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Abstract

The present paper is devoted to the existence of a periodic solution of the spin equations for three-body
problem of classical electrodynamics. These equations are derived in a previous paper. We present in an
operator form the system in consideration and by fixed point method prove an existence of a periodic solution.
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1. Introduction

The present paper is an immediate continuation of our investigations on the spin equations for three-body
problem of classical electrodynamics from [8]. In [8] we have derived a general system of equations of motion
describing three-body problem with radiation terms and spin. The results obtained rely on the previous
papers [23], [2] - [7], [16] — [22], [24].

The paper consists of seven sections, Appendix and References. In Section 2 preliminary results for three-
body problem equations of motion with radiation terms and their relations to spin equations are considered.
In Section 3 the spin equations are derived and the elements of the spin tensor are defined. In Section 4
a vector form of the Lorentz part and radiation parts of the first three spin equations is presented. The
Lorentz parts we call the summands in the right-hand sides of the spin equations which we take into account
for the influence of a given particle to the rest ones. The terms which take into account the self-interaction
of every particle we call radiation terms. In Section 5 we transform the radiation parts of the right-hand
sides by similar calculations. In fact, to every moving and spinning particle six functions are assigned, that
is, the system for spin functions is overdetermined. We, however, transform every equation and show that
the last three equations are consequences of the first three ones [§]. In this way, we obtain nine equations for
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nine unknown spin functions, or we get as many equations as the spin functions are. In Section 6 we derive
the radiation terms and present some their estimates. In Section 7 an existence theorem for spin equations
is proved.

2. Preliminary Results for Three-Body Problem Equations of Motion with Radiation Terms
and Spin Equations

First, we recall some denotations from [§]. The investigations are in the Minkowski space. The Roman
subscribes run over 1,2,3,4, while the Greek — over 1,2,3 with Einstein summation convention. By (.,.), we
denote the dot product in the Minkowski space, while by (.,.) — the dot product in 3-dimensional Euclidean
subspace.

The general system describing the motion of three mass charged particles with radiation terms and spins
in the frame of classical electrodynamics derived in [§] is:

AP e >
r__ _tk Z Fkn) \(k) o p(k)rad y (k)
dSk kaQ W TS s rs s
doyi) ¢ ) (Kjrad_(K) _ (k) p(k)rad
1y n ra ra, o
dsp, _mkcg Z Fz‘ Z Uzm mj +F mj_aimij (k—17273)7
n=1,n#k n=1,n#k
or in details
dAM el ((F(12) +F(13)> A +F(1)7-ad)\(1)),
d81 - mi C2 TS TS S TS S ’
a\? e ((F(m) JrF(zg)) A2 +F(2)rad>\(2)), (1)
d82 - mo 02 TS TS S T8 S ’
(3)
dh” 632 ((F(Sl) +F(32)> )\g‘)+FT§§)rad)\g3))
dss msc
dagl') €1 (12) (13) (Drad 1) 1) (12) (13) () d
i ra ra
Do = (F?+ FoD + B o) = ol (FL) + B + ™) )
dU(z) e
ijo_ 2 '(21) '(23) '(2)7‘ad (2)'_ (2) (21) (23) (2)rad\ (2)
it (r o 2 ) oot (524 )+ )
dO'(B) e . .
ij 3 (31) (32) (3)rad 3 () (31) ( ) (3)rad

where there is a summation in repeated Roman subscribes.

The electromagnetic tensors Fr(fn) in the right-hand sides we call Lorentz parts. For each particle,
they take into account the influence of the other particles [2]. The quantities relating to the particles are:
(xgk) (t),atgk) (t),xék) (t),xik) (t) = ict) = (%), ict) — space-time coordinates of the moving particles Py; ¢ —
the vacuum speed of light; my — proper masses; e, — charges (k = 1,2,3).

L SR
The elements of the electromagnetic tensors F(lk ) = lk _ 0%
r ax( ) 8$(k)

can be calculated by the Lienard-

o
n n A”"n
Wiechert retarded potentials (cf. [23], [20]) o = —e—, where

(A, glkn)y

glhn) = (glkm) ghm) elhm) clkn)y
— (@ () = 2 (t = 7n), 28 (1) — 25 (t = 7n), 2 () — 25 (t = 7o), ieThn (1))
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are isotropic vectors and
(k) (k) (k) (k)
(k) — (k) (&) (k) y(R)) _ (y(k) (k) Uy Uy U3 )y [uToC )
A0 (a0 a0 = (50 = (1 8 ) (T )
(n) () _(n) S(n)
(n) — (\(n) y(n) y(n) y(n)\ _ [(Y(n) y(K) _ [ %1~ Uz U3 oy _ (v e
A (>\1 ’)\2 ’)\3 7>\4 ) <)\ 7>\4) (Akn Akn’Akn’Akn AknjAkn

are unit tangent vectors to the world lines, where
Ay = \fe — (@0 (), @B (1)); Ay = /2 — (Tt~ 73), T (¢ — 71,)).

D ORI
For non-relativistic case when <U(k) (), a®) (t)) < c* we have AF) = ()\(k), A, ) = 1?, 20 , ST’i :

Since €™ are isotropic 4-vectors, i.e. <§(k"), §(k”)>4 = 0, the retarded functions 7, (t) can be defined as
solutions of the functional equations

\/
Il
[

() = & <§

3 2
J 3 [ — 2t - T,m(t)] ,
a=1

where (kn) = (12), (13), (21), (23), (31), (32).
Following [7] we obtain

(k) 3 (n) (n)
A\ ek S READ, R 0bm_ 00" _ (p(/m)g(k’") _ p(’m)f(k”)>-
dsy, myc mooar ’

2 m rm

n=Tmsk A

A e ) o (kn n) ¢ (kn
dsp m:c2 Z En (PT(k e - Prmet )> X (r=1,2,3,4)

n=1,n#k

g0 = (g™, g™, g™, ) =
= @M (1) = 27t = Tn), 23 (8) = 25 (8 = 7n), 250 (8) — 25 (8 — 7o), i (£));

dX 1 A
pkn) — 7 (1 <§(kn) > ) r_.
" n n)\3 ’ n kn 2 !
(A, glkn) )" dsyn [, (A, glkn)) 2 ds,

. X s 1 dxm)
P(kn) - _ kn )
<)\(n)7€(kn)>i + </\(n)7§(kn)>42 ds,

o) 2y (g (£ D) om0
4

My, Dy, <ﬁ(n)7ﬁ(n)> oy - <g(’m)’{[(n)>
T 2, — (&), g(k)>;

Lkn = - ) Dkn -
A (A g(kn>>j (A ¢(kn) >j Al
(n) (n) :
pim — _ Ay My - 1k 2d>\4 — icLyy: Epikn)
<)\(n),£(kn)>4 <>\(n)7g( n)>4 dsy,

= Lkn;
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a0 A <ﬁ<k>(t), iz<k>(t)>_ NG ic<ﬁ(k)(t),ﬁ(k)(t)>‘

dX(F)
= _|_ : — :
dsy, Ai Ai dsy, Ai
ik) (k) Xn) D ) ~(n) _
NG C PR CARLADS AN D (o), 8 /o) 2w )
<)\ ) > Az dsn ~ AZ u" + AZ <u , U > ;
() Lk )y o
dsy, A?ﬂn 4 JANWAY

< i (t = Thn), 5kn)> — Tk

=1,2,3);
Akn (kan ) 73)7

<)\(k)’§(lm)>4 _ <ﬁ(k)(t),g(:7:> — PTin < A gl >4 _

PG ) ™) (t—7,) EFM) G (t—71) ) = T . .
<5(k"), ds> = Dkn<< A7 > + < Al > <U(n)(t—ﬁm)’u(n)(t - Tkn)> ;
n kn kn

™\ D a®) (t), @ (t—Thy) 79 (£), T (£ — 7)) — 21
<A(k) dA >: ’“”<< >+<u (£), @™ (t=Tkn) ) =7 <ﬁ(n)(t i), 0 (t— Tkn)>
4

) dsn Ak A%n A%n
The radiation terms are defined as a half of a difference of retarded and advanced potentials
k)ret k)adv
ket _ ek/\y(" ) (K)adv _ _ €k)\7(« )
r <)\(k)ret’ g(k)ret>4 ) Ep <)\(k)adv’ 5(kz)adv>4

in accordance with [7]

k)ret n)ret k)adv n)adv
F(k)rad _ 1 a(I)l( ) B <9<I>£n) B 8<I>§ ) _ a(I)gn)
ml 2 ax%c)ret ar(k)ret al’(k)adv 8x(k)“d” )

l m l

(k)ret (k)ret
FT(E)Tet _ aq)s(k) - 8(I>T(k) = ey, (PT(k)retggk)ret o P£(k)retg£k)ret> ’
o, Oxs
aq)gk)adv aq)gk)adv
T(f)adv — 8x(k) - 8$(k) = ey, (Prgk)advfgk)adv P(k advé(k adv)
where
plire_ A < e dA(’“W> ) 1 e
" - 3 " ds, )re Jre ’
<)\(k)ret,§(k)ret>4 dSk A < t § t> 2 dSk
pods _ N gaa PN ! A
" N <)\(k)adv7€(k)adv>i T dsg \ (AWadv ¢®ady 2 dg),
(k)ret (k)adv
F - F
Fﬁf)rad _ TS s _

2
P(k)ret gk)ret P( )reté.(k)ret . (P(k)advé.(k)adv . Ps(k)adv&(‘k)adv)

r

:ek 2

In [7] it is proved an existence of periodic solution of under assumption

(C): (@M (1), @M (1)) < <c (h=1,2,3).
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3. Transformation of the Spin Equations in a Vector Form
In view of [], 0 = (6{7(1),08" (1), 6" (1)) , ¥ = ({7 (1), 01" (1), 0" (),
€1 6 €3 K \®) B)  \(®) CENG
- 1/ o 1 1 A A R B A o A A o
¢ Cl k) (k) (k) €l oy’ o3 ¢|lop’ o3 oy 0y
01 2 3
and then the spin tensors a;(ff,)(k =1,2,3) are
0 o g g
) —" 0 o il |
Thv o e o el
—io®) —iol —ipl) o
k k
0 (k) _ k) Ay
03 b’ x) (k)
0'2 i 0'3 .
_ B 0 () L[ A AP
g3 91 c| (k) (k)
= k k
o) _ k) 0 i A A
2 1 c| (k) (k)
01" O3
R A DR I CIC .
O_ék) O_ék) U%k) U:())k) c ng) o_ék)

Recalling the summation in repeated Roman indices we present an explicit form of the spin equations

obtained in [§]:

dO’%k) €L

ds myc2
k k n=1,n#k

n=1,n#k

do g;) (&7

dsy, mpyc?

=1,n#k

(k) I 3 3
doy, e (kn) (brad | (&) _ (k) (kn) (k)
n=1,n#k n=1,n#k
doll) ek _ : (kn) (kyrad | (k) (k) : (kn)
TSkzka2 Z FQm +F2m Oma — 2m Z Fm4
| \n=1,n#k n=1,n#k
do) €k - - (kn) | prad | ((6) _ (k) - (kn)
Tsk_mkcz Z F +F3 Om4a — 93m Z Fm4 + F,
L n=1,n#k n=1,n#k

o) ek | > kn k)rad k k)rad
oo (50 s entr) oo e ent
k

3 3
Z FQ(]:,:) + FQ(I;r)Lrad) 07(71;:% . 0_512 ( Z F(kn F(k Jrad

X -
kn k)rad (k k) kn (k)rad
S R A ) - <( S R0 R )
k

)
)
md)
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We have proved in [8] that the last three equations are consequence of the first three ones in a weak sense
so that we consider just the first three equations for every particle (k = 1,2, 3):

dagg) €L 3 (kn) _(k) (kn) (k) €k (k)Tad ( ) (k)rad _(k)

dSk; - kaQ nlzn:ik (Flm Um2 - F 1m> + mkc2 (Flm — Fm2 0'1 m) y (3)
dagg) k : (kn) (k) (kn) (k) €k (k)rad ( ) (k) d_(k)

Tls F n _F n F ra F ra . 4
dSk mk62 nzg#k< 1m Tm3 m3 Ulm) + kaQ ( 1m lm) ) ( )
daé? Ck - (kn) (k) (kn) (k) €k (k)rad (k) (kyrad (k)

dsg - mpc? Z <F2m Tm3 ~ I'm m) + myc? <F2m Om3 — L3 02m) : (5)

n=1,n#k

In [8] we have presented (3)) — (b)) in a vector form:

- 3
) S S [t (0 00 4 O (509 -
n=1,n#k

_glhn) o <5<k> % ﬁ(kn)) F L, £ (Aw) % an)ﬂ
+2;k:02 [ Plhyret o, <5<k> y guc)ret) 4 et plret o (x(m « 5<k>) _

_ g(k)ret x (5(19) x p’(k)ret) n Lkvretg(k)ret % (X(k) % &(k)”_
B ex? [ Pk)adv o (5(/@ » g(k)adv) 4 7, 0dv PRjado o (X(k:) % 5(kz)) _

2my,c2
_g(k)adv % (5(1@) % P’(k)adv) i Lk’advg(k)adv % (X(k) % 6»(k))] ‘

Using the known relations from vector calculus we transform the last equations in the form:

da ) 3 ere =
_ Z 7"[<5(kn) (>> (”)_<P(kn)75‘(k)> glkn) 4

ds myc?
k n=1,n#k k

T (sz < plin) 5’(k:)> ¥ Ly, <§_(lm)’ 5(k)>> k) _ (T,m < Pl X(k)> ¥ L, < glkn). X(k)>) 5(;9)] n
[<£’(k)ret —»(k)> PlRyret _ < plkyret. 5»(k)> glkyret

n (T]:et < plkyret. 5(k)> 4 Liyet <g’(lc)7“et’ 5,»(k)>) Nk _ -
_ (Tget< pRret Xk )> + Lipret <§"(k)fret,)‘\’(k)>) 5(1@)} _

B e’ [<g’(k)adv —»(k)> Pk)adv _ <P’(k)adv’6_»(k)> g(k)adv+

2my,c?

i (ngv <15‘(k:)adv’(—7»(k)> + Livade <§_(k:)adv,5(k)>) k) _
_ (ngv <p’(k)adv7 X(k)> + Lisado <g’(k)adv7 X(k)>> 5(1{)} '

We notice that @ is a linear system for 9 unknown spin functions

Z'mk,c2

((1) 1 (1) (2 (2) (2) (3) _(3) (3)>.

Ul 70'2 70'3 70'1 70'2 70-3 70-1 ,U2 70-3
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The coefficient before unknown functions are functions of velocities and trajectories of the moving par-
ticles. We have proved however an existence of a periodic solution of , namely

((1) W @ 2 (2 (2) (3)

Uy Uy Uy Uy Uy Uy Uy, U (3) ()) (cf. [7]). Therefore, we can substitute these solutions into co-

efficient of (). So we obtain a system with known coefficient. It remains to prove an existence of periodic
solution of @

4. Operator Presentation of the Periodic Problem

We present the above vector equations in coordinate form under assumption T,Zet = ngv = 7 and obtain

a system of 9 equations for 9 unknown spin functions oo *) (k=1,2,3; a=1,2,3):

da(k) 3 €Len [
Akdt

iy

(kn) <gkn>7 5<k>> _ glkm) < plkn). 5(k)> n

2
mgc
n=1,n#k k

(i PO, 500 ) - Ly (€060 G0NV — (7, (B, S0 4 1y, (00, x<k>>)gj>} +

n e [ (k)ret <§‘(k: Jret =( k)> g, (et <P(k:)ret75»(k)> I (T<P“(k)ret’5_»( )> + Lisyet <£f(k Jret (k) ) \(k

2myc?

A
_ (T < plhrret X(k)> 4 Lyrer < glret X(k)>) o) _ p, (Wadv < glkjadv_z(k) > + g, (Fadv < Phade (k) >
_<7-<p'(k)adv70-:(k)> + Liado <£’(k)adv’o—:(k)> ))\((lk) n (7_<p’(k:)adz)7 X(k)> ¥ Liade <£‘(k Jadv_3(k) >) )]
Introduce denotations for the above system

do, ) (t)
dt

= F®(t,0® P () (7)

and separate the right-hand sides into Lorentz part Fékg and radiation part %

a, rad

Fk (@, a%k),aék),aék)) Fékz( a( )7051«) (k )) + F(i T)ad( ag ) ng)Jé ))’

where

3
eren\ n 0 2/ 2en) =
PO (1,08 o o) = 3 W{Py ) (gm0 — g { pom) 509 3
n=1,n#k 8

+ (T}m <13(kn)7&(k)> YL, <5(lm & )>> AR — (Tkn <]5’(kn)75\‘(k)> . <£_‘(kn),5\‘(k)>> O_ik)};

2
(k) (k) (k) €Ak plkyret [ dAkyret 2(k)\ _ c(k)ret [ Blkyret (k)
(0.0 = 0 e (i, ) e (At )

n (T <]5‘(k)ret76:(k)> + Lioret <§_'(k ret,a,»(k)>) )\((lk) _ (T <]5‘(k:)ret’ /_\'(k)> + Lisyet <é?(k)ret, )_\’(k)>> U((xk:)_
_ p,(kadv <£’(k)adv7 5(k)> i fa(k)adv < p’(k)ach)? 5(k)> _

_ (T <]5‘(k:)adv’5»(k)> + Lisado <é(k)adv’5»(k)>) /\gk) n (T <p’(k)adv’ X(k)> + Livado <£’(k)adv7)_\’(k:)>> Uik)'

Remark 4.1. It is easy to see that the above functions are linear ones with respect to the spin functions.
The velocity functions uff)(t), (k =1,2,3; « = 1,2,3) appearing in Fék)(t,c?(k)) and F;:()i(t,(?(k)) are
solution of belonging to the set:

#®)

a,rad\"?

(9)

(p+1)T
M= queCp0,00): \u“‘)(t)\ < Upw"e =T, / u(t)dt =0 (n=0,1,2,3,..); t € [pT, (p+ 1)T] ¢,

pT
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2
where p = 0,1,2, ..., p,w,Up, T > 0,Upe!’ < ¢ < c;w = % < p;  C2°[0,00) is the space of all infinite

differentiable T -periodic functions with a saturated family of pseudo-metrics

7 ) | @) amal (¢
P(pm) (u&‘“%ufﬁ’) = {e u(t—pT) ,—m (t) (t)

dtm dtm

1te [pT,(erl)T]},

(p=0,1,2,...; m=0,1,2,...). It follows that trajectories x&k)(t), (k=1,2,3; a =1,2,3) are T-periodic
functions, too.
Introduce the set of spin continuous T-periodic functions

SP = {a € O7[0,00) : |o(t)] < SoettPD) ¢ € [pT, (p + 1)T]}
and the family of pseudo-metrics
pp (0,5) = ess sup {e*W*pT) o(t) — 5(t)] : te[pT, (p+ 1)T]} L (p=0,1,2,...).

We consider SP with a family of pseudo-metrics and in this way obtain a uniform space with a countable
family of pseudo-metrics.

The problem of an existence of T-periodic solution of is equivalent to the existence of T-periodic
solution of the integral equations (cf. [18]):

¢
A0 = o (p+ 1T+ [ EO (5,00, 08 0f)(s)ds. ¢ € [T, (p+ DT) (0= 0,1,2...), t € T, (p+ 1T
pT
(k=1,2,3; a =1,2,3), where Fo((k)(S,O'l,O'Q,O'g) is T-periodic with respect to the first variable.

5. Explicit Form and Estimate of the Lorentz Part

First we give an explicit form of the Lorentz part of the spin equations. Since

g = (&6 ™. ) =

= (a198) =2l (¢ = i), 27 (0) = 2 = 1), 280 (1) = 2§ (8 = ), 0min (1))

A2 ds, | A2 T ar ds, AL ’

My, =1+ <§(k")7 d)‘(n)> 1 Din <€—'(kn)7ﬁ(n)> n <<§’m)’ ﬁ(n)> - Tkn02) <ﬁ(”), ﬁ’(”)>

(30, 30) = (@, a®) X _ Dy, <g<n> i) (@, g<n>>> ; d" _ icDy (@, i)

dsp A = A% AZ :
B < (n (k) @) — 2 . <ﬁ(k),g(kn)> &
<)\()7)\( >> Sp L ;<A< ) ¢l >> _ _ |
4 kQkn 4 .
<)\(n) €(kn)> _ <ﬁ(”)’£_tkn)> o CZTkn. Lo M A2 - Dsp, <g(n)7 ﬁ(n)> |

- A, o <<ﬂ’(n)7g(kn)> _ CzT,m)B (<g<n),§(kn) - CQT,m)2 A2
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) A > b (<E b)) N (&m) q') — 2, <ﬁ(n)’ﬁ(n)>) ;

< " dsy, A2 Al
4 kn mn

. A0 5\
NG} d\" )> _ D (<u i > n (@®), @) — 1, <1—L»(n)71'—[(n)>> ;
1

Ak Ak Ak

k) — A2 M ull” 4 Dan A2 i, () 4y, () <ﬁ(") g(n)> i}
<<ﬁ(n) (t — Tkn), 5(’“")> — 0277m> A (<qj(n) (t = Tin), g(kn)> _ chkn>
< Blkn)_ () Apn® My, (@™, 50 D A? <u<n>,&<'f)>+<g<n> F®)) <g(n) g(n)>
(c%m (am), gk >)3 A3, (27 — (@ §<kn>>)2
< plkn). X<k>> DMy (@, @) +D;mAz"< am, <k>> + (@™, G0 <g<n>,2{z<n>>
Ay (7, — (i, g0 ) 2,42, (e2ry, — (a0, )Y

we obtain
Fo(fz(t a( ) Uék) a:(,)k)) =

3

-y ekenAQk [P(gkm@kn)ﬁ( > 5<kn>< pln), <>>+< <13< ") <>>+Lk <g<kn>75<k>>>A<k>_
mgcC “

n=1nsk
_ (mn <13(kn), X(k)> + Lign <g(kn)’ X(k)>) ng)} _
& ey GRELIN
_n}:sék e (Czr,m <u(n £lin) > 3 8% M+

. A2 <§(lm) —»(k> () 4 <gtzm 7 ><u(n) 1‘;(n)>u (n)_<ﬁ( ><§§Jm _Tknxgm) At

4, (o~ (50.8)) (P 7o)
A, (im,5®) + (@ ~(k>>< ), i

(i~ (a0 600

Cfmae )

(305}

(T E0) (80,59 A0 - (0,59 o) g a0 o,
" 53, (i — (a0, €00)’ A (i — (o, @y

A2 <~(n> (’“>>m o®) 4 (i), gk >><~(n>, g<n>>7k U(m] B

A2, (P, — (i, g ))
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)i 1, (80 0 0

glkm) 3 >> R <g<n>, ﬂ(k)>> ng)] +

Il
[
=
3%
xS
Qw [>
ES
——
P>

kR

3

=

3
L—

|
P>

e
S
=
I
o~ -~

a3, (r, — (. gom))’
n <g<k:n>7 5<k>> <ﬂ’(n),ﬁ(”)> u, ™ + ( A2 (o), (;(k>> + <7j(n)’ 5<k)> <ﬂ'(”)7 g<n>>) glhn) 4
I (_ A2 <g<n>7 5<k>> - <ﬁ(n)7 5<k>> <g(n)7 g<n>> — <g(n)7 g<n>> <g<kn>7 ) >> AR 4

i <<g(n)’a'(N)> <g<im> Nk > A2 <L’(n),ﬁ(k)>Tkn_<g(n)7ﬁ(k)> <ﬁ<n>’g<n)>7kn>aik>} }
Now we are able to obtain an upper bound of the Lorentz part of the right-hand sides of for t €

[pT, (p + 1)T). Indeed, in view of 8 =¢/c < 1,
(k)

U

2 kn) =
c Tlm—<‘f_z n),u(n)> < C*Thn + CCTkn, _1+8
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6. Explicit Form and Estimate of the Radiation Part

Here we transform the radiation part of the spin equation using some reasoning from [7]. Indeed, we
recall assumption T,:et =7, = 7 ~ 10~?* and then:

e = 309+ ) — o (1) o 7l (1); €7 = 200 (1) — 2 (¢ — 7) e 7 Ul (1);
u®) (e 4+ 7) w0 w1 — )~ a0 0P O+ 7) = (P 0) wP OB —7) ~ (uP0)

-
<g(’f)’g( )adv> — <a’(k)’g( )(t + T)> ~ <ﬁ(k) @), @™ (1)) ; <u(k>,u<k)ret> ~ <ﬁ<k) (t), a® (t)>;
<ﬂ»(k)adv7ﬁ(k)adv> ~ <1—L»(k)7l—[(k)adv>; <ﬁ(k)ret ﬁ(k)ret> ~ <ﬁ(k),ﬁ(k)ret>;

)
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Let us present the radiation part @ in the form
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To obtain an upper bound we notice that

k k k
F) 400,000 <
> 1(a® sk ’ (k) k) ‘
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7. Existence Theorem for Spin Equations

In what follows we prove an existence theorem for T-periodic solution of the spin equations. Main
Theorem. Let the following conditions be fulfilled:

(k)
‘Uao +§ 23: \eken|euT 24¢2 36wUy2c V3er? 3wUetT
my, A3 (

+ VIO SO0 (k=1,2,3).
So 0 1= 82 rm2 A1 = B)orpy, pomy ct(1 — 52)2 ( )

n=1,n#k

Then the system has a unique continuous 7-periodic solution.
Proof: Define an operator by the formulas

1

= (a0, 10,10, 1@, 57, 1P, 1 &, 10, 1) (5P - (sP)°,

t
HP@) =) (p+1)T) +/F§ﬁ>(s, o\®) o) o) (s)ds, te[pT, (p+ 1)T];p=0,1,2, ..k = 1,2, 3,0 = 1,2, 3.
pT

It is easy to see that every T-periodic solution of is a fixed point of H and vice versa. It is not
difficulty to check that H maps (SP)9 into itsell. Indeed, Fék)(s,al,ag,ag) is T-periodic with respect to
the first variable and therefore, Fo(ék)(s, o1(s),02(s),03(s)) is T-periodic function for every o1(s), o2(s), o3(s).
Besides in view of Appendix we obtain

t

100)] < | [ FOGs 0.8 o) (s)ds | <

T
t

t
o&k)((p+1)T)‘ n /Fékz(s’agk)’gék)’Jgk))(s)ds n /F(k)
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t 4 ¢
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n=1,n#k
t—pT
< Soe“( p )’

that is, H maps (SP)? into itself.
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The set (SP)9 turns out into a complete uniform space with respect to the family of pseudo-metrics

pp(0,0) = esssup { e ) |o(t) — o(1)] : ¢ € [pT, (p+ 1)T]}

3 3
1 3 _(1 _(3 _
oo (010l (o1, 7)) = D0 ool 6, 0 = 0,1,2,..).
k=1~v=1
It remains to show that H is a contractive operator in the sense of [1]. Indeed, in view of Appendix for

tepl,(p+1)T);(p=0,1,2,...) and (k=1,2,3; ¢ = 1,2, 3) we have:
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3
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Consequently, the operator H has a fixed point which is a T-periodic solution of .
The Main Theorem is thus proved.

Appendix. Lipschitz estimates of the right-hand sides of the spin equations

k k k k k
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