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ABSTRACT. In 1977, Solomon L. introduced a zeta function for orders for which
all ideals of finite index must be known. This work follows our previous re-
search [Zeta functions of Burnside rings of groups of order p and p?, Comm.
Algebra, 37(2009), 1758-1786], where we found the zeta function of the Burn-
side Ring for cyclic groups of prime order p and p?, respectively. The main
objective of this paper is to obtain all ideals of finite index in Bp(Cpg) in order
to determine QBP(CPS_)(S) the zeta function of the Burnside Ring for a cyclic

group of order p3.
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1. Introduction

Throughout this paper, G is a finite group. Its Burnside ring B(G) is the
Grothendieck ring of the category of finite left G-sets. This is the free abelian group
on the isomorphism classes of transitive left G-sets of the form G, H for subgroups
H of G, two such subsets being identified if their stabilizers H are conjugate in G;
addition and multiplication are given by the disjoint union and Cartesian product,
respectively.

In Section 2, we recall the Burnside ring B (G) of a finite group G, along with
the zeta function (p(g)(s) of B(G) and the ideals of a fiber product of rings.

In Section 3, we recall the ideals of finite index in By, (C2) according to [5],
in order to compute the ideals of finite index in B, (Op3) via the fiber product of
rings.

Finally, in Section 4, we determine the zeta function ¢ Bp(cps)(s) of the Burnside

ring for a cyclic group Cls.

2. Preliminaries

2.1. Burnside rings. Let X be a finite G-set and let [X] be its G isomorphism
class. We define
BT (G):={[X]| X a finite G-set},
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which is a commutative semiring with unit, with the binary operations of disjoint

union and Cartesian product.

Definition 2.1. We define the Burnside ring B (G) of G as the Grothendieck ring
of BT (G).

For a subgroup H of G we write [H] for its conjugacy class. We observe that
as an abelian group, B (G) is free, generated by elements of the form G, H, where
[H] belongs to the set of conjugacy classes of subgroups of G, which we call C (G).
That is

B(G)= P Z(G/H).
(H]eC(G)

For further information about the Burnside ring, see [1].

Let H < G be a subgroup and X a G-set, we denote the set of fixed points of X
under the action of H by

Xt —{reX| h-z=2,YheH}.

We define the mark of H on X as the number of elements of X and we call it
YH (X )
We define B (G) := [[y1ec () Z, thus we have the following map

p: BY(G) — B(G)
(X1 = (er (X)) meco)
which is a morphism of semirings that extends to a unique injective morphism of
rings

¢:B(G) = B(G).

2.2. Solomon’s zeta function. Let R be a Dedekind domain with quotient field
K, and let B be a finite dimensional K — algebra. For any finite dimensional
K —space V, a full R — lattice in V is a finitely generated R — submodule L in V
such that KL =V, where

KL= {Zaili (finite sum) : «o; € K, [; € L}.

An R —order in B is a subring A of B such that the center of A contains R and
such that A is a full R — lattice in B.

Let p € Z be a rational prime and let Z, be the ring of p — adic integers. We
denote the following tensor products by

B,(G)=2,QB(G) = P z,(G/H)
Z

[H]eC(G)
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and
BP(G) = ZP®B(G) = H Ly,
Z [H]eC(G)
where we have that B,(G) is a Z, — order, being B,(G) its maximal order. For

further information about orders, see [3, Chapters 2 and 3].

Definition 2.2. We define the Solomon’s zeta function (s(s) of an order A, as
follows:
Ca(s) = > (A:1)"%,
I < A, left ideal
(A:])< o0
which is a generalization of the classical Dedekind zeta function (x (s) of an alge-
braic number field K.

For the commutative rings B, (G) and EP(G), the sum extends over all the ideals
of finite index and converges uniformly on compact subsets of {s € C : Re(s) > 1}.

For further information, see [4].

2.3. Ideals of a fiber product of rings. We assume that

f2
A — A,
hod 1 9
A — A
g1

is a fiber product diagram of rings, where all the maps are ring surjections. By

definition
A={(a1,a2): a; € A; for i=1,2 and g1 (a1) = g2 (a2)}.

Let I < A and I; < A; be left ideals, such that I; = f; (I) for i = 1,2. Let Ay be
a PID. Then I, = Ayf for some 8 € Ay. We have a € I such that (o, 8) € I. Let
J={ce€ Ay :(c,0) € I}, which is an ideal of A;. We have that

I=A(a,8)+ (J,0)

and then it is determined by the following data:

1. a generator 8 of a principal ideal AsfB of A,

2. an ideal J < A; such that ¢; (J) = 0, and

3. an element o € A such that g1 (o) = g2 (8) . Clearly, « is uniquely determined
mod J.
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4. Let D={a€ A: fy(a)B =0} which is an ideal of A. We have that
fl (D) « Q J

For further details on this result, see [2].

3. Ideals of finite index in B,(C)s)

Let B, (Cps) be the Burnside ring of the cyclic group of order p3. We have that

the conjugacy classes of Cps are
C(Cpe) ={[Cps], [PCp2], [P*Cpe], [P*Cp]},

whence a basis for B, (Cps) is

{ao = Cps/cps, a; = Cps/pCps, as = Cps/p2cp3, as = Cpa/pSCpa} .

Therefore, By, (Cys) = Zpao @ Zypar @ Zpas B Zyas.
Furthermore Ep (C’pg) = Zg is its maximal order.

On the other hand, we known that

|G/K| forHCK
0 forH¢Z K

)

‘PH(G/K):{

and then, we have that ¢ induces the following inclusion

¥
B, (Cp) < Z,
X — (pr(X)mec@)
ap — (1,1,1,1)
ai L (O7pap7p)
ag L (0707p27p2)
as — (0,0,0,]93)

Therefore, we can see B, (Cps) in Ep (Cps) as follows:

By (Cps) = {(uo0,u1,uz,us3) € Zy: (w1 — o) € PZp, (U2 —u1) € p°Zy, (uz —uz) € p3Z}
similarly, we have that

By, (Cpe) = {(ug,u1,uz) € Zi: (w1 — uo) € pZy (uz —u1) € pP°Zy,} C ZE’,
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for which we can give the following fiber product structure:

(ug,ur, ug,uz) — - - - — us3
| f2 |
| Bp (Cp3) — Zp ‘
| bil 4 4 g2 \
| B, (Cp2> - Zp/p3Zp ‘
{ 9 2
(uo,u1,uz) - - - - — U2 =TU3

We observe that Z, is a PID. Therefore, it has ideals of the form p‘Z,, for every
integer ¢ > 0, and according to the structure of the fiber product, we have that the

ideals of finite index in B, (Cps) are ideals of the form
I'=(a,p") By (Cp2) + (J.0) (1)

where a is an element of an ideal of B, (Cp2) and J < B, (Cj2) is an ideal such
that:

L.gi(J) =0,

2. g1 (@) = g2 (p*), where « is uniquely determined mod J, and

3.if D = (pZy, p*Zy, p*Zy, 0) we have that

AD)aCJ.

Let Fj, = {0,1,...,p—1} and F; = {1,...,p— 1}, from [5] we have that the
ideals of finite index in B, (Cp'z) are:

J1 = (pm, p*, pl) Zg for:

m>1,k>2and > 2.

J2 = (pm, pkwlv pl) {(wv y,z) S 2137: (y - a’) S pr} for:

m>1,k>2,1>2and wi € Fj.

Js = (pmwo’ pk7 pl) {(w7 y,z) S 22: (z - :I:) € pZP} for:

m>1,k>2,1>2and wo € Fy.

Js = (pma pk'wly pl) {(m7 Y, 2) € Zg: (z—y) € pr} for:

i) m>1, k=10l=1and wy =1.

i) m>1,k>21>2and w € F}.

Js = (pm, pk (wl +pw2)a pl) {(w’yaz) € Zg: (Z - ’!J) € pzzp} for:

i) m>1, k=1=1,ws € F, and w1 = 1.

i) m>1,k>2,1>2, w1 € Fy and wa € Fp.

Je = (pmwm pkwla Pl) {(:E, Y,2z) € Zgi (y—x) € pZyp, (z—1y) € pr}

for:

i), m>1,k=10l=1,wo € F; and w1 = 1.

i), m>1,k>2,1>2and wo, w1 € Fy.

Jr = (pmwo, p® (w1 + pws), pl) B, (sz) for:
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i) m=k=1=0, wo =w1 =1 and wz =0.

i) m>1,k=1=1,wo € Fy, w2 € F, and w; = 1.

i), m>1,k>2,1>2, wo,w1 € Fy and wa € Fj.

Js = (p™, pFws, plwz) {(z,y,2) € Z3: * — y + z € pZp }for:

m>1,k>21>2and wy,ws € Fp.

Jo =(p’"wo, p*, p'wo (w1 +pwz)_1) {(z,y,2) € Zj: pr —y + 2z € pP°Zp}

for:

i). le,k:lzl,wong,wzer and w1 = wo.

i) m>1,k>2,1>2, wo,w1 € F, and wa € Fp.

Based on the previous paragraph, we will study (I), for the nine cases above.
We will denote B, (Cp3) by B.

1). From (I) for Jy, we obtain the following ideals of finite index in B :
(a1, p") B+ (J1,0)
where:
o = (p™ tao, P2 (a1 + pas), p' 3 (a3 + pas + pas)) € By, (Cpz2)
form>1,k>2,1>3anda; € F, for i € {0,..,5}. Furthermore, we have that:
p'7? (as + pas + p°as) = p'mod (p°Z,) ,
where r > 0, from which we obtain the following list of ideals of finite index in B :

I = (p"co, p* (c1 +pea), p* (3 + pea +pPcs) , p°) M

for j =1,...,24 where:
M, =B
(B . 11)73 — (p—s)u+~+>\+9
). 1<, 2<k,3< A p;co,c1,c3 € Fy and c2,c¢4,c5 € F.
). 1<, 2< K, A=p=2;c0,c1 € Fp; c2,ca,¢5 € F, and ¢c3 = 1.
iii). 1<pu, k=A=p=1;c € F};

b C2,¢c5 € Fp;c1 =c3=1and cs =0.
). u=k=A=p=0;co=ci=cs=1land co =cs = c5 = 0.

M = {(u,v,w,t) € Zy : (w—v) € p°Zyp, (t —w) € p°Zyp}

(B . 12)73 — (p—s)u+~+>\+9*1

). 1<, 2<k,3< A p;c,c3 € Fp;
). 1<, 2< Kk, A=p=2;c1 € Fj; ca,ca,05 € Fpand ¢ = c3 = 1.

c2,¢4,05 € Fp and cp = 1.

iii). 1<pu, k=A=p=1;co,¢5 € Fp;co=c1 =c3=1and cs =0.
Ms = {(u,v,w,t) €Zg: (v—u),(w—V) € pZp, (t —w) € p?Zp}
(B:13)~° = (pfs)u+l<+>\+pfl

). 1<p,2<k,3<Ap;co,c1,c3€Fp;ca,c5€Fpandce=0.

i), 1<, 2<kK, A=p=2;c0,c1 € Fy; ca,c5 € Fp; c3 =1 and ¢z = 0.
iii). 1<pu, k=A=p=1;c € F};

piCs €Fyyc1=c3=1and ca =cq =0.
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M, = {(u,v,w,t) € Zf, : (w—v) € plp, (t —w) € psZp}

(B . 14)75 _ (pfs)u+n+>\+l)—2

). 1<p,2<k,3<Ap;c,c3€Fy;ca,c5€Fp;co=1andca=0.

i), 1<, 2<k, A=p=2;c1 € F);ca,c5 € Fp; co=c3=1and ¢ =0.
iii). 1<pu,k=A=p=1;cs € Fp;co=c1 =cg=1and ca =ca =0.
Ms = {(u,v,w,t) € Zy : (v—u) € pZp, (w—v),(t —w) € p°Zy}
(B . 15)—5 _ (pfs)u+m+/\+p—1

). 1<, 2<k,3< A, p;co,c1,c3 € Fp;5ca,ca €Fpandces=0.

i) 1<pu,2<k, A=p=2;co,c1 € Fy;

piC2,c4 € Fp;c3=1and c5 =0.
i) 1<pu, k=A=p=1co€Fy;c2 € Fp;c1=cz3=1and cs =c5 =0.
Mg = {(u,v,w,t) GZ;‘,: (w—v),(t—w) szzp}

(B . IG)_S _ (p—s)u+n+/\+pf2

D). 1<, 2<k,3< A\ p;c1,e3€ Fp;ca,ca €Fp;co=1andcs=0.

i), 1<y, 2<k, A=p=2;c1 € Fy;ca,¢c4 € Fp;co=c3=1andcs =0.
). 1<pu,k=A=p=1l;ca€Fp;co=c1=cs=1and cs =¢c5 =0.
M7 = {(u,v,w,t) €Zp: (v—u),(w—v) € pZp, (t—w) €p2Zp}
(B:I;)"° = (p—s)#+ﬁ+>\+f’*2

i). 1<p, 2<k, 3< A, p;co,c1,03 € Fy

cs € Fp and ¢ = ¢c5 = 0.

i), 1<, 2<Kk, A=p=2;c0,c1 € Fy;ca € Fp; ca=1and cz =c5 = 0.
i) 1<pu, k=A=p=1;c0 € Fy;
Mg = {(u,v,w,t) c Zf,: (w —v) € pZp, (t —w) € p2Z,,}
(B . 18)78 _ (pfs)u+n+>\+l)*3

). 1<u, 2<k,3< A\ p;c1,c3 €Fy;

P

ci=cz3=1and co =c4 =c¢c5 =0.

cs € Fp;co=1and c2 =c¢5 =0.

). 1<, 2<Kk, A=p=2c1 € F);ca € Fp;co=c3=1and co =c5 =0.
iii). 1<pu,k=A=p=1l;co=ci=czs=1and co =ca =c¢5 =0.

My = {(u,v,w,t) € Zy : (w—u) € pZp, (t —w) € p°Zp}

(B . 19)—3 _ (pfs)u+n+/\+p—2

). 1<, 2<k, 3< A, p;co,e3 € Fy;ca,e5€Fp;c1=1andca=0.

i), 1<, 2<k, A=p=2c0 € Fy;ca,c5 € Fp;ca =c3=1and ca =0.
Mo = {(u,v,w,t) € Zp : (t —w) € p°Zyp}

(B . 110)75 _ (pfs)u+n+>\+P*3

1) 1§ﬂ:2§573§/\7P7036F*

»ica,c5 € Fpsco=c1=1and ca =0.
). 1<pu,2<k, A=p=2;ca,c5 € Fp;co=c1=cz3=1and c2 =0.
M = {(u,v,w,t) € Zy : (w—u) € pLp, (t —w) € p°Lp}

(B . Ill)is _ (p—s)ll«+ﬁ+>\+ﬂf3

i) 1<, 2< kK, 3< A, p; co,c3 € Fy

cs € Fp;c1=1and c2 =c¢5 =0.

i), 1<, 2<Kk, A=p=2c0€ Fy;ca € Fp;c1 =c3=1and co =¢5 =0.
Mis = {(u,v,w, t) € Z4 + (& — w) € p*Zp)

(B 1) " = (pr)

D). 1<, 2<k,3< A\ p;e3€F,;ca€Fp;co=ci=1and cz =c¢5=0.
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i), 1<p,2<k, A=p=2;ca€Fp;co=ci=cg=1and co =¢c5 =0.
M13={(u,'u,w,t)€Zf,: (v—u),(w—v),(t—w)Epr}

(B . 1—13)—3 _ (p—s)M+N+>\+P*3

). 1<, 2<K,3< A, p;co,c1,c3€ Fy andca=c4=c5=0.

i), 1<y, 2<k, A=p=2co,c1 € Fy;cz=1and ca =cs =c¢5 =0.
Mis = {(u,v,w,t) € Zp : (w—v),(t—w) € pZy}

(B . 114)—3 _ (pfs)u+~+/\+p—4

). 1<, 2<k,3< A\ p;e,c3€Fy;co=1and ca=c4=c5=0.
i), 1<, 2<k, A=p=2;c1 € Fy;
Mis = {(u,v,w,t) € Zp: (w—u),(t—w) € pZp}
(B . 115)75 _ (pfs),u+n+>\+ﬁ—4

). 1<p,2<k,3<Ap;co,c3€F,;co=1andc2=c4=c5=0.

co=cz=1land co =c4 =c5 =0.

). 1<, 2<k A=p=2; cong;01203:1and02204205:0-
Mie = {(u,v,w,t) € Zh : (t —w) € pZy}
(B:Iis) ° = (pfs);hqﬁ%ﬂ]i5

D). 1<m 2<k, 3<Ap;es € Fy;

pi;co=ci=1land ca =c4 =c5 =0.

). 1<, 2<k, A=p=2;co=ci=cs3=1and ca =cs =c5 =0.

M7 = {(u,v,w,t) € Za: (v—1u),(w—v) € pZp, (t—v) Epzzp}
(B . 117)—3 — (p—s)lt+'€+>\+p72

). 1<, 2<k,3< A p;co,c1,c3 € Fp;

c2 € Fp and ¢4 = c5 = 0.

). 1<, 2<Kk, A=p=2;c0,c1 € Fy;ca € Fp; ca=1and c4s =5 = 0.
Mg = {(u,'u,'w,t) € Zf, : (w—v) € pZp, (t —v) € pzZp}

(B . IIS)_S _ (p—s)u+~+>\+ﬂ—3

D). 1<, 2<k,3< A\ p;c1,e3€ Fy;ca€Fp;co=1andcs=c5=0.

i) 1<, 2<k, A=p=2;c1 € F;c2€ Fp;co=c3=1and cs =¢;5 =0.
Mo = {(u,v,w,t) € Zp : (v—u) € pZp, (t —v) € p°Zp}

(B . 119)73 _ (pfs)u+n+/\+p—3

1<, 2<K,3< A, p;c0,¢c1 €Fp5ca€Fp;c3=1andcy=c5=0.

Mo = {(u,v,w,t) € Zy : (t —v) € p°Zp}

(B . 120)—3 _ (p—s)l’«+ﬁ+>\+0*4

1< p, 2§m73§)\7p;clng;02€Fp; co=cz3=1and cgs =c5 =0.

Mo, = {(u,v,w,t) € Zf, s (v—u),(t—v) € pr}

(B . 121)75 _ (pfs)u+l$+>\+p*4
1<p, 2<k,3<Ap;co,c1 € Fp;
Mzz = {(u,v,w,t) € Zp: (t —v) € pZp}

(B . 122)73 _ (pfs)u+n+/\+p—5

1<, 2<k,3< \paa€F,;co=c3=1landca=cs=c5 =0.
M2z = {(u,v,w,t) € Zg: (t—wu) € PZp}

(B . 123)—3 _ (p—s)#+'€+>\+0*5

1<pu, 2<k,3<)\p;co € Fy;

P

cs=1land cc =c4 =c5 =0.

ci=cz3=1and coc =c4 =c5 =0.
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My =734

(B . 124)75 _ (pfs)u+n+>\+P—6

1<pu,2<k,3< N\ p;co=ci=cz=1landco =ca=c¢5 =0.

2). From (I) for Jz, we obtain the following ideals of finite index in B :

(a23 pr) B + (JQ; 0)
where:

k

ay = (p™ag, p “lwy (a1 + pay) , p'? (as + pay +p2a5)) € By (Cy2),

form>1,k>2,1>3, w € F; and a; € F, for i € {0,..,5}. Furthermore, we
have that:
p'7? (a3 + pas + p®as) = p'mod (p°Z,)

where r > 1, from which we obtain the following list of ideals of finite index in B :
I; = (p“, P wo, p* (s +pea +pes) (w1 +pw2) Tt PP (ws +paJ4)71) M;

for 7 = 25,...,36 where:

Mzs = {(u,v,w,t) € Zp : (pu—v+1t) € p°Ly, (t —w) € p°Ly}

(B . 125)—3 _ (pfs)u+~+/\+p—l

). 1<, 2<k,3< A, p; wo,wi,c3 € Fy; wa,cq,05 € Fp; ws = w1 and wy = wa.

i), 1<p, 2<kK, A=p=2wo,w1 € Fy; wa,ca,¢5 € Fp; w3 = w1, c3 =1 and wy = wa.

iif). 1< p, KJ:)\:p:l;WOGFS;wg,CsGFP;W3ZW1:w51,C3:1,w4:wz and
cqy = 0.

Mog = {(u,v,w,t) € Zf, t(pu—v+t),(t—w)E p2Z,,}

(B . 126)75 _ (pfs)u+n+>\+p*2

). 1<p,2<k,3<A p;wo,wi,c3 € Fy;wa,ca € Fp; wg =wi, wy =wsz and ¢5 = 0.

i), 1<, 2<K A=p=2 wo,w € Fp; wa,c4 € Fp; w3 = w1, c3 =1, wg = w2 and

.lg,u7m:A:pzl;woeF;;c@GFp;uJ3:w1:w51,03:17w4:w2,and
cy =c5 =0.

Mar = {(u,v,w,t) € Zp : (u—v+1t) € plp, (t —w) € p°Zp}

(B . 127)73 — (p—s)u+n+>\+ﬂ*2

). 1<, 2<k,3< A p;wo,wi,c3 € Fy;ca,05 € Fp; wg =wi and wg = we = 0.

i), 1<, 2< K, A=p=2 wo,w1 € Fy;ca,¢5 € Fpywz =wi,c3=1and ws = wz =0.

Mg = {(u,v,w,t) € Zy : (v —u) € pZp, (t —w) € p°Zyp}

(B . 128)—3 _ (p—s)u+~+A+pf2

D). 1<, 2<k,3< A p;wo,c3 € Fy;cayc5 € Fp; wg=w1 =1and ws =we=0.

i), 1 <p, 2< Kk X=p=2 w € Fy; ca¢c5 € Fp; ws =w1 =1, ¢c3 =1 and
wg = w2 = 0.

Mao = {(u,v,w,t) € Zp : (u—v+t) € plp, (t —w) € p°Zp}



10 JUAN MANUEL RAMIREZ-CONTRERAS AND DAVID VILLA-HERNANDEZ

(B . 129)—3 _ (p—s)u+m+>\+0*3
). 1<, 2<K,3< A, p; wo,wi,c3 € Fy;ca € Fp; wg =wp and wy = ws =c¢5 = 0.
i), 1<p,2<k A=p=2;wo,w1 € Fy;c4 € Fpws =w1, 3 =1and wy =ws =
C5:O.
M3zo0 = {(u,v,w,t) € Z?: : (v—u) € Py, (t—w) € pzzl’}
—s — +r+A+p—3
(BZI30) :(p s),u
). 1<, 2<k,3<A\p;wo,c3€Fy;c1€Fpws=wr=1andws=wy=cs=0.
i), 1 <2< K A=p=2 w € Fy;c4 € Fp; w3 = w1 =1, c3 =1 and
W4:w2:C5:0.
Msy = {(u,v,w,t) € Zp: (pu—v+1t) € p°ZLy, (t —w) € pZy}
—s —s\Htr+A+p—3
(B:Is1) "= (p°)"
). 1<p,2<k,3<Ap;wo,wi,c3 € Fy;wa € Fp; wg =wi, wy =wsz and ¢4 = ¢5 = 0.
i), 1<, 2<k A=p=2 wo,w € Fj; w2 € Fp; wg = w1, c3 =1, wg = w2 and
cg =c5 =0.
Msz = {(u,v,w,t) €EZp: (u—v+t),(t—w)€E pZy}
—s —s +A+p—4
(B . 132) = (p )FH—N
). 1<, 2<k,3< A, p;wo,wi,c3 € Fy;ws=w; and wy =wz2 =c4 =c¢5 =0.
i), 1<, 2<k, A=p=2jwo,w1 €E Fy;ws=wi,c3=1landws =ws =c4 =c¢5 =0.
Mss = {(u,v,w,t) € Zp: (u—v),(t—w) € pZp}
—s —s\Htr+At+p—4
(Bt]33) :(p )‘u
). 1<, 2<k, 3<Apywo,c3€Fyiwsg=wi=1andwys=ws=cs=c5=0.
i), 1<, 2<k A=p=2jw € Fj;ws=w1=cz3=1and wy =w2 =c4 =c¢5 =0.
Mss = {(u,v,w,t) € Zp : (pu—v+t) € p°Zy}
—s —s\Htr+AFp—4
(BII34) :(p )M
1<, 2<k,3<Ap; wo, w3 €Fy;wi €Fp;wi =c3=1and wy =c4 =c5 =0.
Mss = {(u,v,w,t) € Zy: (u—v+1t) € plp}
(B . 135)—3 _ (pfs)u+n+/\+p—5
1<, 2<k,3< A\ p;wo,ws € Fyywi=cg=1and wy =wz2=c4=c¢5=0.
Mse = {(u,v,w,t) € Zy : (u—v) € pZp}
(B . 136)—.9 _ (p—s)u+~+>\+ﬂ*5
1§u7ZSm3§)\7p;w06F5;w3=w1203:1andaJ4:w2204:(25:O.

3). From (I) for J3, we obtain the following ideals of finite index in B :
(as, p") B+ (J3,0)
where:
as = (pmwoao, p" 7% (a1 + paz) , p' 2 (as + pas +p2a5)> € B, (Cp2),
form>1,k>2,1>3,wo € F, and a; € F), for i € {0, ..,5} . Furthermore, we have that:

p? (as + pas + p2a5) = p"'mod (p3Zp) ,
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where r > 1, from which we obtain the following list of ideals of finite index in B :

—1 —1
I; = (p”wm P (c1+pe2) (s +pea +p°es) , p*, p” (co + per + pPes) ) M;

for j = 37,...,48 where:

C5

C5

C5

C5

Cs

Cs

C2

C8

Msr = {(u,v,w,t) € Zp : (p’u—w+1t) € pZy, (t —v) € p°Zyp}

(B . 137)—3 _ (p_‘g)u+~+>\+pfl

). 1<, 2<k,3< A p;wo,cr1,c3 € Fy;ca,ca,c5 € Fp; c3 =cg, ca = cr and ¢5 = cs.
i), 1 <p, 2<k A=p=2;wo,c1 € Fy;ca,ca,65 € Fp; c3 =c6 =1, c4 = ¢7 and
= cs.

i), I1<p, c=A=p=1wo € Fy; ca,c5 € Fpy;c1 =c3 =c¢6 =1, cs =cr =0 and
= cs.

Mss = {(u,v,’w,t) € Zf, : (p2u —w +t) € p*Zyp, (t —v) € pr}

(B . 138)73 — (p—s)u+n+>\+ﬂ*2

i) 1<, 2<k 3< A p;wo,ci,c3 € Fp;

cs4,¢5 € Fp; c3 = c6, c2 =0, c4 = c7 and
= cs.

i) 1<, 2<Kk, A=p=2;wo,c1 € Fy;ca,c5 € Fp;c3 =c6=1,c2=0, ca =cy and
= cs.

i), 1<, k=A=p=Lw €Fy;cs€Fp;c1=c3=c=1,cao=ca=cr=0and
= cg.

Mso = {(u,v,w,t) € Zy : (p°u—w+t) € p°Zy}

(B . 139)—3 _ (pfs)ﬂ+ﬁ+/\+,0_3

). 1<, 2<k,3< A, p;wo,c6 €Fy;cr,c8€Fp;c1=c3=1andca=cq=c5=0.

i), 1<, 2<k A=p=2Qw€Fy;cr,cs €Fpyai=c3s=ce=1landca=ca=c5 =

Mo = {(u,v,w,t) € Zy: (pu—w+1t),(t—v) € p°Zy}

(B . 140)—3 _ (p—s)u+~+>\+ﬂ*2

). 1<, 2<K, 3< A p;wo,cr1,c3 € Fy;ca,ca € Fpjc3=ce, ca=crandcs=cg=0.
i), 1< p, 2<kK A=p=2 w1 € Fy; ca,ca € Fp; c3 =¢6 =1, ca = ¢7 and
=cg =0.

M = {(u,v,w,t) € Zp : (pu—w+t) € p°Zyp, (t —v) € pZp}

(B . 141)7.9 _ (pfs)u+f<+>\+ﬂ*3

). 1<1,2<k,3< N\ pywo,c1,63€ Fyic4€Fpje3=ce,ca=crandce=cs5=cg=0.
i), 1 <y, 2< K X=p=2 woc € Fy;ca € Fp;c3 =c6=1,ca =crand
=c5 =cg =0.

Mz = {(u,v,w,t) €Zp: (pu—w—+1t) € p°Zy}

(B . 142)75 _ (pfs)u+n+>\+P—4

). 1<p,2<k,3<\pywo,c6€Fy;cre€Fpy;ci=c3=1andcx=cs=c5=cg=0.
ii). lg,u,2§f<,Azsz;woeF;;07er;01203206:1and02204205=
=0.

Mus = {(u,v,w,t) € Zp: (u—w+t) € plp, (t —v) € p°Zyp}

(B . 143)—3 _ (pfs)u+~+/\+p—3
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1<, 2<k,3< A\, p;wo,c1,c3 € Fy;ca€Fyc3=ceandcy=cr=cs=cg=0.
My = {(u,v,w,t) € Zy : (u —w) € pZyp, (t —v) € p°Zp}

(B . 1-44)—3 _ (p—s)ﬂ+'i+>\+/)*3
1§/J,72§I€73§)\,p;WQ701EF;;CzEFp;C3:C6:1andC4ZC7IC5:CgIO.
Mys = {(u,v,w,t) €Zp: (u—w+t),(t—v) € Py}

(B . 145)75 — (pfs)ﬂ+ﬁ+>\+ﬂf4

1<, 2<k,3< A p;wo,c1,63€ Fy;e3=ceandcz=cqg=cr=cs=cg=0.
Mys = {(w,v,w,t) € Zy: (u—w),(t—v) € ply}

(B . 146)75 _ (pfs)u+n+k+p—4

1<, 2<k,3< A\, p;wo,c1 €Fy;c3=ce=1andca=cs=cr=c5=cg=0.
M7 = {(u,v,w,t) € Zy: (u—w+1t) € pZp}

(B . 147)—3 _ (p—s);t+~+>\+ﬂf5

1<, 2<k, 3< A p;wo,c6 €Fy;ci=cs=1andca=cs=cr=c5=cs=0.
Mg = {(u,v,’w,t) € Zf, : (u—w) € pr}

(B . 148)75 _ (pfs)u+n+)\+p75

1<, 2<k,3< A pyw€Fy;aca=c3=c=1landca=ca=cr=c5 =cg =0.

4). From (I) for Jy, we obtain the following ideals of finite index in B :
(as, p") B+ (J4,0)

where:

-1

= (pm ao, p*~ 1wy (a1 + paz), p'* (as + pa +p2as)) € By (Cy2),

form>1,k>2,1>3, w € F; and a; € F}, for i € {0,..,5} . Furthermore, we have that:
p'7? (as + pas + p°as) = p'mod (p°Z,) ,
where r > 1, from which we obtain the following list of ideals of finite index in B :
i K A P 2 -1
I; = (p co, p"wo (1 +pea), p*, p” (s +pea + pes) )Mj

for j =49,...,64 where:

Mo (a) = {(u,v,w,t) € Zp: (pv —w+t) € p°Zp, (u—1t), (v —at) € pZp}

(B :Ig (a))~° = (pfs)u+n+>\+pfl

). 1<p, 2<k,3< A, p; a,wo,co,c3 € Fy;caycs5 € Fpand ¢ =0.

i), 1<, 2< K, A=p=2;a,wo,co € Fp; ca,c5 € Fp; c3 =1and c; =0.

iii). lgu,&:A:pzl;wo,coeF;;csGFp;a:wO_l,04:—w0_1,c;:,:1and
c2 = 0.

Mso (a) = {(u,v,’w,t) = Zé t (pr—w+t) € p3Zp, (v —at) € pr}

(B - Iso (a))—s _ (p—s)u+n+A+pf2

D). 1<, 2<k,3< A, p; a,wo,c3 € Fy;ca,e5 € Fp;co=1andc2=0.

i), 1<y, 2<k, A=p=2;a,wo € Fy; ca,¢5 € Fp; co =c3 =1 and ¢ =0.

iii). 1§u,/fz)\zpzl;woeF;;Cg,er;a=w61704=—w51,COZC3=1and

62:0.
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Ms, = {(u,v,w,t) € Zf, : (pzv —w +t) € p*Zyp, (u—1t) € pr}
(B . 151)75 _ (pfs)u+n+>\+P—2

). 1<p,2<k,3< A p;wo,co,c3 € Fy;cayes € Fpand e =0.

). 1<, 2<kK, A=p=2;wo,co € Fy; ca,c5 € Fp; c3 =1 and c2 = 0.
Msgo = {(u,v,’w,t) € Zf,: (pzv —w +t) € p3Zp}

(B . 152)75 — (pfs),u+f<+>\+ﬂ*3

). 1<p,2<k,3< A p;wo,c3 € Fy;cayes €Fp;co=1and ¢z =0.

i), 1<, 2< Kk, A=p=2;wo € Fy; ca,¢5 € Fp; co=c3 =1and c2 =0.
Mss = {(u,v,w,t) € Zp : (v —w) € p°Zp, (t —u),(t —v) € pZp}
(B . 153)—3 _ (p_‘g)u+~+>\+p*2

). 1<, 2<k,3< A p;wo,co,c3 € Fy;ca€ Fpandcey=cs=0.

i). 1<p, 2<k, A=p=2;wo,co0 € Fy;
Mss (a) = {(u,v,w,t) €Zp: (v—w+1t) € p°Zyp, (t—u),(v—at) € pZy}
(B : Iss (a))™® = (p—s)u+n+>\+p—2

). 1<, 2<k, 3< A p;wo,co,c3€Fy5ca€F,;ae{l,...,p—2}andca=cs=0.
i), 1<, 2<k, A=p=2wo,c0 € Fp;ca € Fp;ae{l,....,p—2};c3 = (14a)”!

c2 € Fp;ec3=1and s =c5 =0.

and ca = c5 = 0.

C2

Cc3

Mss = {(u,v,w,t) € Zy : (v —w) € p°Zp, (t —v) € pZp}

(B . 155)—3 _ (p—s),u+ﬁ+>\+0*3

). 1<, 2<K,3< A p;wo,c3€Fy;ca€Fpco=1and cy=c5=0.

i), 1<y, 2<k, A=p=2jwo€ Fy;c2€ Fp;co=c3=1and cs =c5 =0.

Mg (a) = {(u,v,’w,t) c Zé t(v—w+Ht) € pzlp., (v—at) € pr}

(B : Iss (a))—s _ (p—s)u+n+>\+p—3

i), 1<, 2< K 3<A\p;woes € Fyiea € Fpyae{l,...,p—2};c0=1and

=c 0.

i), 1 <2<k A=p=2w € F;ca € Fs;ac{l....p—2};c =1,
:(1+a)71 and co = ¢5 = 0.

Msr = {(u,v,w,t) € Zp: (pv —w+t) € p°Zyp, (t —u) € pZy}

(B: 1) = () e

). 1<, 2<k, 3< A, p;wo,co,c3 € Fp;ca €Fpandca=cs =0.

i), 1<, 2<k, A=p=2;wo,c0 € F;c4 € Fp;c3=1and ca =c5 =0.
Mssz{(u,v,’w,t)EZ;l,i (pv—w+t)€p2Zp}

(B . 158)75 _ (pfs)u+n+>\+ﬁf4

). 1<p,2<k,3< A p;wo,c3€Fy;ca€Fp;c0=1andcy=cs=0.

ot

). 1<, 2<k, A=p=2wo € Fy;ca € Fp;co=c3=1and c2 =c5 =0.
Mso = {(u,v,w,t) € Z4: (v — pw +t) € p*Zyp, (t — u) € PZy}

(B . 159)73 — (p—s)u+n+>\+ﬂ*3

1<, 2<k,3< A, p; wo,co,c3 € Fy;
Meo = {(u,v,w,t) € Zf, : (v—pw+t) € p2Zp,}
(B . 160)75 _ (pfs)u+n+>\+P—4

cs € Fp and ¢ =c5 = 0.
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1<, 2<k,3< A, p;wo,c3€Fy;c4€Fp;c0=1andcy=cs=0.
Mg = {(u,v,w,t) € Zy: (v—w+t),(t—u) € py}

(B . 161)_3 _ (p—s)u+~+A+pf4

1<, 2<K,3< A, p; wo,c0,c3 € Fy and ca =c4 =c5 =0.

Mgz = {(u,v,’w,t) € Zf, t(v—w+Ht) € pr}

(B . 162)75 — (pfs),u+f<+>\+ﬂ*5
1<p, 2<k,3< A p;wo,c3 € Fy;
Mes = {(w,v,w,t) € Zy: (v —w),(t —u) € pZp}

(B . 163)75 _ (pfs)u+n+k+p—4

1<, 2<k,3< A, p;wo,c3€Fy;c0o=1andca=cy=c5=0.
Mes = {(u,v,w,t) € Zp : (v —w) € pZyp}

(B . 164)—3 _ (p—ks)u+~+A+ﬂf5
1<1,2<K,3< A p;wo€Fy;co=c3=1andca=cs=c¢5=0.

co=1and cc =c4 =c5 =0.

5). From (I) for Js, we obtain the following ideals of finite index in B :
(as, ") B+ (J5,0)
where:
as = (pm_lao7 p" (w1 + pws) (a1 + paz), p'~" (a3 + pas —|—p2a5)) € B, (Cp2),

form>1,k>2,1>3,w € Fy and wa,a; € F, for i € {0,..,5}. Furthermore, we have
that:
pt (as + pas —|—p2a5) = p"mod (pSZp) ,

where r > 2, from which we obtain the following list of ideals of finite index in B :

1 " —1
I; = (p’tco (c1 +pe2+p°es) " (wo+pwi), p*, p° (ca + pes + pes) ) M;

for j = 65,...,72 where:
Megs = {(u,v,w,t) S Zf, : (pv—w+t) €EP°Zyp, (t—u) € pr}
(B . 165)75 _ (pfs)u+n+>\+ﬁf2
). 1<p,2<k,3< A p;wo,co,ca €Fy;wi,cs,c6 € Fp; c1 =ca, c2 =cs5 and c3 = cs.
i), 1<, 2< K A=p=2;woco € Fy; wi,cs,¢6 € Fp; c1 = ¢4 =1, ca = ¢5 and
c3 = cg.
Mes = {(u,v,w,t) € Zp: (pv —w +t) € p°Zyp}
(B . 166)75 _ (pfs)u+n+>\+p—3
). 1<, 2<k, 3< A, p;wo,ca €Fywi,es,c6€Fp;co=c1=1andca=c3=0.
i), 1<, 2< Kk A=p=2;w0 € Fy;wi,c5,¢6 € Fp;co=c1=c4=1and ca =c3 =0.
Megr = {(u,v,w,t) € Zf, : (v—w+t) € P3Zy, (t—u) € pr}
(B . 167)75 _ (pfs)u+n+>\+/)*3
1<, 2<k, 3< X, p; wo,co,ca € Fp; wi,es € Fpy 1 =ca, c2 =c5 and c3 = ¢ = 0.
Mes = {(u,v,w,t) € Zé : (v—w+pt) € P°ZLp, (t—u) € pr}
(B . 168)—3 _ (pfs)u+~+/\+p—3
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1<, 2<k,3< A, p;wo,co,ca €Fpyw1 €Fp;c1=cqsandca=cs=c3=ce=0.
Mo = {(u,v,w,t) € Zy : (v —w) € p°Zp, (t —u) € pZp}

(B . Iﬁg)_s _ (p—s)M+N+>\+P*3

1<, 2<k, 3§)\,p;wo7coeF5;w1€Fp; ci=cs=1land co =c5 =c3 =cg =0.
Mo = {(u,v,w,t) € Zy: (v —w+1t) € p°Zyp}

(B . 170)75 — (pfs),u+f<+>\+ﬂ*4

1<, 2<k,3< A p;wo,ca €Fpywi,es €Fp;co=c1=1andcy=c3=cs=0.
Mz = {(u,v,w,t) € Zp: (v—w+ pt) € p°Zy}

(B . 171)75 _ (pfs)u+n+k+p—4

1<, 2<k,3< A\, p;wo,ca €Fp;wi €Fp5co=ci=1andca=cs5s =c3=cs=0.
M7y = {(u,v,w,t) € Zy : (v—w) € p°Zp}

(B . 172)—3 _ (p—s)lt+ﬁ+>\+ﬂ*4

1<, 2<k, 3§)\,p;w0€F;;w1€Fp; co=ci1=cs=1land ca =c5 =c3 =c =0.
6). From (I) for Js, we obtain the following ideals of finite index in B :

(as, p") B+ (Js,0)
where
o6 = (meoam P rw (a1 + pag), p'? (as + pas +p2a5)) € B, (Cp2),

form>1,k>2,1>3, wo,w1 € F; and a; € F}, for i € {0,..,5}. Furthermore, we have
that:
1—2 2 _or 3
p (a3+pa4+p a5):p mod(p Zp),

where r > 1, from which we obtain the following list of ideals of finite index in B :

I = (p“wm p wi (1 +pe2), p*, p° (cs +pea +p265)71) M;
for j =173,...,84 where:
Mzs (a) = {(u,v,w,t) €Zs: (pcl_lu —v+4+ t) € P’Zp, (PPu—w+1t) € pszp}
(B : I (a)~° = (pfs)#+H+A+P—1
i). 1<, 2<k, 3< A, p;wo,wi,c1,c3 € Fy and c2,¢4,¢5 € F.
i), 1<, 2< Kk, A=p=2;wo,wi,c1 € Fy;ca,ca,¢5 € Fp and ¢3 = 1.
i) 1<p, k=A=p=1; wo,w1 € Fy; c2,¢5 € Fp; ci=wil c3=1and cs = 0.
Mz, (a) = {(u,v,w,t) € Zy : (p*u—w+t) € p’Zy, (u— v+ at) € pZp}
(B : Iy (a))™® = (p—s)u-&-n-!—)\-&-p—?
). 1<, 2<k,3< A p; a,wo,wi,c3 € Fy5ca,e5 € Fp;c0=1and co=0.
ii). 1<, 2<k, A=p=2;a,wo,w1 € Fy;
Mrs = {(u,v,w,t) € Zp : (p°u—w+1t) € p?Zyp, (u—v) € pZp}
(B . 175)75 _ (pfs)u+n+k+p—2

). 1<, 2<k, 3< A, p;wo,wi,c3 € Fpscayes € Fpyer =1and cp =0.

cs,¢5 € Fp;c1 =c3=1and co =0.

i), 1<, 2<k, A=p=2;wo,w1 € Fy;ca,c5 € Fp; c1 =c3 =1and c2 =0.
M6 (a) = {(u,’v,w,t) = Z;l,: (pcl_lu—v—i—t) Ep2Zp, (pu—w+1t) € pZZp}
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(B < Irg (a))—s _ (p—s)u+m+k+pf2

). 1<, 2<k,3< A, p; wo,wi,c1,¢3 € Fy; c2,c4 € Fp and ¢ = 0.

i), 1<y, 2<k, A=p=2;wo,wi,c1 € Fy;ca,ca € Fp; c3 =1and ¢5 =0.
M7 (a) = {(u,v,w,t) c Zé : (pu—w+t) € P°Zp, (u—v+at) € pr}
(B - (a))—s _ (p—s)u+n+>\+p—3

). 1<, 2<k,3< A p; a,wo,wi,c3 € Fy5ca€Fp;c0=1andca=c5=0.

i), 1<y, 2<k, A=p=2;a,wo,w1 € Fy;cs € Fp;c1 =c3=1and co =c5 =0.
Myrs = {(u,v,w,t) € Zy : (pu—w+1t) € p°Zp, (u—v) € pZp}

(B . 178)75 _ (pfs)u+n+k+p—3

). 1<, 2<k, 3< A, p;wo,wi,c3 € Fpsca€Fp;cn=1andca=cs =0.

i), 1<, 2<k, A=p=2wo,w1 € Fy;ca € Fp;c1 =cz3=1and c2 =¢5 =0.
Mprg (a) = {(u,v,w,t) € Zp: (pu—v+t) € p°Zy, (u—w+ at) € pZp}
(B: I ()" = (po)"" 7

1<p,2<k,3<Ap;a,wo,wi,c3 € Fp;ca€Fp;c0=1andc=cs=0.

Mso = {(u,v,w,t) € Zy: (pu—v+1t) € p°Ly, (u—w) € pZp}

(B . 180)—3 _ (pfs)u+~+/\+p—3

1<, 2<K,3< A, p; wo,wi,c3€ Fyica€Fp;cr=1andca=c5=0.

Mg = {(u,v,w,t) € Zp : (u— w+t) € pZyp, (u—v) € pZp}

(B . 181)_3 _ (p—s),u+ﬁ+>\+0*4

1<, 2<k, 3§)\,p;w07w1,03GF;;clzlanchZC4:C5:0.

Mgo = {(u,v,w,t) € Zf, : (u—w) € pp, (u—v) € pr}

(B . 182)75 _ (pfs)u+n+>\+P*4

1<, 2<K,3<\p;wo,wt €Fy;ci=c3=1andca=c4=c5=0.

Mss (a) = {(u,v,w,t) € Zp: (u—w+1t) € plp, (u—v+at) € pp}
(B T (@) " = (o) =0

1<, 2<k,3< A, p; a,wo,wi,c3€ Fyscr=1andca=cqs=c5=0.

Mgy = {(u,v,’w,t) € Zf, t (u—w) € pp, (u—v+1t)E pr}

(B . 184)_3 — (p—s)u+n+>\+0*4

1<, 2<k,3< A, p;wo,wi,e3€ Fy;c1=1andca=cs=c5=0.

7). From (I) for J7, we obtain the following ideals of finite index in B :

(0&7, pr) B+ (J77 0)
where:
ar = (meoam P (w1 + pw2) (a1 + paz), p'~" (as + pas +P2a5)) € By (Cp2),

form > 1, k>2,1>3, wo, w1 € Fy and wz,a; € F, for i € {0,..,5} . Furthermore, we
have that:
pt (as + paa —|—p2a5) = p"mod (pBZp) ,

where r > 2, from which we obtain the following list of ideals of finite index in B :

. -1
Iy = (P“wo, p* (w1 +pw2), p*, p° (c1 +pea + pPes) ) M;
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for j = 85,...,91 where:
Mss (a) = {(u,v,w,t) € Zp : (pv — w + t) € p°Zyp, (pu — w + t + pat) € p*Zy,}
(B : Iss (a))° = (p—s)u+n+k+pfl
). 1<, 2<k,3< A p; wo,wr,c1 € Fy and a, w2, c2,c3 € Fy.
i), 1<p, 2<k, A=p=2;wo, w1 € Fy; a,wz,c2,¢c3 € Fp and ¢1 = 1.
Mss = {(u,v,w,t) € Zp : (v —w+ pt) € p°Zp, (u— w) € pZy}
(B . 186)—3 _ (pfs)u+~+/\+p—3
1<, 2<k,3< A, p; wo,wi,c1 € Fy;wa € Fpand c2 =c3 =0.
Msgr = {(u,v,w,t) € Zp : (v —w) € p*Zp, (u — w) € pZp}
(B . 187)—3 _ (p_‘g)u+~+>\+p*3
1<, 2 <k, 3§)\,p;w07w1GF;;wgGFp;c1:1and02203:O.
Mss = {(u,v,w,t) € Zp: (v—w+1t) € p°Zyp, (u — w) € pZp}
(B . 188)75 _ (pfs)/i+'€+)\+P*3
1<, 2<k, 3< A, p; wo,wi,c1 € Fy; wa,ca € Fp and ¢c3 = 0.
Mso = {(u,v,w,t) € Zp: (v—w) € p°Zp, (u —w+1t) € pZp}
(B . 189)—3 _ (pfs)ﬂ+/€+/\+P_3
1<, 2<K,3< A, p; wo,wi,c1 € Fy;wa € Fp and c2 =c¢3 =0.
Moo (a) = {(u,v,w,t) € Zp : (v—w + pt) € p°Zp, (u— w + at) € pZy}
(B : Ioo (a))° = (p—s)u+f€+k+pf3
1<, 2<k,3<A,p; a,wo,wi,c1 € Fp; we € Fp and ca =c¢3 =0.
Mo (a) = {(u,v,w,t) €Zp: (v—w+1t) € p’Zyp, (u— w+ at) € pZp}
(B : I (a)~° = (pfs)u+n+k+pf3
1<, 2<k,3< A, p; a,wo,wi,c1 € Fy; we,c2 € Fp and ¢3 = 0.
8). From (I) for Js, we obtain the following ideals of finite index in B :

(as, p") B+ (Js,0)
where:
ag = (pmao, P lw (a1 + paz) , P ws (as + paa +p2a5)) € B, (Cp2),
form>1,k>2,1>3, wi, w2 € Fy and a; € F, for i € {0,..,5}. Furthermore, we have
that:
p'"?wa (as + pas + p’as) = p'mod (p°Z,)

where r > 1, from which we obtain the following list of ideals of finite index in B :
— B A P 2 -1
fj—(p , Pwo (14 pea), p wi, p (s +pea +p cs) )Mj

for 5 =92,...,99 where:
Moz (a) = {(u,v,w,t) € Zp: (pv —w — p*u+t) € p°Zy, (v—at) € PZp}
(B . 1—92 (a))—s — (p—s)u+fi+)\+P_2
). 1<, 2<k,3< A, p; a,wo,wi,c3 € Fy; ca,c5 € Fp and c2 = 0.

ii). 1<, 2<k, A=p=2; a,wo,wr € Fy;

—1
piCa,c5 € Fp; c3 =w; and c2 = 0.
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). 1<pu, ks =A=p=1; wo,wr EF;;C5EFp;a:walw17C4:—wa1763:w;l and
co = 0.

Mys = {(u,v,w,t) €7z (pzv —w — p2u+ t) € p3Z,,}

(B . 193)75 _ (pfs)u+n+>\+ﬁ7*3

). 1<p,2<k,3<Ap;wo,wi,c3 € Fy;ca,05 € Fp and c2 = 0.

i), 1<, 2<kK, A=p=2; wo,w1 € Fy; ca,c5 € F; c3 =w; ! and ¢z = 0.

Mogs (a) = {(u,v,w,t) = Z; t(v—w—pu+t)E pzZp, (v —at) € pr}

(B Toa (@)~ = (p)"" "0

). 1<p,2<k, 3<\pwo,wi,c3€Fpy;ae{l,...,p—2};cs € Fpandca =cs =0.

i), 1 <2<k A=p=2 w,w € Fysa€{l,....p—2};ca € Fp; c3 =
wil(l4+a) " and co = ¢5 = 0.

Mgy = {(u,v,w,t) € Zf, : (v—w — pu) € p?*Zy, (v—1t) € pr}

(B . 195)75 _ (pfs)u+n+>\+/)*3

). 1<p,2<k,3<Ap;wo,wi,c3 € Fy;ca €Fpandcy =cs =0.

ii). 1 <u, 2 <k, )\=p=2;w0,w1EF;;czéFp;03:wl_1 and ¢4 = c5 = 0.

Mo = {(u,v,’w,t) € Zf, : (pv—pu—w+t)E pzZp}

(B . 196)73 — (p—s)u+n+>\+ﬂ*4

). 1<, 2<k,3< A p;wo,wi,c3 € Fy;ca €Fpand ca =cs =0.

ii). 1 <p, 2 <k, )\:p:2;wo,w1EF;;C4EFP;63:wf1 and c2 = c5 = 0.

Mgy, = {(u,v,w,t) € Zé : (pu—v+pw+t) € pzzp}

(B . 197)—3 _ (p—s);t+~+>\+ﬂ*4

1<, 2<K,3< A, p; wo,wi,c3 € Fy;ca€Fpandcz=cs=0.

Mys = {(u,v,w,t) € Zy : (v —u—w+1t) € ply}

(B . 198)75 _ (pfs)u+n+>\+ﬁf5

1<p, 2<k, 3<A\ p;wo,wi,cs €F) and co = ¢4 =¢5 = 0.

Moo = {(u,v,w,t) €Zp: (v—w—u) € pZp}

(B . 199)73 _ (pfs)u+n+/\+p—5

1<, 2<k,3< A, p;wo,w1 € Fy;c3=1andca=cy=c5=0.

9). From (I) for Jy, we obtain the following ideals of finite index in B :

(a9, p") B + (Jo,0)
where: ag =
(pmwoao, pk (a1 + paz), pl_lwo (w1 —&—pwg)_1 (ag + pag +p2a5)> € B, (sz) )

form > 1,k >2,1>3, wo,w1 € Fy and wz,a; € Fp for ¢ € {0,..,5}. Furthermore, we
have that:
p Lo (w1 +pw2)71 (a3 + pay +p2a5) = p"mod (p3Zp) ,

where r > 2, from which we obtain the following list of ideals of finite index in B :

K —1
I; = (p# (W1 + pw2) , prwo (w1 + pw2), P, p° (1 + pea + pPes) ) M;
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for 5 = 100,...,103 where:
Moo = {(u,v,’w,t) IS Z; : (p'v —w — p3u + t) S p3Zp}
(B : L) ~° = (p—s)u+~+>\+r)73
). 1<, 2<k, 3< A p; wo,wr,c1 € Fy and we,c2,c3 € Fp;
i), 1<y, 2<k, A=p=2;wo, w1 € F; wa,c2,c3 € Fp and c1 = 1.
Mior = {(u,v,w,t) € Zp: (pu+w—v+t) €p°Zy}
(B . 1101)_S _ (pfs)l"+ﬁ+>\+p_4
1<, 2<k,3< A, p; wo,wi,c1 € Fy; wa,c2 € Fp and c3 = 0.
Mio2 = {(u,v,w,t) e Z; : (put+w—v+pt) € pZZp}
(B: i) ® = (p_s)u+n+>\+p74
1<, 2<K,3< A, p;wo,wi,c1 € Fyjwe € Fpand ca =c3=0.
Mios = {(u,v,w,t) € Zp : (pu+w —v) € p°Zyp}
(Bt L) = (p)

1<, 2<K,3<Ap; wo,wt € Fy;ws € Fp;c1 =1and c2 =c3=0.
4. The zeta function of the Burnside ring CBp(Cps)(S)

Proposition 4.1. Let p be a rational prime and let B = B, (Cps) be the Burnside ring

for a cyclic group C,3 of order p>. Therefore, the zeta function will be:

CBP(CPB) () =f(p ") e (5),

where (za (s) = W and
f) =
ao +a1p”® +ap > +asp > +ap +asp > +asp ® +arp " +asp* +aop””,
where
ag =1
ar = —3

az =3+p+p’+p°

az = (=1=2p+p*) (L +p+p°)
as=p(3—-p’+p)
as=p(p—1)(p+1)(1-2p+3p?

ag=p* (p—1)*(2p—1) (2p+1)
ar=p°(p—1)(2p—1)

ag =p*(p—1) (1 —2p+2p°)
ag =p* (p—1)

Proof. Remember that

(B(s) = > (B:1)"°,
I < B, left ideal
(B:I)< o0

hence, from the previous section, we have that:
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using [6], we obtain the following result:

Cpls) = 0T+ a2p”?* +azp™3° + aap™*® + asp” % 4 aep” % +arp” " + asp”®® + agp”?*
B(s) =

(1-p)*
where
apg = 1
a; = -3

az=3+p+p’+p°

as = (=1-2p+p°) (1+p+p°)
as=pB-p"+p")as=pp—1)(p+1)(1—2p+3p?)
ag=p* (p—1)*(2p—1) (2p+1)
ar=p°(p—1)(2p—1)



SOLOMON’S ZETA FUNCTION OF B, (C,3) 27

ag =p° (p—1) (1 —2p+2p°)
as =p* (p—1)* g
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