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Abstract

In this paper, we introduce a vertical generalized Berger type deformed Sasaki metric on
the tangent bundle T'M over an anti-paraK&hler manifold as a new natural metric. Firstly,
we investigate the Levi-Civita connection of this metric and then we calculate all forms
of the Riemannian curvature tensors. Also, we present some results concerning curvature
properties. Finally, we study the geometry of p-unit tangent bundle equipped with the
vertical generalized Berger type deformed Sasaki metric.
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1. Introduction

On the tangent bundle of a Riemannian manifold with a (pseudo-)Riemannian metric,
different Riemannian and pseudo-Riemannian metrics can be constructed by using the
natural lifts of a (pseudo-)Riemannian metric. That is exactly why metrics are referred
to as natural metrics. The Sasaki metric on the tangent bundle, the most well-known
of these metrics, was developed by Sasaki [11]. The geometry of (co)tangent bundle or
tensor bundle equipped with the Sasaki metric has been studied by many authors such as
Yano and Ishihara [15], Dombrowski [6], Salimov, Gezer and Akbulut [9] etc. Problems
studied on the (co)tangent or tensor bundle with the Sasaki metric often result in the base
manifold being locally flat. This is the reason why some authors have attempted to search
for different metrics on the tangent bundle which are different deformations of the Sasaki
metric. In this direction, some authors defined and studied some natural metrics which
are called as Cheeger-Gromoll metric [7,8,12] or Kaluza-Klein metric [3] or Berger type
deformed Sasaki metric [4,13] or more generally g-natural metrics [1,2]. For deformations
of the Sasaki metric, we also refer to [4,5,16-22].

The main idea in this note consists of a new type deformation of Sasaki metric on
the tangent bundle over an anti-paraKahler manifold. Firstly, we introduce the vertical
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generalized Berger type deformed Sasaki metric on the tangent bundle TM over an anti-
paraK#hler manifold (M?™, ¢, g) and investigate the Levi-Civita connection of this metric
(Theorem 3.6, Lemma 3.7 and Proposition 3.9). Then, we establish all formulas of the
Riemannian curvature tensors (Theorem 4.1) and also for the Ricci curvature (Proposition
4.3 and Corollary 4.4) and characterize the sectional curvature (Theorem 4.5 and Lemma
4.6) and also the scalar curvature (Theorem 4.7). In the last section, we study the geometry
of ¢-unit tangent bundle equipped with vertical generalized Berger type deformed Sasaki
metric. Also, we present the formulas of the Levi-Civita connection (Theorem 5.2) and all
formulas of the Riemannian curvature tensors (Theorem 5.3).

2. Preliminaries

Let TM be the tangent bundle over an m-dimensional Riemannian manifold (M™, g)
and the natural projection 7 : TM — M. A local chart (U,x )Z Tm on M™ induces a
local chart (7= 1(U),z",u"),_ T on TM. Denote by I‘ the Christoffel symbols of g and
by V the Levi-Civita connection of g.

The Levi Civita connection V induces a natural splitting of the tangent space 1\, ,)T'M

into its vertical and horizontal subspaces

Ty TM = Vip yTM @ Hy ) TM, (2.1)
where
Ve TM = Ker(dm(yu) = {f’ @, & €R} (2.2)
and
HgyTM = {fz il — g'u JFZ]@ @) & €R} (2.3)

Note that the map & — ¢ = flaxl](xu £l FU 5 | (2,u)
the vector spaces Tp;M and H(,,)T'M. Similarly, the map §{ — Ve = ¢ 0 5u | (z,u) 1S an
isomorphism between the vector spaces T M and V(,, TM. Obviously, each tangent
vector Z € T(, ) T'M can be written in the form Z = HX + VY, where X,Y € T, M are
uniquely determined vectors.

Let X = X* a(zi be a local vector field on M™. The vertical and the horizontal lifts of
X are defined by

is an isomorphism between

;0
14 %
X = X'— 2.4
out’ (2:4)
Hy = Xi(aaz —u/TY, aak)
We have H(a(zi) = azi = ujl“fja‘zk and V(a‘zi) = 6 7, then ( (azi)vv(%))z T is a local

adapted frame on TT M.
In particular, if U be a constant local vector field on each fiber T, M such that (U = u),
the vertical lift U" is called the canonical vertical vector field or Liouville vector field on

TM.
The bracket operations of vertical and horizontal vector fields are given by the formulas
[6,15]
HXaHY = H[X7 Y] - V(R(X7 Y)’LL),
HX7V Y= V(VXY)a (25)
VXYYl =0
for all vector fields X and Y on M™, where R is the Riemannian curvature tensor of g

defined by
R(X,)Y) = [Vx,Vy] = Vixy]-
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3. Vertical generalized Berger type deformed Sasaki metric

Let M be a 2m-dimensional Riemannian manifold with a Riemannian metric g. An
almost paracomplex manifold is an almost product manifold (M?™, o), p? = id, such that
the two eigenbundles T M and T~ M associated to the two eigenvalues +1 and —1 of ¢,
respectively, have the same rank.

A Riemannian metric g is said to be an anti-paraHermitian metric if

9(pX,9Y) = g(X,Y) (3.1)
or equivalently (purity condition), (B-metric)[10]
9(pX,Y) = g(X, ¢Y) (3:2)

for all vector fields X,Y on M?™.

If (M?™ @) is an almost paracomplex manifold with an anti-paraHermitian metric
g, then the triple (M?™, ¢, g) is said to be an almost anti-paraHermitian manifold (an
almost B-manifold)[10]. Moreover, (M?™, ¢, g) is said to be anti-paraKéhler manifold
(B-manifold)[10] if ¢ is parallel with respect to the Levi-Civita connection V of g, i.e.,
(Vo =0).

As is well known, the anti-paraK&hler condition (V¢ = 0) is equivalent to paraholo-
morphicity of the anti-paraHermitian metric g, i.e., (¢pg) = 0, where ¢, is the Tachibana
operator [10, 14].

It is well known that if (M?™,¢,g) is a anti-paraKéhler manifold, the Riemannian
curvature tensor is pure [10] and

R(¢Y,Z) = R(Y,pZ) = R(Y, Z)p = ¢R(Y, Z),
{R(<PY,¢Z) = R(Y, 2),

for all vector fields Y, Z on M?™.

(3.3)

Definition 3.1. Let (M?™, ¢, g) be an almost anti-paraHermitian manifold and T'M be
its tangent bundle. A fiber-wise generalized Berger type deformation of the Sasaki metric
on T'M is defined by

GIX, ) = g(X.Y),
GVx,fyy = GHx,Vv)=o,
GVXYY) = g(X,Y)+ fg(X, pu)g(Y, pu),
for all vector fields X,Y on M?™ where f : M — [0, +oo[ is a positive smooth function
on M?™, N
If f =0, G is the Sasaki metric [11].
If f =62, G is the Berger type deformed Sasaki metric [4].

Remark 3.2. Let U be a constant local vector field on each fiber T, M, such that U, = u
and (z,u) € TM, then for any vector field X on M*™ we have

G(VX,Y(U)) = (1+ fg(u,u))g(X, pu).

2

Subsequently, we consider f # 0, A = 1 + fr2, where r2 = g(u,u) = |u|? and |.| denotes

the norm with respect to g.

Lemma 3.3 ([1]). Let (M?™,g) be a Riemannian manifold and p : R — R a smooth
function. Then we have the followings

(1) "X (p(r?)) =0,

(2) VX (p(r*)) = 20/ (r?)g(X, u),

(3) X g(Y,u) = g(VxY,u),

(4) "Xg(Y,u) = g(X,Y)
for all vector fields X,Y on M?*™, where r* = g(u,u).
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Lemma 3.4. Let (M?™,,g) be an anti-paraKihler manifold. Then, we have the follow-

ngs
(1) X (g(u, pu)) =0,
(2) VX (g(u,pu)) = 29(X ou),
(3) EX(g(Y, pu)) = g(VxY, pu),
(4) VX (g(Y, pu)) = g(X,Y),
(5) HU)(g(Y, pu)) = g(VouY, pu),
(6) V(eU)(g(Y,pu)) = g(Y,U)

for all vector fields X,Y on M?™.

Proof. From (2.4), we obtain

(1) "X (g(u,pu)) =

(2) "X(g(u,u)) =

gl o)) ~ XS (g )

X =
ozt

ST 0 j

uwT ka(‘) -(gljulﬂut)
eU) — giju wTh X glul — giju Jusrika
eU) — g(VxU,pU) — g(U, pVxU)

(gzju plut) —

X aii (900, 0w)

; 0 ;
X' —(giju' i)
Xl(gzj‘ptu +glju 4,01)

(X, pu) + g(u, pX)
29(X, ou).

aaz (9 Y'plu") — u'T} X’“aaz (91!l u)
X(g(Y,U)) — w'T'y X" g,V o] !
9(VxY,oU) + g(Y, Vx(U)) — g Y'eluTh X*
9(VxY,pu) + g(Y, Vx(eU)) — g(Y,0(VxU))
9(VxY, pu).

.0 . . o

X'os (g, V' olu®) = X'g; Yl 0F = gVl X'
g(Y, 9X)
9(X,@Y).

O

Lemma 3.5. Let (M>™, ¢, q) be an anti-paraKihler manifold and (T M, é) its tangent

bundle equipped with the vertical generalized Berger type deformed Sasaki metric.

have the followings
(1) Bx (é(HY, HZ))
VX (G("y,"z)
X (6
(G

)
Gy, VZ))
1) VX (G(*Y,V2))

= X(9(¥,2)),

= ()’

= GM(VxY),"2)+ G("Y,Y(Vx2))
+X(£)9(Y, pu)g(Z, pu),

= [9(X,9Y)g(Z, ou) + g(Y,pu)g(X, ¢Z))

We
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for all vector fields X,Y and Z on M?™.

Proof. The results directly follow from Definition 3.1 and Lemma 3.4. (]

We shall calculate the Levi-Civita connection V of TM with the vertical generalized
Berger type deformed Sasaki metric G. This connection is characterized by the Koszul
formula

2G(V5Y,Z) = X(G(Y,2))+Y ((G(Z,X)) - Z(G(X,Y))

for all vector fields X , Y and Z on TM.

Theorem 3.6. Let (M2™, ¢, g) be an anti-paraKihler manifold and (TM,G) its tangent
bundle equipped with the vertical generalized Berger type deformed Sasaki metric. Then
we have the followings

- 1
LVey = HVxY)- ZY(R(X,Y)u),

2
2.V = SR Y)X) + YTXY) + o X (Nl o0 (oU),
3.9 = TR X))+ 5V (DX 00) (),
LTy = —g(Xoeu)g(Y, pu) gradf) + Lo (X, ov)V(oU)

for all vector fields X,Y on M?*™, where V is the Levi-Civita connection and R is its
Riemannian curvature tensor of (M?*™, ¢, g).

Proof. In the proof, we will use (3.3), Koszul formula (3.4) and Lemma 3.5.
1. With direct calculations we get

2G(Vax v, 1z) = X (G, 1z)) + My (G(Mz,1X))
~1z (G, fy)) + G(Mz, [M1x, Py )
+G("y, [M2,7X)) - G("X, "y, "2))
= Xg(Y,2)+Yg(Z,X) - Zg(X,Y) +9(Z,[X.Y])
+9(Y,[Z, X]) — (X, [Y, Z])
= 29(VxY.,Z)
= 2G(H(VxY), Z)
and
2G(Vayy,V2) = X (G("y,V2)) + Y (G(VZ,7X))
=Yz (GX, ")) + G(Vz, [Mx, My )
+G(", [V2,1X)) - G("X, [Ty, Y 2))
= G(Vz ["x, Hy))
= —G"(R(X,Y)u),"Z).

Also, we have

ViV = H(VXY)—%V(R(X,Y)u).
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2. Calculations similar to that above give
2G(VuxY,z) = Hx (é(VY, HZ)) +Vy (c?(HZ, HX))
~1Z (GX, YY) + Gz, X, YY)
+G("Y, [12,1X]) - G(X, [y, H2))
= G(‘Y.["2,"x))
= ~G("(R(Z,X)u),"Y)
= GH(R(u,Y)X), 7).
In here
Since the Riemannian curvature tensor field is pure with respect to ¢, then we have
9(R(Z, X)u, pu) = g(R(pZ, X)u,u) = 0.
We calculate
2G(Vax'Y, Z) = "X (G('Y,V2)) + VY (G(V2,7X))
=VzZ (GUIX, YY) + G2, 17X, 1Y)
+G('Y, "2, 1X]) - G(7X, Y,V Z)
= "XG("Y,Y2) + G(VZ "X, 'Y)) + G('Y, [VZ, X))
= GMVxY),"2)+G("V,Y(Vx2))
+X(f)g(Y, pu)g(Z, pu)
+G(V2,Y(VxY)) - G("Y,V(Vx 2))

= 2G((VxY),V2) + T X (DY o) G((e0), V2)

So, we see that

- 1 1
Viy'Y = §H(R(U’ Y)X)+"(VxY) + ﬁX(f)g(Y, pu)(@U).
The other formulas are obtained by similar calculations. O

Lemma 3.7. Let (M?™ ¢, g) be an anti-paraKihler manifold and (TM,G) its tangent
bundle equipped with the vertical generalized Berger type deformed Sasaki metric. Then
we have

A—1

LV (eU) = FX(DY(eD),
. A—1

2. vV(ng)HX = 2f7)\X(f)V(<PU)7
. ~A

3.Vvx"(eU) = 12fg(X, wu)H(gmdf)+V(¢X)+§9(X,U)V(¢U),
- ~A

4. Vv X = 12fg(X,wu)H(gmdf)JrJ;g(Xw)V(wU),

= % =12y / % %

5 Vv (pU) = — TE (gmdf)Jng(u,w) (pU)+"U

for any vector field X on M?™.
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Definition 3.8. Let (M, g) be a Riemannian manifold and F' : TM — T'M be a smooth
bundle endomorphism of TM. Then the vertical and horizontal vector fields VF and #F
are respectively defined on T'M by

VF: TM — TTM Hp.  TM — TTM

(z,u) — Y(Fu)g,’ (z,u) — H(Fu),.
Locally we have
VFw) = WD) (35)
, d
H(Fu) = UJH(F(@))- (3.6)

Proposition 3.9. Let (M*™, ¢, g) be an anti-paraKéihler manifold and (T M, é) its tan-
gent bundle equipped with the vertical generalized Berger type deformed Sasaki metric.
Then we have the following formulas

1 ¥y () — H((VXF)U)—%V(R(X,FU)U),

2. Vi (Fu) = MR, Fa)X) + V(T F)u) + 5 X (Pg(Fu o) (00),
3.Vux (Fu) = HPX) + SR, X)Fu) + 55 0(X, u)g(Fu, grad )" (gU),
190 (Fu) =~ o(X, pu)g(Fu, pu)(gradf) + V(FX)

+ 90X, Fu)(e0)

for any vector field X on M?™.

Proof. The results come directly from Theorem 3.6. g

4. Curvatures of vertical generalized Berger type deformed Sasaki metric

We shall calculate the Riemannian curvature tensor R of TM with the vertical gen-
eralized Berger type deformed Sasaki metric G. The Riemannian curvature tensor is
characterized by the formula

RX,Y)Z=ViVsZ— %%)?Z—v[g 72 (4.1)
for all vector fields X , Y and Z on TM.

Theorem 4.1. Let (M?™,p,g) be an anti-paraKihler manifold and (TM,G) its tangent
bundle equipped with the vertical generalized Berger type deformed Sasaki metric. We have
the following formulas

REX By iz = H(R(X,Y)Z)+%H(R(U,R(X,Y)u)Z)

L8R, R(X, Z)0)Y) - iH(R(u, R(Y, Z)u) X)

+§V((VZR)(X,Y)U), (4.2)
ROIX, V)7 = %H((VXR)(u,Y)Z) _ iV(R(X, R(u, ) Z)u) (4.3)
45 (R(X, 2)Y) + o5 Hess (X, 2)g(Y, o) (#0)
P X Z(DNaYao) (V) — L g(REX.2)Y. o) ().

Af)2 2
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ROXY)YZ = (VxR 2)Y) - (Y R)(w, 2)X)

_iV(R(X, R(u, Z)Y )u) + iV(R(Y, R(u, Z)X)u)

PR Y)Z) ~ L o(R(X ) 2,00V (60), (4.4)

RUXY)VZ = MR Y )R, 2)X) — So(Y, ou)g(Z, ou) (Y xgrad )

~5 (R 2)X) + S X (DY pu)al Z,u) grad )

o X(No(Z, 00 (oY) + 55 X (NG eY),V2) (60)

B ————

+190Y,0u)g(Z, ) (R(X, grad ), (1.5

RVX,'VHz = EH(R(u,X)R(u,Y)Z)—%H(R(u,Y)R(u,X)Z)

VIR, Y)Z) + 5200 (oYo00) (2X) — g(X, o)V (61 )
S 20 (90X, pu)g(Yiu) — (X, wg Y. ) (D)

+%Q(X, pu)g(R(u,Y)Z, grad f)"(oU)

— 0V, pu)g (R, X)Z, grad )V (V) (1.6

RVX,'Y)VZ = %(Q(X»SDU)Q(YWZ)—Q(Y, pu)g(X,02)) (gradf)

+%g(X, ou)g(Z, ou)E(R(u,Y)gradf)

_ig(y, ou)g(Z, o) (R(u, X)grad )

f2
iy

+§(9(Y, 0 Z)(pX) — g(X,02)"(pY)) (4.7)

(9(Y,u)g(X, 0Z) — g(X,u)g(Y, 0Z))"(2U)

for all vector fields X,Y and Z on M*™, where Hess¢(X,Z) = g(Vxgradf,Z).

Proof. In the proof, we will use Theorem 3.6 and Lemma 3.7, Proposition 3.9,
1) Let F': TM — TM be the bundle endomorphism given by Fu = R(Y, Z)u. The direct
calculations give

1
- §V(FU))

ViuxViy'Z = Vuyx(H(VyZ)
— HY L VyZ) - %V(R(X, Yy Z)u) — iH(R(u,R(Y, Z)u)X)

(VX (B, 2)w) + VRV, 2)(Vx0), (1)
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from which, with permutation of X by Y, we get

S 1 1
ViyVayZ = H(VyVXZ)—iv(R(Y, VxZ)u) —ZH(R(U, R(X,Z)u)Y)

SV (R(X, 2)u)) + 5V (R(X, 2)(Vy D)) (49)
Also, we find
Vimay)"Z = Vv "2 = Vvreor 12
= HVixn2) — 5 (ROX.Y], Z)u)
—EH(R(U, R(X,Y)u)Z). (4.10)

2
From the formulas (4.8), (4.9) and (4.10) we get

RX )iz — H(R(X,Y)Z)+%H(R(u,R(X,Y)u)Z)

(B RX, Z)0)Y) — TR RY, Z))X)

1 1
+5 (VY R)(X, Z)u) — 5 (VX R)(Y, Z)u).
Using the second Bianchi identity
(VxR)(Y,Z)+ (VyR)(Z,X)+ (VzR)(X,Y) =0,

we obtain the formula (4.2).

2) Let F': TM — TM be the bundle endomorphism given by Fu = R(u,Y)Z. Hence we
obtain

Vix T2 = Vx5 HF0) + 51 Z(Dg(Y, 00 (00)
1

— VX (R Y)2) - SHR(VAUY)Z)

1 11—\
—ZV(R(X, R(u,Y)Z)u) + e

o XN, o0) (V) + 52 Z(Dg(T Y p0) (20,

Let F: TM — TM be the bundle endomorphism given by Fu = R(X, Z)u. We get

X(NZ(f)g(Y, ou)V(U)

- ~ 1
Vo VuxZ = VvY(H(VXZ)—§V(Fu))

= SRV Z) 4 o5 (VxZ)(DalY o) (20)

e 2y - L

2 — 5y I(R(X, Z)u, PY)(pU).

Also

%[HX’Vy} Hy — 6V(ny)HZ
1
2)

_ %H(R(u, VxY)Z) + = Z()9(VxY,eu)V(pU),

which gives the formula (4.3).
3) Applying the formula (4.3) and 1% Bianchi identity

RAX Uz = R(Ix V2)Hy — R(fly,VZ)HX,
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we find
RAX, Vo) Hy = %H((VXR)(U,Z)Y)—%V(R(X,R(u,Z)Y)u)

+5 (R(X,Y)Z) 4 S Hess (X, )g(Z, ou)(o0)

1—A

e

X(HY(N)g(Z, o)V (o) — L g(R(X,Y)Z, pu)V(oU)

59
and

ROV, V2)IX = (v R, 2)X) — Y (R(Y, R(u, 2)X )

+%V(R(Y, X)Z) + %Hess 1Y, X)g(Z, ou)"(U)

1—-A
—Y
e
which gives the formula (4.4).

The other formulas are obtained by similar calculations. We omit them to avoid repe-
tition. 0

(DX (Ng(Z. o) (0U) + L g(R(Y, X) 2, pu)V (1),

59(

Proposition 4.2. Let (M?™, ¢, g) be an anti-paraKihler manifold and (TM,G) its tan-
gent bundle equipped with the vertical generalized Berger type deformed Sasaki metric. If
(TM,G) is flat, then (M?™,p, g) is flat.

Proof. 1t is easy to see from the formula (4.2). If we assume that R = 0 and calculate
the Riemannian curvature tensor for three horizontal vector fields at (z,0) we get

Rio)("X, ")z = H(R,(X,Y)Z) = 0.
O

Now let (z,u) € TM with v # 0 and {E;},_735, be a local orthonormal frame on

(M?™, ¢, g) at x, such that Fy = |Z—‘, then
1
{F; = "E;, Foyy1 = ﬁv(wEl)a Fomyj = V(WEJ)}i:m,jzz,zm (4.11)

is a local orthonormal frame at (z,u) on TM.

Proposition 4.3. Let (M?™, ¢, g) be an anti-paraKihler manifold and (TM,G) its tan-
gent bundle equipped with the vertical generalized Berger type deformed Sasaki metric. If
Ric (resp., Ric) denotes the Ricci curvature of (M?™, p, g) (resp. (TM,G)), then we have

) Ric(IX, fy) = Ric(X,Y) - % % g(R(Eq, X)u, R(E,,Y)u)
a=1

1— A (1—N)?
+7H688f(X, Y) + W

21\ X(NHY (), (4.12)

2m
i1) }%(H)Q VY) = % Z 9((Vg,R)(u,Y)X, E,) + );J;Q(R(u, Y)X, gradf)
a=1

f

~ X (N pu)g(u, pu) - L X(Pg(¥ow)

2)2

2m

5 X(NgYow) 3 g(Fay oFa), (113)

a=1
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2m
i) BieVX,VY) = 13 g(Ru, X)Ea Rl Y)E) — 50(X, ou)g(Y, ou)A()
a=1
_ 2
+4fAlg(X, pu)g(Y, pu)|grad f|* + %Q(Xy w)g(Y,u)
_ f
29w pu)g(X, 9Y) = Tg(X,Y)
2m
g o) Y o(Bu 0B, (114)

a=1

Proof. We will use the local orthonormal frame (4.11) on T'M.
i) From the formula (4.2), we have

Ric("x, Ty ZG ("E,, x)fy, HE,) + )\G(R( V(pEy), 1X)Hy, V(pEy))

+zé(§<V<¢Ea X1y, V(e Ea))

2m

= 3 (9(R(Ew X)Y, Ba) + 30(R(u, R(Ea, X))V, Ea)

a=1

1
s 9(R(u, R(Ea,Y)W)X, E,))

+ox HesSf(X Y)g(pEr, pu)G(V(pu), (9 Er))

1-A

T X(HY (NG (pu), (9EL))

2m
+% Z é(V(R(Xv R(ua SOEUL)Y),U“)’ V(SDE"‘))
a=2

2m
= Ric(X,Y) — 3 Zg (Ea, X)u, R(Eq,Y)u)
a 1

12fjHessf<X v+ S X )
+- Z g(R(u, E)X, R(u, E,)Y)
and from
Zg (Eq, X)u, R(Ey,Y)u Zg E)X,R(u,E,)Y),
we get

. 1 2m
Ric( X, y) = Rice(X,Y)— = Zg (B, X)u, R(Eq, Y)u)

a=1

A _
+12f)\H633f(X Y)+ ﬁfw X(HY(f).

The other formulas are obtained by similar calculations. O
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Proposition 4.4. Let (M?™, p,g) be an anti-paraKihler manifold. (TM, é) is an Ein-
stein manifold if and only if (M*™, ¢, q) is flat and f = 0.

Proof. If we suppose that (7'M, é) is p-Einstein, then
Ric(X,Y) = uG(X,Y).
Using the formula (4.14), we obtain f = = 0 and R = R = 0. O
In the following, let @(V, W) denote the square of the area of the parallelogram with
sides V and W for vector fields V, W on T'M given by
QV,W) =GV, V)GW,W) - G(V,W)>. (4.15)
If pe TM, V, and W), are linearly independent,

R (VW) = G(%(ﬁWV)VW)’ Y (4.16)

is the sectional curvature of the plane spanned by V,, and W),

Let K (X, 7Y), K(#X,VY) and K (VX,"Y) denote the sectional curvature of the plane
spanned by {#X #y}, {#X VY'} and {VX,"Y'} on (TM,G) respectively, where X, Y are
vector fields on M?™.

Theorem 4.5. Let (M?™,p,g) be an anti-paraKdhler manifold and (T M, C:') its tangent
bundle equipped with the vertical generalized Berger type deformed Sasaki metric. Then
the sectional curvature K satisfies the following equations

3

(1) KX, %) = K(X,Y)-— TXPVE (X9 |R(X,Y)ul?,
_ 1 1
QRCEY) = SRR o e @R DX
—%g(Y, pu)’Hess (X, X) + /\4;)\1X(f)2g(Y, pu)?),
3 RExVy) = LX) o) —g(X,oV)?)

A Q(VX,"Y) ’
where K denotes the sectional curvature of (M*™, ¢, g).
Proof. On one hand we have
i) QUX.MY) = GX "x)G("y,My) - G("X, Py)?
9(X,X)g(Y.Y) — g(X,Y)?
= [XPIYP - g(x,Y)?,

i) QUEX,"Y) = GEX,EX)G("Y,VY) - G(Hx,VY)?
= 9(X, X)(9(YV,Y) + fg(Y,u)g(Y, pu))
= |XP(YP + fg(Y,pu)?),

i) Q(VX,VY)

GVX,VX)G("Y,VY) - G(VX,VY)?
= (IXP+ fo(X,0u)?) (Y] + fo (Y, u)?)
~(9(X,Y) + fg(X, pu)g(X, pu))’
= |IXPIYP + FIXPg(Y, 0u)® + fIY[P9(X, pu)®
—9(X,Y)? = 2fg(X,Y)g(X, pu)g(Y. pu).
On the other hand, we have the followings.
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i) From the formula (4.2), we get

G(REX, Hy)Hy Hx) = g(R(X,Y)Y,X)+%g(R(u,R(X,Y)u)Y,X)

—I—ig(R(u, R(X,Y)u)Y, X)

= g(R(X,Y)Y,X) — Z\R(X, Y)ul?

i1) From the formula (4.5), we get

G(R(EX,"Y)Vy, Bx) = —ig(R(u,Y)R(u,Y)X,X)

1
—59(Ypu)*g(Vxgradf, X)
A—1

+ 7 X (NelYspu)’g(X, gradf)

1 1
= Z\R(u,Y)X\2 - ig(Y, ou)?Hess (X, X)

+A4f_; (f)?g(Y, pu)?.

i7i) The result immediately follows from the formula (4.7) that

GROXY)YVX) = Lavag(x V)G Vx)

—359(X, u)g(Y, Y)G((pU)", VX)

+§g(Y, eY)G((X)",VX)
L g(X )B((eY)Y,VX)
_ %(g(x, PX)g(Y,0Y) — g(X, Y )?).

The division of G(R(X®, Y7 Y7, X?) by Q(X*,Y7) for i,j € {H,V} gives the result. []
Lemma 4.6. Let (M2, ,g) be an anti-paraKihler manifold and (TM,G) its tangent

bundle equipped with the vertical generalized Berger type deformed Sasaki metric. Let (x,u)
be a point on TM and (Fy) be an orthonormal basis for the tangent space T{, ,\T M

as above (4.11). Then the sectional curvature K satisfies the following equations
—~ 3

a=1,4m

K(F;, Fy) = K(E;, Ej) - Z‘R(Eiij)qu

~ 1= (1-X)?2 5

K(Fi, Fomy1) = 2fi)\Hﬁ’SSf(Eu E;) + WEz(f) :

—~ 1

K(F;, Foypy1) = Z|R(U7El)Ei|2a
N f? 2
K(Fomiks Fomy1) = m(g(Eka PEy)g(u, u) — g(Ey, pu)”),
K (Fomsiy Pomyt) = %(Q(EkaSOEk:)g(Ela‘PEl) — 9(Ey, pE})?)

fori,7=12m,i#j and k,1=2,2m, k#1.
Proof. The results directly come from Theorem 4.5 and the formula (4.11). O
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We now consider the scalar curvature & of (T'M, C:’), with standard calculations we have
the following result.

Theorem 4.7. Let (M?™,p,g) be an anti-paraKihler manifold and (T M, é) its tangent
bundle equipped with the vertical generalized Berger type deformed Sasaki metric. If o
(resp. &) denotes the scalar curvature of (M>™,p, q) (resp. (TM,G)), then we have

_ 1 2 1—) L=V A)2
= o— - (Ei, Ej)ul* + —=A 2

f a2 2f? (A — 2)f3
T2y L A 22
24+ (m—2)N)f
(2+( . )A) ’ (4.17)

2m

where A = ZQ<E2‘7 ¢E;) and {E;},_15, is a local orthonormal frame on M?m,
=2

Proof. Let (x,u) be a point on TM and (Fy),_17; be an orthonormal basis for the
tangent space T(, ., TM as above (4.11). We have

2m N 2m N 2m N
G = Y K(F,F)+2> K(Fi,Fomij)+ Y K(Fomyis Fomyj)
i,j=1 i,j=1 i,j=1
i " %
2m N 2m N 2m N
Y K(F, F)+2) K(F, Fomi1) +2 > K(Fy, Fayy)
’L,‘;:-l =1 i=1,j=2
1#£]

2m 2m
12> K (Fomtis Fome1) + Y K(Fomais Fomj)-

=2 i,j=2
i#j
Using Lemma 4.6, we have
2m 3 2m 2 1— 2m
;11( E;, E)) ”21 |R(E;, Ej)ul® + e ZHeSSf E;, E;)
i#] i#]
2 2m 1
2
2f2)\2 ZE 24 Zl\Ru ,E})E;|
7]

212g(u, pu)

- Ei, oE;)
D ;g( iy 0 Zg iy ou)?

f 2m f 2m
+3 D 9(Ei 0E)g(Es, 0F5) = 1 3 9(Bi 9 Fj)*.

17’:;5:‘7‘2 7,71]75:‘72
2m
In order to simplify this last expression, we put A = Z 9(FE;, pE;), and we are using
i=2

2m 2m

> Hessy(Ei Ei) = A(f), Y Ei(f)? = |gradf]?,

i=1 i=1

2m

A-1 f
Zg 1 pu)® = 5o eu)®, > g(Ei, ¢Ei)g(E;, ¢E;) = A?,
ij=2
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2m 2

f
2. 9(FugBi)" =m =2+ (7 (e pu)’
1,J=2

2m 2m
Y |R(u, B)Ei|* = Y |R(E;, Ej)ul®.
i,j=1 i,j=1

Hence, we get

_ 1 2m 11—\ 1—\)2
5 = a—4i§::1|R(Ei,Ej)u|2+f/\ A(f)+(2f2/\2) |gradf|2+§A2
2f2 A —2)f3 24 (m—2)\)f

0

5. Vertical generalized Berger type deformed Sasaki metric on p-unit
tangent bundle 77 M

The p-tangent sphere bundle of radius 7 > 0 over an anti-paraKéihler manifold (M?2™, ¢, g),
is the hypersurface

TPM = {(z,u) € TM, g(u, pu) = r?}.
When r =1, T M is called the @-unit tangent (sphere) bundle:
TEM = {(w,u) € TM, glu,ou) = 1}. (5.1)

If we set
F:TM — R
(x,u) — F(z,u) = g(u,pu)—1,
then the hypersurface T M is given by
TYM = {(z,u) € TM, F(z,u)=0}

and égrad f (the gradient of F' with respect to é) is a normal vector field to Ty M. From
Lemma 3.4, for any vector field X on M?™, we get

G(IX, Cqrad f) = "X (F) = "X (g(u, pu) ~ 1) = 0,
G("X, grad ) = VX(F) = VX (glu. pu) ~ 1) = 20(X, ) = 5 G(VX, (o0)).
So B
Sgradf = SV(pU).
Then the unit normal vector field to T} M is given by

Cyradf Y(@U) f
N=—— L S -
VG(Caradf.Cgradf) \JG(V(oU),V(eU)) VAAZD)
where A = 1+ fg(u,u).

The tangential lift 7X with respect to G of a vector X € T, M to (x,u) € TY M is the
tangential projection of the vertical lift of X to (z,u) with respect to N, that is,

~ f
Tx =Vx — G(m,u)(VX, N(m,u))N(w,U) =X - ﬁgﬂﬁ (X, SDU)V(QDU)(%“)'

Y(eU),

For the sake of notational clarity, we will use X = X — % (X, pu)pU, then TX = VX,
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From the above, we get the direct sum decomposition
T(x,u)TM = T(:E’u)Tl(pM D span{N(Lu)}, (52)

where (z,u) € TY M.
Indeed, it W € T, )M, they exist X,Y € T;; M, such that

w o= Hx4+Vy
H T~ ~ V-
X +7Y + Gau) (Y, Nigu) Nizu)-

The tangent space T(, ,\TY M of TY M at (z,u) is spanned by vectors of the form #X
and TY". Hence

T TYM = {X +7Y / X,Y € T.M}.
Given a vector field X on M?™, the tangential lift 7X of X is given by

TX(m,u) = (VX - é(VX’ N)N) (xw) VX(m,u) - ﬁgx(Xm @U)V(@U)(x,u)' (53)
For any vector field X on M?™, we have the followings
(1) G(X,N) =0,
(2) G(™X,N) =0,
(3) X = VX if and only if g(X, pu) = 0,
(4) "eU) =0,
(5) g(X,pu) = 0.

Definition 5.1. Let (M2™, ¢, g) be an anti-paraKihler manifold and (TM, G) its tangent
bundle equipped Witll the vertical generalized Berger type deformed Sasaki metric. The
Riemannian metric G on 77 M, induced by G, is completely determined by the identities

GEX, Ty = ¢(X,Y),
G(TXaHY) = é(HXaTY):Oa
f

GUXTY) = g(X,Y) = 79(X, pu)g(Y, ou).

We shall calculate the Levi-Civita connection V of T¥ M with the vertical generalized
Berger type deformed Sasaki metric G. This connection is characterized by the formula

VeV = VoV - GVLT, NN (5.4)
for all vector fields X and ¥ on T¥ M.

Theorem 5.2. Let (M?™ ¢, g) be an anti-paraKihler manifold and (T¥ M, G) its p-unit
tangent bundle equipped with the vertical generalized Berger type deformed Sasaki metric.
Then we have the following formulas

N 1
L.Va iy = H(VXY)—iT(R(X,Y)u),

_ 1
2.VuxY = §H (R(u, Y)X) +1(VxY),
~ 1
3.V fly = §H(R(u,X)Y),
4.V TY = I x Y. o) — — (v, ou)T(pX

for all vector fields X,Y on M>*™, where V is the Levi-Civita connection and R is the
Riemannian curvature tensor of (M?*™, ¢, g).
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Proof. In the proof, we will use Theorem 3.6, Lemma 3.7 and the formula (5.4).
1. By direct calculation, we have

VaxY = V'Y — G(Vay Y, N)N
= H(VxY) ~ VROV ) - G5 R Y ), NN
_ HYyY) - %T(R(X, Y)u).
2. We have ViyTY = Vay Y — G(VuyTY,N)N, by direct calculation, we get
ViV = %H(R(U,Y)X) +T(VxY) and G(VuyY,N)N =
Hence

_ 1
VixlY = iH (R(u, Y)X) + 1(VxY).

3. Also, we have Vo 7Y = Vi Y — G(Vry HY, N)N, by direct calculation, we get
. 1 O
Vry Y = §H(R(u, Y)X) and G(Vux Y, N)N =0

Hence

- 1
ViylY = 2H(R(u Y)X).

4. In the same way above, we have VryTY = Vi TV — G(Vry Y, N)N

STy - F otV onVioXx f?
(A +1)f?

+(A()\—1)2
A+

)\()\—1)

9(X, pu)g(Y, pu)'U

f2
WQ(X, pu)g(Y, u)

X))

9(X,u)g(Y, pu) +

9(X, pu)g(Y, pu) —

and

ETrY NN =~ gV ou) G X), NN

2 ~
e (X pula(Y. e G TN

2 2
(g\?%— 1) fZg(X u)g(Y, pu) + )\()\fl)2g(X, ou)g(Y, )
A+ 1) f? f
A -1)

+

Hence

VY = X enaYVoon) = LoV X,

o 1K el (Ypu) — st a(X, oY)V (eU).

1195

O

Now, we shall calculate the Riemannian curvature tensor of T/ M with the vertical gen-
eralized Berger type deformed Sasaki metric G. Denoting by R the Riemannian curvature
tensors of (TY M, G), from the Gauss equation for hypersurfaces we deduce that R(X,Y)Z

satisfies

R(X,Y)Z =YR(X,Y)Z) — B(X,2).AxY + B(Y, Z).AxX

(5.5)
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for all vector fields X,Y and Z on TY M. Here (R(X,Y)Z) is the tangential component
of E()? , 17)2 with respect to the direct sum decomposition (5.2), Ay is the shape operator
of T¥ M in (TM,G) derived from N, and B is the second fundamental form of T¥ M (as
a hypersurface immersed in T M), associated to N on T/ M.

AnX is the tangential component of (—6)?3\[), ie.,
AnX = (V).
B()A(, }A/) is given by Gauss’s formula, 62}? = §)?? + B()Z', ?).N, le)
B(X,Y)=G(VgY,N).

Theorem 5.3. Let (M2™, ¢, g) be an anti-paraKihler manifold and (T¥ M, G) its -unit
tangent bundle equipped with the vertical generalized Berger type deformed Sasaki metric.
Then we have the following formulas

RO, M)HZ = HR(X,Y)Z) + (R, RIX,Y ) 2)

(R, RO, 2)u)Y) — (R, BEY, Z))X)
5TV ZR)X, V),

ROX,Y)1Z = JH(VxR)w,Y)Z) — 1T (ROX, R, V) Z)u)
+%T(R(X, Z)Y),

RUXY)'Z = (VxR 2)Y)) ~ 3™ (Vy R)(w, 2)X)

RUX,Y)'Z = —"(BOw,Y)R(w, 2)X) ~ (R(V, 2)X),
~ 1 1
ROX, )12 = JM(R(u, X)R(u,Y)Z) = ;(R(u,Y)R(u, X) Z)
+1(R(X,Y)2),
ROXY)Z = L (¥ 02)(6X) — o(X,02) (7))
2 — - — —
o e en)a(X. 0 2) — a(X. g (V0 2) "0
for all vector fields X,Y and Z on M>™, where X = X — %g(X, ou)pU.
Proof. Using Theorem 3.6 and Lemma 3.7, we obtain
ANIX =0, ATX = — [~ (Tox) = L g(x, pu)
NIX =0, Ay oo (620 = 279X e,
B(HX7 HY) = B(HX>TY) = B(TX> HY) =0,
and
I Y N

It suffices to use Theorem 4.1 and the formulas (5.5)-(5.6). Thus, we obtain the required
formulas for the curvature tensor (see [2]). O
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