functions from (X, vy) to (¥, vy).

If the continuous functions g, 4 : (X, vx) — (¥, vy) are homotopic with the homotopy G, then f o g ~ f o h with the
homotopy F = f o G for any continuous function f : (Y,vy) = (Z,vz).

Let (X, vx) be a closure space and xy € X be a point. Then, (X, xg, vx) is called a pointed closure space and xy is
called base point of (X, xg, vx).

Definition 2.1. Let (X, xo, vx) be a pointed closure space and k : X — X VvV X be a continuous comultiplication,
¢ : X — X be a constant function such that ¢(x) = xy for all x € X. Then, (X, xo, vx) is called as a closure H-cospace
(CH-cospace) if

(¢, 1x) ok = 1x = (Ix,¢) o k.
This means the following diagram is homotopy commutative:

(1x-6) (s 1x)

X~ XvX —"5X

X
Also ¢ is called homotopy identity of (X, xo, vx).
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In the case of more than one CH-cospace, we use the notations kx and ¢y for the continuous comultiplication and
homotopy identity of the CH-cospace (X, xo, vx) to avoid confusion.

Theorem 2.2. Let (X, xo,vx) and (Y, yg, vy) be CH-cospaces. Then, X V Y is a CH-cospace.

Proof. LetP: X VY — X VY bedefined as P(x,yy) = (¥, x) and P(xg,y) = (y, xo) forallx € X andy € Y.
Define kxvy : X VY - (X VYY)V (X VY)such that

kxvy = (Ix V PV 1y) o (kx V ky).
Then,
(Sxvys Ixvy) o (Ix V PV 1y) o (kx V ky)
((6x: 1) V 6y, 1)) 0 (ky V ky)
((gx, Ix)o kx) v ((S‘Y, ly)o ky)

1x V 1y = 1xvy.

((S‘XvY, Ixvy) o kaY)

1

1

[l

In a similar way (1xvy,Sxvy) © kxvy = lxyy. Therefore, X v Y is a CH-cospace with the base point (xg, yp) and the
comultiplication kxy. |

To examine the relationship between the retract or weak retract of a CH-cospace and the CH-cospace, let us first
give the definitions of retract and weak retrack.

Definition 2.3. Let (A, v4) be a subspace of a closure space (X, vy). Then,

* (A, vy) is called a retract of (X, vy) if there exists a map r : (X, vx) — (A, v4) such that r(x) = x, for all x € X.
* (A, uy) is called weak retract of (X, vx) if r o i ~ 1,4, for the inclusion map i : (A, v4) — (X, vx).

Therefore, every retract of a closure space is a weak retract of it.
Theorem 2.4. Let (X, xy, vx) is a CH-cospace and (Z, zo, vz) be a weak retract of X. Then, (Z, zo, vz) is a CH-cospace.

Proof. Let r be the retraction. Let kz = (rvVr)okyxoiand (sz, 17) : ZVZ — Z be defined as the following composition:

Zvz Ny xvx &My oz
Then,

(§z,1z)0kz = ro(sx,lx)o(iVi)o(rVr)okyoi
= ro(sx,Ix)o(ior)V(ior)okxoi
~ ro(gx,lx)olyyxokyoli
= ro(gx,1x)okyoi
~ rolyoi
= roi=ly.

Now let (1z,¢67) : ZV Z — Z be the following composition:

Zvz My xyx e v v o
Then,

(1z,62) o kz ro(ly,sx)o(ivVi)o(rVr)okyoi
= ro(lx,ex)o(ior)V(ior)okxoi
=~ ro(ly,¢ex)olyvxokxoi

= ro(lx,¢x)okyoi

~ rolyoi

= roix=ly.

Consequently, (Z, zo, vz) is a CH-cospace. m]
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Definition 2.5. Let (Z, 79, vz) be a retract of the closure space (X, xg, vx). If there exists a homotopy such thatior ~ 1y
for the inclusion map i and the retraction r, then (Z, zo, v7) is called deformation retract of (X, xo, vx).

If (Z, 29, vz) is a deformation retract of (X, xo, vx), then it is retract of (X, xo, vx). So we have the following corollary:
Corollary 2.6. A retract (deformation retract) of a CH-cospace is itself a CH-cospace.

Definition 2.7. Let (X, xo, vx) be a CH-cospace. If there exists amap 4 : X VX — X V X defined as A(a, b) = (b, a)
such that A o k ~ k, that is the following diagram homotopy commutative:

Xvx —24 s xvXx
’X /'
X

then, the comultiplication k is called homotopy abelian and (X, x¢, vx) is called abelian CH-cospace.

Theorem 2.8. Let (X, xo, vx) be an abelian CH-cospace and (Y, yo, vy) be a weak retract of it. Then, (Y, yo, vy) is also
an abelian CH-cospace.

Proof. Since (X, xo, vx) is an abelian CH-cospace, 1 o kx ~ ky foramapd: X VX — X V X, A(a,b) = (b,a). Then,
(Y, yo,vy) is a CH-cospace with the comultiplication ky = (i V i) o kx o r, by Theorem 2.4. Let Ay be the following
composition:

yvy S xvx 45 xvx S yvy

Then,
Adyoky = ( Vr)odo(i V i)o(rV ryokyoi
= (rvr)odo(ior)V(ior)okxoli
~ (rvr)odolyyxokyoi
= (rvr)jodokyxoi
= ky.
Therefore, (Y, yo, vy) is an abelian CH-cospace. m]

Definition 2.9. Let (X, xo, vx) and (Y, 9, vy) be CH-cospaces. A function
8: (X’ X0, UX) - (Ysy(h UY)

is called co-H-homomorphism if (g V g) o kx = ky o g, that is the following diagram homotopy commutative:

X 2y xvx £ yvy
Y
Theorem 2.10. Composition of two co-H-homomorphisms is a co-H-homomorphism.
Proof. Let f : (X, xo0,vx) = (Y, y0,vy) and g : (Y, yo,vy) — (Z, 29, vz) be co-H-homomorphisms. Then,
kyof=(fVf)okx and kzog=(gVg)oky.
We obtain (go f) V(go floky =(gVeg)o(fV fokx =(gVg)okyof=kzo(gof). o

Theorem 2.11. Let (X, xo,vx) be a CH-cospace and (Y,yq,vy) be a deformation retract of (X, xo,vx). Then the
inclusion map and the retraction are co-H-homomorphisms.

Proof. Leti : (Y,yo,vy) — (X, xo,vx) be the inclusion and r : (X, x9,vx) — (¥, y0,vy) be the retraction. Define
ky = (rvVr)okyoi. Then

(rvr)yokyxo(ior))
(rvryokyoly
(rvr)oky.

kin

12
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This proves that the inclusion map i is a co-H-homomorphism. Since
(ivioky; = (iVio(rVryokxyoi
= ({or)V(ior)okyoi
=~ lxyxokyoi
= kX o i,
the retraction r is a co-H-homomorphism. O

The following theorem shows that a Hopf co-structure can be constructed on a set with the quotient closure operator

induced by a closure operator of a CH-cospace.

Theorem 2.12. Let (X, xo, v) be a CH-cospace, (Z, zo) be a pointed space and « be a surjective mapping from (X, xo, v)

to (Z, zo). Then (Z, zp) is a CH-cospace.

Proof. We know (Z,7) is a closure space with the quotient closure operator v, = @ o v o a™'.

comultiplication on Z with the help of comultiplication of X.
Let ky be the following composition:

-1 kx

zZ —2—3 X

s XvY —2 s 7vz

and (ly,sy), (sy, ly) : Y VY — Y be defined as the following compositions, respectively:

A alva! XV X (1x.6x) X a \ 7.
a'va! (ex:1x) a R
ZNZ ——— XVvX > X > 7
Then,
(Iy.sy)oky = ao(ly,ex)o(@ ' Va)o(aVa)okyoa™

= ao(ly,gx)o (a/_1 oa)V (a/_l oa)okyo a !

=~ ao(ly,sx)olyyxokyoa™
= ao(ly,sx)okyoa’!

~ qolyoa'=aoa =1y,

(svsly)oky = ao(sy,lx)o(@ ' vaho(@Va)okyoa™

= ao(sx.ly)o(@ o) V(e o)okyoa™

=~ ao(sy,lx)olyyxokyoa™

= ao(sy, lx)okyoa™

~ qolyoal=aoa =1y

Consequently (Y yo, vy) is a CH-cospace.

Theorem 2.13. Let (X, xo,vx) be a CH-cospace and (Y, yq, vy) has the same homotopy type with (X, xg, Ux).

(Y, yo, vy) is a CH-cospace.

Proof. Proof is similar to Theorem 2.4, take ky = (g V g) o kx o f and (gy, 1y) , (1y, sy) as the composition of

YVY gve XV X (sx, 1x) X f>Y,
yvy 28 xyx 0 xSy

respectively, where f : X — Y, g : Y — X are homotopy equivalences.

Now let define a

Then,
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3. Crosure H-CoGroupr

This section defines the concept of CH-cogroup and examines some of its properties.

Definition 3.1. Let (X, xo, vy) be a CH-cospace. If the following diagram is homotopy commutative:

X — % s xvXx

k IxVk
kv 1y

XV — XVvVXVvX

then, k is called homotopy associative.
k is homotopy commutative <= (Ix Vm)ok ~(kV Ix)ok.
A continuous function ¢ : X — X is called homotopy inverse of k if each composite map

(1x,0)

X—k)XVX—)X,

X —F sxvx 90 ox

is homotopic to homotopy identity ¢ : X — X. A CH-cogroup is a CH-cospace which has a homotopy associative
comultiplication and homotopy inverse.

Theorem 3.2. Weak retract of a CH-cogroup is a CH-cogroup.

Proof. Let (X, xo,vx) be a CH-cogroup and (Y, yg, vy) be a weak retract of (X, xo,vx). Letky = (r Vr)oky oibe
continuous comultiplication of (¥, yo, vy). Then, (¥, yo, vy) is a CH-cospace by Theorem 2.13.

(yVky)oky = (lyv(rvrokgoi))o((rvrokyoi)
~ ((rOi)V((rVr)okXoi))o((rVr)okXoi)
~ (rvrvr)o(lxVkx)o(iVvi)o(rVr)okyoi
= (rvrvro(lxVkyo(liornV(ion)okyoi
~ (rvrvr)o(lxVkyx)olyxyxokyxoi
= (rvrvro(xVky)okxoi
~ (rvrVvr)o(kxVix)okyoi
= (rvrVvr)o(kxVix)olyxyxokyxoi
o~ (rVrVr)O(kXVIX)O((ior)V(ior))OkXOi

~ (((rvr)OkXOi)v(rOi))O((rVr)OkXOi)

= (((VVF)OkXOi)V1y>0((l"Vr)OkX0i>
= (ky V1y)oky.
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Therefore, ky is homotopy associative. Let 0y be the homotopy inverse of (X, xo, vx) and dy = r o § o i. Then,

©Oy,1y)oky = (rodyoily)o((rvrokyoi)

= ((r06X0ior)Vr)0(kX0i)
= ((roox)Vr)o(kyoi)
= ro((dx. 1x)oky)oi
= ro((lx.6x) o ky)oi
= (rv(rodx))o(kyoi)
~ (rv(rodyoior))o(kyoi
= (ly,r06X0i)0((rVr)0kx0i)
= (ly,6y) oky.
So (Y, yo, vy) has a homotopy inverse. Consequently, (Y, yy, vy) is a CH-cogroup. O

Corollary 3.3. Let (X, xo, vx) be a CH-cogroup and (Y, yg, vy) has the same homotopy type with (X, xo,vx). Then,
(Y, yo, vy) is a CH-cogroup.

Proof. Takei=g:Y — Xandr =h: X — Y in Theorem 3.2 as homotopy equivalences and take ky = (h o h) o ky o
g. i

Theorem 3.4. Let (X, xo,vx) and (Y, yo,vy) have the same homotopy type. If (X, xo,vx) is an abelian CH-cogroup,
then (Y, yo, vy) also an abelian CH-cogroup.

Proof. Let g and h are homotopy equivalences. By Corollary 3.3, (Y, yo, vy) is a CH-cogroup with the comultiplication
ky = (g V g) o kx o h. Since kx is homotopy commutative, then there exists a map

Ax : XVX=>XVX, Ax(a,b) = (b,a)
such that Ay o ky ~ky. Let Ay : YV Y — Y V Y be defined as Ay(a’,b’) = (b’,a’) forall a’,b’ € Y. Then,
Ayoky=Ayo(gVgokxoh=(gVglodxokyoh=(gVg)okyoh=ky.
So ky is homotopy commutative. O

Theorem 3.2 gives these results: A deformation retract of a CH-cogroup is also a CH-cogroup and a deformation
retract of an abelian CH-cogroup is also abelian CH-cogroup.

Theorem 3.5. Let (X, xo,vx) be a CH-cogroup. The set [(X, xo,Ux); (Y, Y0, vy)] is a group for every pointed closure
space (Y, yo, vy). If (X, x0, vx) is an abelian CH-cogroup, then [(X, xo, vx); (Y, yo, Uy)] is abelian.

Proof. Define
A [(X, x0, ux); (¥, yo, uy)] X [(X, x0, vx); (¥, yo, vy)] = [(X, X0, vx); (¥, Yo, vy)]
as the homotopy class of the following composition:

X — R xyx Y9 .y

for all [f1, [g] € [(X, x0, vx); (¥, y0, uy)]. Let [f1] = [g1] and [f2] = [g2]). Then,
((fi 2) 0 kex ) () = (i S2)(x X0) = fal)
((fi £2) 0 kex)(x) = (i o) (0, %) = fa()
(81, 82) 0 kx)(x) = (g1, 82)(x, X0) = £1(x)

(g1, £2) 0 kx)(x) = (21, 82)(x0, %) = g2().
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Therefore, A([f1], [f2]) = [(f1, f2) © kx] = [(g1, g2) @ kx] = A([g1]. [g2]). So A is well defined.
Lete: X — Y, e(x) = yo, for all x € X. Then,
A(lgl. [e]) = [(f,&) o kx] = [go (1x,6) o kx] = [g o Ix] = [g]

for any [g] € [(Y,y0,vy); (X, x0,ux)]. We get A([e],[g]) = [g] by a similar way. So [e] is the unit element of
[(Y, o, vy); (X, X9, uyx)] for A.
Let [1] be the unit function of [(X, xo, vx); (¥, yo, vy)]. Let show A is associative:

Ao ([11x A)([f1, (Lg], [h]) A(Lf1, Adlgl, [RD) = A([f], [(g.h)o kx])
= [(f, (g, h) o ky) o kx]
= [(fs (g h) o (kx V 1x) o kx]
= [(fs(g:h) o (1x V kx) o kx]
= [(f,8) okx,h) o kx]
= A([(f, ) o kx]. [h]) = AA(Lf], [gD), [h])
= Ao (AX[IDWLSL [gD, [hD.

Let 6 be the homotopy inverse of (X, xg, vx). For any [f] € [(X, xo0, vx); (¥, Yo, uy)],
A([fLLf o 6D = [(f, fod)okx] =[f o (Ix,0) o kx] = [f o ¢] = [e].
Similarly A([f o 6], [f]) = [e]. Therefore, [f o ¢] is the homotopy inverse of [ f]. Finally, let kx be abelian. Then,
A(Lf1, 18D = [(f, &) o kx] = [(g, f) © kx] = A([g], [fD.

The category whose objects are pointed closure spaces and the set of morphisms

hom((X, X0, UX)’ (Y, Yo UY)) = [(X’ X0, UX)7 (Y7 Yo, UY)]

is called the homotopy category of the pointed closure spaces, denoted CHC . The composition of morphisms is the
operation A that defined as in Theorem 3.5.

Theorem 3.6. Let (X, xo, vx) be a CH-cogroup. There exists a covariant functor from CHQC to the category of groups
and homomorphisms.

Proof. Define Ty from CHC to the category of sets and functions such that associates to an object (¥, yo, vy) the set
Tx(Y, yo, vy) = [(X, X0, Ux), (¥, y0, vy)] and to a morphism [g] the function
Tx([g]) = g+ : [(X, X0, vx), (Z, 20, Uz)] = [(X, X0, Ux), (Y. y0, vy)]. 8([f1) = [g © [,
Where [g] S [(Z’ 205 UZ)’ (Yv Yo, UY)s ] Let [f]s [h] € [(X’ X0, UX)? (Zv 20, UZ)]'
g(A(fL[RD) = g«([(h, f) o kx])
= [go((h, [)okx)]
= [(goh,go f)ok«]
= Agohllge fD
= AGg:([hD), g(LfD)-

Therefore, g. is a homomorphism. By the Theorem 3.5, Tx(Y, yo, vy) = [(X, x0, Ux), (¥, Y0, vy)] is a group with the
binary operation A . Let show that Yy is a covariant functor.
Let [1y] € [(Y, yo, vy), (Y, Yo, vy)] be the unit morphism of CHC. Then,

Tx([1y] = (Iy). : [(X, x0, vx), (¥, 0, vy)] = [(X, X0, vx), (¥, yo, Uy)]
and for any morphism [f] € [(X, xo, Ux), (¥, y0, vy)], (1x)«([f]) = [f o 1x] = [f]- So Tx([1x]) is the unit morphism.
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Let [f] € [(Z, z0, vz), (Y, yo, vy)] and [g] € [((W, wo, vw), (Z, 20, vz)]. Then,
Tx([foghh) = [(feg)ohl=[fo(goh)]
= Tx([fIgoh)
= Tx([fDCx(gDAD)
= (Cx([f1) o Tx([gD)([2])
for any morphism [4] € [(X, xo, vx), (W, wg, uw)]. Then, Tx([fog]) = T([f1)oTx([g]), so Ty is a convariant functor. O

By Theorem 3.5 and 3.6, we get that result: There exists a covariant functor from CHC to the category of abelian
groups and homomorphisms.
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