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Abstract. In 1977, Solomon L. introduced a zeta function for orders for which

all ideals of finite index must be known. This work follows our previous re-

search [Zeta functions of Burnside rings of groups of order p and p2, Comm.

Algebra, 37(2009), 1758-1786], where we found the zeta function of the Burn-

side Ring for cyclic groups of prime order p and p2, respectively. The main

objective of this paper is to obtain all ideals of finite index in Bp(Cp3 ) in order

to determine ζBp(Cp3
)(s) the zeta function of the Burnside Ring for a cyclic

group of order p3.
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1. Introduction

Throughout this paper, G is a finite group. Its Burnside ring B(G) is the

Grothendieck ring of the category of finite left G-sets. This is the free abelian group

on the isomorphism classes of transitive left G-sets of the form G�H for subgroups

H of G, two such subsets being identified if their stabilizers H are conjugate in G;

addition and multiplication are given by the disjoint union and Cartesian product,

respectively.

In Section 2, we recall the Burnside ring B (G) of a finite group G, along with

the zeta function ζB(G)(s) of B(G) and the ideals of a fiber product of rings.

In Section 3, we recall the ideals of finite index in Bp
(
Cp2
)

according to [5],

in order to compute the ideals of finite index in Bp
(
Cp3
)

via the fiber product of

rings.

Finally, in Section 4, we determine the zeta function ζBp(Cp3 )(s) of the Burnside

ring for a cyclic group Cp3 .

2. Preliminaries

2.1. Burnside rings. Let X be a finite G-set and let [X] be its G isomorphism

class. We define

B+ (G) := {[X] | X a finite G-set} ,
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which is a commutative semiring with unit, with the binary operations of disjoint

union and Cartesian product.

Definition 2.1. We define the Burnside ring B (G) of G as the Grothendieck ring

of B+ (G) .

For a subgroup H of G we write [H] for its conjugacy class. We observe that

as an abelian group, B (G) is free, generated by elements of the form G�H, where

[H] belongs to the set of conjugacy classes of subgroups of G, which we call C (G) .

That is

B (G) =
⊕

[H]∈C(G)

Z (G�H) .

For further information about the Burnside ring, see [1].

Let H ≤ G be a subgroup and X a G-set, we denote the set of fixed points of X

under the action of H by

XH = {x ∈ X | h · x = x ,∀ h ∈ H} .

We define the mark of H on X as the number of elements of XH and we call it

ϕH (X) .

We define B̃ (G) :=
∏

[H]∈C(G) Z, thus we have the following map

ϕ : B+ (G) → B̃ (G)

[X] 7→ (ϕH (X)) [H]∈C(G),

which is a morphism of semirings that extends to a unique injective morphism of

rings

ϕ : B (G)→ B̃ (G) .

2.2. Solomon’s zeta function. Let R be a Dedekind domain with quotient field

K, and let B be a finite dimensional K − algebra. For any finite dimensional

K − space V, a full R − lattice in V is a finitely generated R − submodule L in V

such that KL = V, where

KL =
{∑

αili (finite sum) : αi ∈ K, li ∈ L
}
.

An R− order in B is a subring Λ of B such that the center of Λ contains R and

such that Λ is a full R− lattice in B.

Let p ∈ Z be a rational prime and let Zp be the ring of p − adic integers. We

denote the following tensor products by

Bp(G) = Zp
⊗
Z
B(G) =

⊕
[H]∈C(G)

Zp (G�H)
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and

B̃p(G) = Zp
⊗
Z
B̃(G) =

∏
[H]∈C(G)

Zp,

where we have that Bp(G) is a Zp − order, being B̃p(G) its maximal order. For

further information about orders, see [3, Chapters 2 and 3].

Definition 2.2. We define the Solomon’s zeta function ζΛ(s) of an order Λ, as

follows:

ζΛ(s) :=
∑

I ≤ Λ, left ideal

(Λ : I) <∞

(Λ : I)
−s
,

which is a generalization of the classical Dedekind zeta function ζK (s) of an alge-

braic number field K.

For the commutative rings Bp(G) and B̃p(G), the sum extends over all the ideals

of finite index and converges uniformly on compact subsets of {s ∈ C : Re(s) > 1} .
For further information, see [4].

2.3. Ideals of a fiber product of rings. We assume that

f2

A −→ A2

f1 ↓ ↓ g2

A1 −→ A

g1

is a fiber product diagram of rings, where all the maps are ring surjections. By

definition

A = {(a1, a2) : ai ∈ Ai for i = 1, 2 and g1 (a1) = g2 (a2)} .

Let I ≤ A and Ii ≤ Ai be left ideals, such that Ii = fi (I) for i = 1, 2. Let A2 be

a PID. Then I2 = A2β for some β ∈ A2. We have α ∈ I1 such that (α, β) ∈ I. Let

J = {c ∈ A1 : (c, 0) ∈ I} , which is an ideal of A1. We have that

I = A (α, β) + (J, 0)

and then it is determined by the following data:

1. a generator β of a principal ideal A2β of A2,

2. an ideal J ≤ A1 such that g1 (J) = 0, and

3. an element α ∈ A1 such that g1 (α) = g2 (β) . Clearly, α is uniquely determined

mod J.
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4. Let D = {a ∈ A : f2 (a)β = 0} which is an ideal of A. We have that

f1 (D)α ⊆ J.

For further details on this result, see [2].

3. Ideals of finite index in Bp(Cp3)

Let Bp
(
Cp3
)

be the Burnside ring of the cyclic group of order p3. We have that

the conjugacy classes of Cp3 are

C
(
Cp3
)

=
{[
Cp3
]
,
[
pCp3

]
,
[
p2Cp3

]
,
[
p3Cp3

]}
,

whence a basis for Bp
(
Cp3
)

is

{
a0 = Cp3�Cp3 , a1 = Cp3�pCp3 , a2 = Cp3�p2Cp3 , a3 = Cp3�p3Cp3

}
.

Therefore, Bp
(
Cp3
)

= Zpa0

⊕
Zpa1

⊕
Zpa2

⊕
Zpa3.

Furthermore B̃p
(
Cp3
)

= Z4
p is its maximal order.

On the other hand, we known that

ϕH (G/K) =

{
|G/K| for H ⊆ K

0 for H * K
,

and then, we have that ϕ induces the following inclusion

ϕ

Bp
(
Cp3
)

↪→ Z4
p

X 7−→ (ϕH(X))[H]∈C(G)

a0 7−→ (1, 1, 1, 1)

a1 7−→ (0, p, p, p)

a2 7−→ (0, 0, p2, p2)

a3 7−→ (0, 0, 0, p3)

Therefore, we can see Bp
(
Cp3
)

in B̃p
(
Cp3
)

as follows:

Bp
(
Cp3

)
=
{

(u0, u1, u2, u3) ∈ Z4
p: (u1 − u0) ∈ pZp, (u2 − u1) ∈ p2Zp, (u3 − u2) ∈ p3Z

}
similarly, we have that

Bp
(
Cp2
)

=
{

(u0, u1, u2) ∈ Z3
p: (u1 − u0) ∈ pZp (u2 − u1) ∈ p2Zp

}
⊆ Z3

p
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for which we can give the following fiber product structure:

(u0, u1, u2, u3) − − − − → u3

| f2 |
| Bp

(
Cp3
)
→ Zp |

| f1 ↓ ↓ g2 |
| Bp

(
Cp2
)
→ Zp�p3Zp |

↓ g1 ↓
(u0, u1, u2) − − − − → u2 = u3

We observe that Zp is a PID. Therefore, it has ideals of the form ptZp, for every

integer t ≥ 0, and according to the structure of the fiber product, we have that the

ideals of finite index in Bp
(
Cp3
)

are ideals of the form

I =
(
α, pt

)
Bp
(
Cp3
)

+ (J, 0) (I)

where α is an element of an ideal of Bp
(
Cp2
)

and J ≤ Bp
(
Cp2
)

is an ideal such

that:

1. g1 (J) = 0,

2. g1 (α) = g2 (pt) , where α is uniquely determined mod J, and

3. ifD = (pZp, p2Zp, p3Zp, 0) we have that

f1 (D)α ⊆ J.

Let Fp = {0, 1, . . . , p− 1} and F ∗p = {1, . . . , p− 1} , from [5] we have that the

ideals of finite index in Bp
(
Cp2
)

are:

J1 =
(
pm, pk, pl

)
Z3
p for:

m ≥ 1, k ≥ 2 and l ≥ 2.

J2 =
(
pm, pkw1, pl

) {
(x, y, z) ∈ Z3

p: (y − x) ∈ pZp

}
for:

m ≥ 1, k ≥ 2, l ≥ 2 and w1 ∈ F ∗p .
J3 =

(
pmw0, pk, pl

) {
(x, y, z) ∈ Z3

p: (z − x) ∈ pZp

}
for:

m ≥ 1, k ≥ 2, l ≥ 2 and w0 ∈ F ∗p .
J4 =

(
pm, pkw1, pl

) {
(x, y, z) ∈ Z3

p: (z − y) ∈ pZp

}
for:

i). m ≥ 1, k = l = 1 and w1 = 1.

ii). m ≥ 1, k ≥ 2, l ≥ 2 and w1 ∈ F ∗p .
J5 =

(
pm, pk (w1 + pw2) , pl

) {
(x, y, z) ∈ Z3

p: (z − y) ∈ p2Zp

}
for:

i). m ≥ 1, k = l = 1, w2 ∈ Fp and w1 = 1.

ii). m ≥ 1, k ≥ 2, l ≥ 2, w1 ∈ F ∗p and w2 ∈ Fp.
J6 =

(
pmw0, pkw1, pl

) {
(x, y, z) ∈ Z3

p: (y − x) ∈ pZp, (z − y) ∈ pZp

}
for:

i). m ≥ 1, k = l = 1, w0 ∈ F ∗p and w1 = 1.

ii). m ≥ 1, k ≥ 2, l ≥ 2 and w0, w1 ∈ F ∗p .
J7 =

(
pmw0, pk (w1 + pw2) , pl

)
Bp

(
Cp2

)
for:
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i). m = k = l = 0, w0 = w1 = 1 and w2 = 0.

ii). m ≥ 1, k = l = 1, w0 ∈ F ∗p , w2 ∈ Fp and w1 = 1.

iii). m ≥ 1, k ≥ 2, l ≥ 2, w0, w1 ∈ F ∗p and w2 ∈ Fp.
J8 =

(
pm, pkw1, plw2

) {
(x, y, z) ∈ Z3

p: x− y + z ∈ pZp

}
for:

m ≥ 1, k ≥ 2, l ≥ 2 and w1, w2 ∈ F ∗p .
J9 =

(
pmw0, pk, plw0 (w1 + pw2)

−1
) {

(x, y, z) ∈ Z3
p: px− y + z ∈ p2Zp

}
for:

i). m ≥ 1, k = l = 1, w0 ∈ F ∗p , w2 ∈ Fp and w1 = w0.

ii). m ≥ 1, k ≥ 2, l ≥ 2, w0, w1 ∈ F ∗p and w2 ∈ Fp.
Based on the previous paragraph, we will study (I) , for the nine cases above.

We will denote Bp
(
Cp3
)

by B.

1). From (I) for J1, we obtain the following ideals of finite index in B :

(α1, p
r)B + (J1, 0)

where:

α1 =
(
pm−1a0, p

k−2 (a1 + pa2) , pl−3
(
a3 + pa4 + p2a5

))
∈ Bp

(
Cp2
)
,

for m ≥ 1, k ≥ 2, l ≥ 3 and ai ∈ Fp for i ∈ {0, .., 5} . Furthermore, we have that:

pl−3
(
a3 + pa4 + p2a5

)
≡ prmod

(
p3Zp

)
,

where r ≥ 0, from which we obtain the following list of ideals of finite index in B :

Ij =
(
pµc0, p

κ (c1 + pc2) , pλ
(
c3 + pc4 + p2c5

)
, pρ

)
Mj

for j = 1, . . . , 24 where:

M1 = B

(B : I1)−s =
(
p−s
)µ+κ+λ+ρ

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c0, c1, c3 ∈ F ∗p and c2, c4, c5 ∈ Fp.
ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c0, c1 ∈ F ∗p ; c2, c4, c5 ∈ Fp and c3 = 1.

iii). 1 ≤ µ, κ = λ = ρ = 1; c0 ∈ F ∗p ; c2, c5 ∈ Fp; c1 = c3 = 1 and c4 = 0.

iv). µ = κ = λ = ρ = 0; c0 = c1 = c3 = 1 and c2 = c4 = c5 = 0.

M2 =
{
(u, v, w, t) ∈ Z4

p : (w − v) ∈ p2Zp, (t− w) ∈ p3Zp

}
(B : I2)−s =

(
p−s
)µ+κ+λ+ρ−1

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c1, c3 ∈ F ∗p ; c2, c4, c5 ∈ Fp and c0 = 1.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c1 ∈ F ∗p ; c2, c4, c5 ∈ Fp and c0 = c3 = 1.

iii). 1 ≤ µ, κ = λ = ρ = 1; c2, c5 ∈ Fp; c0 = c1 = c3 = 1 and c4 = 0.

M3 =
{

(u,v,w, t) ∈ Z4
p : (v − u) , (w − v) ∈ pZp, (t−w) ∈ p3Zp

}
(B : I3)−s =

(
p−s
)µ+κ+λ+ρ−1

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c0, c1, c3 ∈ F ∗p ; c4, c5 ∈ Fp and c2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c0, c1 ∈ F ∗p ; c4, c5 ∈ Fp; c3 = 1 and c2 = 0.

iii). 1 ≤ µ, κ = λ = ρ = 1; c0 ∈ F ∗p ; c5 ∈ Fp; c1 = c3 = 1 and c2 = c4 = 0.
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M4 =
{
(u, v, w, t) ∈ Z4

p : (w − v) ∈ pZp, (t− w) ∈ p3Zp

}
(B : I4)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c1, c3 ∈ F ∗p ; c4, c5 ∈ Fp; c0 = 1 and c2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c1 ∈ F ∗p ; c4, c5 ∈ Fp; c0 = c3 = 1 and c2 = 0.

iii). 1 ≤ µ, κ = λ = ρ = 1; c5 ∈ Fp; c0 = c1 = c3 = 1 and c2 = c4 = 0.

M5 =
{
(u, v, w, t) ∈ Z4

p : (v − u) ∈ pZp, (w − v) , (t− w) ∈ p2Zp

}
(B : I5)−s =

(
p−s
)µ+κ+λ+ρ−1

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c0, c1, c3 ∈ F ∗p ; c2, c4 ∈ Fp and c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c0, c1 ∈ F ∗p ; c2, c4 ∈ Fp; c3 = 1 and c5 = 0.

iii). 1 ≤ µ, κ = λ = ρ = 1; c0 ∈ F ∗p ; c2 ∈ Fp; c1 = c3 = 1 and c4 = c5 = 0.

M6 =
{
(u, v, w, t) ∈ Z4

p : (w − v) , (t− w) ∈ p2Zp

}
(B : I6)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c1, c3 ∈ F ∗p ; c2, c4 ∈ Fp; c0 = 1 and c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c1 ∈ F ∗p ; c2, c4 ∈ Fp; c0 = c3 = 1 and c5 = 0.

iii). 1 ≤ µ, κ = λ = ρ = 1; c2 ∈ Fp; c0 = c1 = c3 = 1 and c4 = c5 = 0.

M7 =
{
(u, v, w, t) ∈ Z4

p : (v − u) , (w − v) ∈ pZp, (t− w) ∈ p2Zp

}
(B : I7)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c0, c1, c3 ∈ F ∗p ; c4 ∈ Fp and c2 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c0, c1 ∈ F ∗p ; c4 ∈ Fp; c3 = 1 and c2 = c5 = 0.

iii). 1 ≤ µ, κ = λ = ρ = 1; c0 ∈ F ∗p ; c1 = c3 = 1 and c2 = c4 = c5 = 0.

M8 =
{
(u, v, w, t) ∈ Z4

p : (w − v) ∈ pZp, (t− w) ∈ p2Zp

}
(B : I8)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c1, c3 ∈ F ∗p ; c4 ∈ Fp; c0 = 1 and c2 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c1 ∈ F ∗p ; c4 ∈ Fp; c0 = c3 = 1 and c2 = c5 = 0.

iii). 1 ≤ µ, κ = λ = ρ = 1; c0 = c1 = c3 = 1 and c2 = c4 = c5 = 0.

M9 =
{
(u, v, w, t) ∈ Z4

p : (w − u) ∈ pZp, (t− w) ∈ p3Zp

}
(B : I9)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c0, c3 ∈ F ∗p ; c4, c5 ∈ Fp; c1 = 1 and c2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c0 ∈ F ∗p ; c4, c5 ∈ Fp; c1 = c3 = 1 and c2 = 0.

M10 =
{
(u, v, w, t) ∈ Z4

p : (t− w) ∈ p3Zp

}
(B : I10)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c3 ∈ F ∗p ; c4, c5 ∈ Fp; c0 = c1 = 1 and c2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c4, c5 ∈ Fp; c0 = c1 = c3 = 1 and c2 = 0.

M11 =
{
(u, v, w, t) ∈ Z4

p : (w − u) ∈ pZp, (t− w) ∈ p2Zp

}
(B : I11)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c0, c3 ∈ F ∗p ; c4 ∈ Fp; c1 = 1 and c2 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c0 ∈ F ∗p ; c4 ∈ Fp; c1 = c3 = 1 and c2 = c5 = 0.

M12 =
{
(u, v, w, t) ∈ Z4

p : (t− w) ∈ p2Zp

}
(B : I12)−s =

(
p−s
)µ+κ+λ+ρ−4

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c3 ∈ F ∗p ; c4 ∈ Fp; c0 = c1 = 1 and c2 = c5 = 0.



8 JUAN MANUEL RAMÍREZ-CONTRERAS AND DAVID VILLA-HERNÁNDEZ

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c4 ∈ Fp; c0 = c1 = c3 = 1 and c2 = c5 = 0.

M13 =
{
(u, v, w, t) ∈ Z4

p : (v − u) , (w − v) , (t− w) ∈ pZp

}
(B : I13)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c0, c1, c3 ∈ F ∗p and c2 = c4 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c0, c1 ∈ F ∗p ; c3 = 1 and c2 = c4 = c5 = 0.

M14 =
{
(u, v, w, t) ∈ Z4

p : (w − v) , (t− w) ∈ pZp

}
(B : I14)−s =

(
p−s
)µ+κ+λ+ρ−4

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c1, c3 ∈ F ∗p ; c0 = 1 and c2 = c4 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c1 ∈ F ∗p ; c0 = c3 = 1 and c2 = c4 = c5 = 0.

M15 =
{
(u, v, w, t) ∈ Z4

p : (w − u) , (t− w) ∈ pZp

}
(B : I15)−s =

(
p−s
)µ+κ+λ+ρ−4

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c0, c3 ∈ F ∗p ; c1 = 1 and c2 = c4 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c0 ∈ F ∗p ; c1 = c3 = 1 and c2 = c4 = c5 = 0.

M16 =
{
(u, v, w, t) ∈ Z4

p : (t− w) ∈ pZp

}
(B : I16)−s =

(
p−s
)µ+κ+λ+ρ−5

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c3 ∈ F ∗p ; c0 = c1 = 1 and c2 = c4 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c0 = c1 = c3 = 1 and c2 = c4 = c5 = 0.

M17 =
{
(u, v, w, t) ∈ Z4

p : (v − u) , (w − v) ∈ pZp, (t− v) ∈ p2Zp

}
(B : I17)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c0, c1, c3 ∈ F ∗p ; c2 ∈ Fp and c4 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c0, c1 ∈ F ∗p ; c2 ∈ Fp; c3 = 1 and c4 = c5 = 0.

M18 =
{
(u, v, w, t) ∈ Z4

p : (w − v) ∈ pZp, (t− v) ∈ p2Zp

}
(B : I18)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c1, c3 ∈ F ∗p ; c2 ∈ Fp; c0 = 1 and c4 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; c1 ∈ F ∗p ; c2 ∈ Fp; c0 = c3 = 1 and c4 = c5 = 0.

M19 =
{
(u, v, w, t) ∈ Z4

p : (v − u) ∈ pZp, (t− v) ∈ p2Zp

}
(B : I19)−s =

(
p−s
)µ+κ+λ+ρ−3

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c0, c1 ∈ F ∗p ; c2 ∈ Fp; c3 = 1 and c4 = c5 = 0.

M20 =
{
(u, v, w, t) ∈ Z4

p : (t− v) ∈ p2Zp

}
(B : I20)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c1 ∈ F ∗p ; c2 ∈ Fp; c0 = c3 = 1 and c4 = c5 = 0.

M21 =
{
(u, v, w, t) ∈ Z4

p : (v − u) , (t− v) ∈ pZp

}
(B : I21)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c0, c1 ∈ F ∗p ; c3 = 1 and c2 = c4 = c5 = 0.

M22 =
{
(u, v, w, t) ∈ Z4

p : (t− v) ∈ pZp

}
(B : I22)−s =

(
p−s
)µ+κ+λ+ρ−5

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c1 ∈ F ∗p ; c0 = c3 = 1 and c2 = c4 = c5 = 0.

M23 =
{
(u, v, w, t) ∈ Z4

p : (t− u) ∈ pZp

}
(B : I23)−s =

(
p−s
)µ+κ+λ+ρ−5

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c0 ∈ F ∗p ; c1 = c3 = 1 and c2 = c4 = c5 = 0.
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M24 = Z4
p

(B : I24)−s =
(
p−s
)µ+κ+λ+ρ−6

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; c0 = c1 = c3 = 1 and c2 = c4 = c5 = 0.

2). From (I) for J2, we obtain the following ideals of finite index in B :

(α2, p
r)B + (J2, 0)

where:

α2 =
(
pma0, p

k−1w1 (a1 + pa2) , pl−3
(
a3 + pa4 + p2a5

))
∈ Bp

(
Cp2
)
,

for m ≥ 1, k ≥ 2, l ≥ 3, w1 ∈ F ∗p and ai ∈ Fp for i ∈ {0, .., 5} . Furthermore, we

have that:

pl−3
(
a3 + pa4 + p2a5

)
≡ prmod

(
p3Zp

)
,

where r ≥ 1, from which we obtain the following list of ideals of finite index in B :

Ij =
(
pµ, pκω0, p

λ (c3 + pc4 + p2c5
)

(ω1 + pω2)−1 , pρ (ω3 + pω4)−1
)
Mj

for j = 25, . . . , 36 where:

M25 =
{
(u, v, w, t) ∈ Z4

p : (pu− v + t) ∈ p2Zp, (t− w) ∈ p3Zp

}
(B : I25)−s =

(
p−s
)µ+κ+λ+ρ−1

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; ω2, c4, c5 ∈ Fp; ω3 = ω1 and ω4 = ω2.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; ω2, c4, c5 ∈ Fp; ω3 = ω1, c3 = 1 and ω4 = ω2.

iii). 1 ≤ µ, κ = λ = ρ = 1; ω0 ∈ F ∗p ; ω2, c5 ∈ Fp; ω3 = ω1 = ω−1
0 , c3 = 1, ω4 = ω2 and

c4 = 0.

M26 =
{
(u, v, w, t) ∈ Z4

p : (pu− v + t) , (t− w) ∈ p2Zp

}
(B : I26)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; ω2, c4 ∈ Fp; ω3 = ω1, ω4 = ω2 and c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; ω2, c4 ∈ Fp; ω3 = ω1, c3 = 1, ω4 = ω2 and

c5 = 0.

iii). 1 ≤ µ, κ = λ = ρ = 1; ω0 ∈ F ∗p ; ω2 ∈ Fp; ω3 = ω1 = ω−1
0 , c3 = 1, ω4 = ω2, and

c4 = c5 = 0.

M27 =
{
(u, v, w, t) ∈ Z4

p : (u− v + t) ∈ pZp, (t− w) ∈ p3Zp

}
(B : I27)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; c4, c5 ∈ Fp; ω3 = ω1 and ω4 = ω2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; c4, c5 ∈ Fp; ω3 = ω1, c3 = 1 and ω4 = ω2 = 0.

M28 =
{
(u, v, w, t) ∈ Z4

p : (v − u) ∈ pZp, (t− w) ∈ p3Zp

}
(B : I28)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c3 ∈ F ∗p ; c4, c5 ∈ Fp; ω3 = ω1 = 1 and ω4 = ω2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0 ∈ F ∗p ; c4, c5 ∈ Fp; ω3 = ω1 = 1, c3 = 1 and

ω4 = ω2 = 0.

M29 =
{
(u, v, w, t) ∈ Z4

p : (u− v + t) ∈ pZp, (t− w) ∈ p2Zp

}



10 JUAN MANUEL RAMÍREZ-CONTRERAS AND DAVID VILLA-HERNÁNDEZ

(B : I29)−s =
(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; c4 ∈ Fp; ω3 = ω1 and ω4 = ω2 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; c4 ∈ Fp; ω3 = ω1, c3 = 1 and ω4 = ω2 =

c5 = 0.

M30 =
{
(u, v, w, t) ∈ Z4

p : (v − u) ∈ pZp, (t− w) ∈ p2Zp

}
(B : I30)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c3 ∈ F ∗p ; c4 ∈ Fp; ω3 = ω1 = 1 and ω4 = ω2 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0 ∈ F ∗p ; c4 ∈ Fp; ω3 = ω1 = 1, c3 = 1 and

ω4 = ω2 = c5 = 0.

M31 =
{
(u, v, w, t) ∈ Z4

p : (pu− v + t) ∈ p2Zp, (t− w) ∈ pZp

}
(B : I31)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; ω2 ∈ Fp; ω3 = ω1, ω4 = ω2 and c4 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; ω2 ∈ Fp; ω3 = ω1, c3 = 1, ω4 = ω2 and

c4 = c5 = 0.

M32 =
{
(u, v, w, t) ∈ Z4

p : (u− v + t) , (t− w) ∈ pZp

}
(B : I32)−s =

(
p−s
)µ+κ+λ+ρ−4

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; ω3 = ω1 and ω4 = ω2 = c4 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; ω3 = ω1, c3 = 1 and ω4 = ω2 = c4 = c5 = 0.

M33 =
{
(u, v, w, t) ∈ Z4

p : (u− v) , (t− w) ∈ pZp

}
(B : I33)−s =

(
p−s
)µ+κ+λ+ρ−4

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c3 ∈ F ∗p ; ω3 = ω1 = 1 and ω4 = ω2 = c4 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0 ∈ F ∗p ; ω3 = ω1 = c3 = 1 and ω4 = ω2 = c4 = c5 = 0.

M34 =
{
(u, v, w, t) ∈ Z4

p : (pu− v + t) ∈ p2Zp

}
(B : I34)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω3 ∈ F ∗p ; ω4 ∈ Fp; ω1 = c3 = 1 and ω2 = c4 = c5 = 0.

M35 =
{
(u, v, w, t) ∈ Z4

p : (u− v + t) ∈ pZp

}
(B : I35)−s =

(
p−s
)µ+κ+λ+ρ−5

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω3 ∈ F ∗p ; ω1 = c3 = 1 and ω4 = ω2 = c4 = c5 = 0.

M36 =
{
(u, v, w, t) ∈ Z4

p : (u− v) ∈ pZp

}
(B : I36)−s =

(
p−s
)µ+κ+λ+ρ−5

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0 ∈ F ∗p ; ω3 = ω1 = c3 = 1 and ω4 = ω2 = c4 = c5 = 0.

3). From (I) for J3, we obtain the following ideals of finite index in B :

(α3, p
r)B + (J3, 0)

where:

α3 =
(
pmw0a0, p

k−2 (a1 + pa2) , pl−2 (a3 + pa4 + p2a5
))
∈ Bp

(
Cp2

)
,

for m ≥ 1, k ≥ 2, l ≥ 3, w0 ∈ F ∗p and ai ∈ Fp for i ∈ {0, .., 5} . Furthermore, we have that:

pl−2 (a3 + pa4 + p2a5
)
≡ prmod

(
p3Zp

)
,
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where r ≥ 1, from which we obtain the following list of ideals of finite index in B :

Ij =
(
pµω0, p

κ (c1 + pc2)
(
c3 + pc4 + p2c5

)−1
, pλ, pρ

(
c6 + pc7 + p2c8

)−1
)
Mj

for j = 37, . . . , 48 where:

M37 =
{
(u, v, w, t) ∈ Z4

p :
(
p2u− w + t

)
∈ p3Zp, (t− v) ∈ p2Zp

}
(B : I37)−s =

(
p−s
)µ+κ+λ+ρ−1

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c1, c3 ∈ F ∗p ; c2, c4, c5 ∈ Fp; c3 = c6, c4 = c7 and c5 = c8.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, c1 ∈ F ∗p ; c2, c4, c5 ∈ Fp; c3 = c6 = 1, c4 = c7 and

c5 = c8.

iii). 1 ≤ µ, κ = λ = ρ = 1; ω0 ∈ F ∗p ; c2, c5 ∈ Fp; c1 = c3 = c6 = 1, c4 = c7 = 0 and

c5 = c8.

M38 =
{
(u, v, w, t) ∈ Z4

p :
(
p2u− w + t

)
∈ p3Zp, (t− v) ∈ pZp

}
(B : I38)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c1, c3 ∈ F ∗p ; c4, c5 ∈ Fp; c3 = c6, c2 = 0, c4 = c7 and

c5 = c8.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, c1 ∈ F ∗p ; c4, c5 ∈ Fp; c3 = c6 = 1, c2 = 0, c4 = c7 and

c5 = c8.

iii). 1 ≤ µ, κ = λ = ρ = 1; ω0 ∈ F ∗p ; c5 ∈ Fp; c1 = c3 = c6 = 1, c2 = c4 = c7 = 0 and

c5 = c8.

M39 =
{
(u, v, w, t) ∈ Z4

p :
(
p2u− w + t

)
∈ p3Zp

}
(B : I39)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c6 ∈ F ∗p ; c7, c8 ∈ Fp; c1 = c3 = 1 and c2 = c4 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0 ∈ F ∗p ; c7, c8 ∈ Fp; c1 = c3 = c6 = 1 and c2 = c4 = c5 =

0.

M40 =
{
(u, v, w, t) ∈ Z4

p : (pu− w + t) , (t− v) ∈ p2Zp

}
(B : I40)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c1, c3 ∈ F ∗p ; c2, c4 ∈ Fp; c3 = c6, c4 = c7 and c5 = c8 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, c1 ∈ F ∗p ; c2, c4 ∈ Fp; c3 = c6 = 1, c4 = c7 and

c5 = c8 = 0.

M41 =
{
(u, v, w, t) ∈ Z4

p : (pu− w + t) ∈ p2Zp, (t− v) ∈ pZp

}
(B : I41)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c1, c3 ∈ F ∗p ; c4 ∈ Fp; c3 = c6, c4 = c7 and c2 = c5 = c8 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, c1 ∈ F ∗p ; c4 ∈ Fp; c3 = c6 = 1, c4 = c7 and

c2 = c5 = c8 = 0.

M42 =
{
(u, v, w, t) ∈ Z4

p : (pu− w + t) ∈ p2Zp

}
(B : I42)−s =

(
p−s
)µ+κ+λ+ρ−4

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c6 ∈ F ∗p ; c7 ∈ Fp; c1 = c3 = 1 and c2 = c4 = c5 = c8 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0 ∈ F ∗p ; c7 ∈ Fp; c1 = c3 = c6 = 1 and c2 = c4 = c5 =

c8 = 0.

M43 =
{
(u, v, w, t) ∈ Z4

p : (u− w + t) ∈ pZp, (t− v) ∈ p2Zp

}
(B : I43)−s =

(
p−s
)µ+κ+λ+ρ−3
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1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c1, c3 ∈ F ∗p ; c2 ∈ Fp; c3 = c6 and c4 = c7 = c5 = c8 = 0.

M44 =
{
(u, v, w, t) ∈ Z4

p : (u− w) ∈ pZp, (t− v) ∈ p2Zp

}
(B : I44)−s =

(
p−s
)µ+κ+λ+ρ−3

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c1 ∈ F ∗p ; c2 ∈ Fp; c3 = c6 = 1 and c4 = c7 = c5 = c8 = 0.

M45 =
{
(u, v, w, t) ∈ Z4

p : (u− w + t) , (t− v) ∈ pZp

}
(B : I45)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c1, c3 ∈ F ∗p ; c3 = c6 and c2 = c4 = c7 = c5 = c8 = 0.

M46 =
{
(u, v, w, t) ∈ Z4

p : (u− w) , (t− v) ∈ pZp

}
(B : I46)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c1 ∈ F ∗p ; c3 = c6 = 1 and c2 = c4 = c7 = c5 = c8 = 0.

M47 =
{
(u, v, w, t) ∈ Z4

p : (u− w + t) ∈ pZp

}
(B : I47)−s =

(
p−s
)µ+κ+λ+ρ−5

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c6 ∈ F ∗p ; c1 = c3 = 1 and c2 = c4 = c7 = c5 = c8 = 0.

M48 =
{
(u, v, w, t) ∈ Z4

p : (u− w) ∈ pZp

}
(B : I48)−s =

(
p−s
)µ+κ+λ+ρ−5

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0 ∈ F ∗p ; c1 = c3 = c6 = 1 and c2 = c4 = c7 = c5 = c8 = 0.

4). From (I) for J4, we obtain the following ideals of finite index in B :

(α4, p
r)B + (J4, 0)

where:

α4 =
(
pm−1a0, p

k−1w1 (a1 + pa2) , pl−2 (a3 + pa4 + p2a5
))
∈ Bp

(
Cp2

)
,

for m ≥ 1, k ≥ 2, l ≥ 3, w1 ∈ F ∗p and ai ∈ Fp for i ∈ {0, .., 5} . Furthermore, we have that:

pl−2 (a3 + pa4 + p2a5
)
≡ prmod

(
p3Zp

)
,

where r ≥ 1, from which we obtain the following list of ideals of finite index in B :

Ij =
(
pµc0, p

κω0 (1 + pc2) , pλ, pρ
(
c3 + pc4 + p2c5

)−1
)
Mj

for j = 49, . . . , 64 where:

M49 (a) =
{
(u, v, w, t) ∈ Z4

p : (pv − w + t) ∈ p3Zp, (u− t) , (v − at) ∈ pZp

}
(B : I49 (a))−s =

(
p−s
)µ+κ+λ+ρ−1

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; a, ω0, c0, c3 ∈ F ∗p ; c4, c5 ∈ Fp and c2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; a, ω0, c0 ∈ F ∗p ; c4, c5 ∈ Fp; c3 = 1 and c2 = 0.

iii). 1 ≤ µ, κ = λ = ρ = 1; ω0, c0 ∈ F ∗p ; c5 ∈ Fp; a = ω−1
0 , c4 = −ω−1

0 , c3 = 1 and

c2 = 0.

M50 (a) =
{
(u, v, w, t) ∈ Z4

p : (pv − w + t) ∈ p3Zp, (v − at) ∈ pZp

}
(B : I50 (a))−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; a, ω0, c3 ∈ F ∗p ; c4, c5 ∈ Fp; c0 = 1 and c2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; a, ω0 ∈ F ∗p ; c4, c5 ∈ Fp; c0 = c3 = 1 and c2 = 0.

iii). 1 ≤ µ, κ = λ = ρ = 1; ω0 ∈ F ∗p ; c5 ∈ Fp; a = ω−1
0 , c4 = −ω−1

0 , c0 = c3 = 1 and

c2 = 0.
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M51 =
{
(u, v, w, t) ∈ Z4

p :
(
p2v − w + t

)
∈ p3Zp, (u− t) ∈ pZp

}
(B : I51)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c0, c3 ∈ F ∗p ; c4, c5 ∈ Fp and c2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, c0 ∈ F ∗p ; c4, c5 ∈ Fp; c3 = 1 and c2 = 0.

M52 =
{
(u, v, w, t) ∈ Z4

p :
(
p2v − w + t

)
∈ p3Zp

}
(B : I52)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c3 ∈ F ∗p ; c4, c5 ∈ Fp; c0 = 1 and c2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0 ∈ F ∗p ; c4, c5 ∈ Fp; c0 = c3 = 1 and c2 = 0.

M53 =
{
(u, v, w, t) ∈ Z4

p : (v − w) ∈ p2Zp, (t− u) , (t− v) ∈ pZp

}
(B : I53)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c0, c3 ∈ F ∗p ; c2 ∈ Fp and c4 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, c0 ∈ F ∗p ; c2 ∈ Fp; c3 = 1 and c4 = c5 = 0.

M54 (a) =
{
(u, v, w, t) ∈ Z4

p : (v − w + t) ∈ p2Zp, (t− u) , (v − at) ∈ pZp

}
(B : I54 (a))−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c0, c3 ∈ F ∗p ; c4 ∈ Fp; a ∈ {1, . . . , p− 2} and c2 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, c0 ∈ F ∗p ; c4 ∈ Fp; a ∈ {1, . . . , p− 2} ; c3 = (1 + a)−1

and c2 = c5 = 0.

M55 =
{
(u, v, w, t) ∈ Z4

p : (v − w) ∈ p2Zp, (t− v) ∈ pZp

}
(B : I55)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c3 ∈ F ∗p ; c2 ∈ Fp; c0 = 1 and c4 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0 ∈ F ∗p ; c2 ∈ Fp; c0 = c3 = 1 and c4 = c5 = 0.

M56 (a) =
{
(u, v, w, t) ∈ Z4

p : (v − w + t) ∈ p2Zp, (v − at) ∈ pZp

}
(B : I56 (a))−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c3 ∈ F ∗p ; c4 ∈ Fp; a ∈ {1, . . . , p− 2} ; c0 = 1 and

c2 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0 ∈ F ∗p ; c4 ∈ Fp; a ∈ {1, . . . , p− 2} ; c0 = 1,

c3 = (1 + a)−1 and c2 = c5 = 0.

M57 =
{
(u, v, w, t) ∈ Z4

p : (pv − w + t) ∈ p2Zp, (t− u) ∈ pZp

}
(B : I57)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c0, c3 ∈ F ∗p ; c4 ∈ Fp and c2 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, c0 ∈ F ∗p ; c4 ∈ Fp; c3 = 1 and c2 = c5 = 0.

M58 =
{
(u, v, w, t) ∈ Z4

p : (pv − w + t) ∈ p2Zp

}
(B : I58)−s =

(
p−s
)µ+κ+λ+ρ−4

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c3 ∈ F ∗p ; c4 ∈ Fp; c0 = 1 and c2 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0 ∈ F ∗p ; c4 ∈ Fp; c0 = c3 = 1 and c2 = c5 = 0.

M59 =
{
(u, v, w, t) ∈ Z4

p : (v − pw + t) ∈ p2Zp, (t− u) ∈ pZp

}
(B : I59)−s =

(
p−s
)µ+κ+λ+ρ−3

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c0, c3 ∈ F ∗p ; c4 ∈ Fp and c2 = c5 = 0.

M60 =
{
(u, v, w, t) ∈ Z4

p : (v − pw + t) ∈ p2Zp,
}

(B : I60)−s =
(
p−s
)µ+κ+λ+ρ−4
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1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c3 ∈ F ∗p ; c4 ∈ Fp; c0 = 1 and c2 = c5 = 0.

M61 =
{
(u, v, w, t) ∈ Z4

p : (v − w + t) , (t− u) ∈ pZp

}
(B : I61)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c0, c3 ∈ F ∗p and c2 = c4 = c5 = 0.

M62 =
{
(u, v, w, t) ∈ Z4

p : (v − w + t) ∈ pZp

}
(B : I62)−s =

(
p−s
)µ+κ+λ+ρ−5

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c3 ∈ F ∗p ; c0 = 1 and c2 = c4 = c5 = 0.

M63 =
{
(u, v, w, t) ∈ Z4

p : (v − w) , (t− u) ∈ pZp

}
(B : I63)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c3 ∈ F ∗p ; c0 = 1 and c2 = c4 = c5 = 0.

M64 =
{
(u, v, w, t) ∈ Z4

p : (v − w) ∈ pZp

}
(B : I64)−s =

(
p−s
)µ+κ+λ+ρ−5

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0 ∈ F ∗p ; c0 = c3 = 1 and c2 = c4 = c5 = 0.

5). From (I) for J5, we obtain the following ideals of finite index in B :

(α5, p
r)B + (J5, 0)

where:

α5 =
(
pm−1a0, p

k (w1 + pw2) (a1 + pa2) , pl−1 (a3 + pa4 + p2a5
))
∈ Bp

(
Cp2

)
,

for m ≥ 1, k ≥ 2, l ≥ 3, w1 ∈ F ∗p and w2, ai ∈ Fp for i ∈ {0, .., 5} . Furthermore, we have

that:

pl−1 (a3 + pa4 + p2a5
)
≡ prmod

(
p3Zp

)
,

where r ≥ 2, from which we obtain the following list of ideals of finite index in B :

Ij =
(
pµc0

(
c1 + pc2 + p2c3

)−1
, pκ (ω0 + pω1) , pλ, pρ

(
c4 + pc5 + p2c6

)−1
)
Mj

for j = 65, . . . , 72 where:

M65 =
{
(u, v, w, t) ∈ Z4

p : (pv − w + t) ∈ p3Zp, (t− u) ∈ pZp

}
(B : I65)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c0, c4 ∈ F ∗p ; ω1, c5, c6 ∈ Fp; c1 = c4, c2 = c5 and c3 = c6.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, c0 ∈ F ∗p ; ω1, c5, c6 ∈ Fp; c1 = c4 = 1, c2 = c5 and

c3 = c6.

M66 =
{
(u, v, w, t) ∈ Z4

p : (pv − w + t) ∈ p3Zp

}
(B : I66)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c4 ∈ F ∗p ; ω1, c5, c6 ∈ Fp; c0 = c1 = 1 and c2 = c3 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0 ∈ F ∗p ; ω1, c5, c6 ∈ Fp; c0 = c1 = c4 = 1 and c2 = c3 = 0.

M67 =
{
(u, v, w, t) ∈ Z4

p : (v − w + t) ∈ p2Zp, (t− u) ∈ pZp

}
(B : I67)−s =

(
p−s
)µ+κ+λ+ρ−3

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c0, c4 ∈ F ∗p ; ω1, c5 ∈ Fp; c1 = c4, c2 = c5 and c3 = c6 = 0.

M68 =
{
(u, v, w, t) ∈ Z4

p : (v − w + pt) ∈ p2Zp, (t− u) ∈ pZp

}
(B : I68)−s =

(
p−s
)µ+κ+λ+ρ−3
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1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c0, c4 ∈ F ∗p ; ω1 ∈ Fp; c1 = c4 and c2 = c5 = c3 = c6 = 0.

M69 =
{
(u, v, w, t) ∈ Z4

p : (v − w) ∈ p2Zp, (t− u) ∈ pZp

}
(B : I69)−s =

(
p−s
)µ+κ+λ+ρ−3

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c0 ∈ F ∗p ; ω1 ∈ Fp; c1 = c4 = 1 and c2 = c5 = c3 = c6 = 0.

M70 =
{
(u, v, w, t) ∈ Z4

p : (v − w + t) ∈ p2Zp

}
(B : I70)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c4 ∈ F ∗p ; ω1, c5 ∈ Fp; c0 = c1 = 1 and c2 = c3 = c6 = 0.

M71 =
{
(u, v, w, t) ∈ Z4

p : (v − w + pt) ∈ p2Zp

}
(B : I71)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, c4 ∈ F ∗p ; ω1 ∈ Fp; c0 = c1 = 1 and c2 = c5 = c3 = c6 = 0.

M72 =
{
(u, v, w, t) ∈ Z4

p : (v − w) ∈ p2Zp

}
(B : I72)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0 ∈ F ∗p ; ω1 ∈ Fp; c0 = c1 = c4 = 1 and c2 = c5 = c3 = c6 = 0.

6). From (I) for J6, we obtain the following ideals of finite index in B :

(α6, p
r)B + (J6, 0)

where

α6 =
(
pmw0a0, p

k−1w1 (a1 + pa2) , pl−2 (a3 + pa4 + p2a5
))
∈ Bp

(
Cp2

)
,

for m ≥ 1, k ≥ 2, l ≥ 3, w0, w1 ∈ F ∗p and ai ∈ Fp for i ∈ {0, .., 5} . Furthermore, we have

that:

pl−2 (a3 + pa4 + p2a5
)
≡ prmod

(
p3Zp

)
,

where r ≥ 1, from which we obtain the following list of ideals of finite index in B :

Ij =
(
pµω0, p

κω1 (c1 + pc2) , pλ, pρ
(
c3 + pc4 + p2c5

)−1
)
Mj

for j = 73, . . . , 84 where:

M73 (a) =
{
(u, v, w, t) ∈ Z4

p :
(
pc−1

1 u− v + t
)
∈ p2Zp,

(
p2u− w + t

)
∈ p3Zp

}
(B : I73 (a))−s =

(
p−s
)µ+κ+λ+ρ−1

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c1, c3 ∈ F ∗p and c2, c4, c5 ∈ Fp.
ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1, c1 ∈ F ∗p ; c2, c4, c5 ∈ Fp and c3 = 1.

iii). 1 ≤ µ, κ = λ = ρ = 1; ω0, ω1 ∈ F ∗p ; c2, c5 ∈ Fp; c1 = ω−1
1 , c3 = 1 and c4 = 0.

M74 (a) =
{
(u, v, w, t) ∈ Z4

p :
(
p2u− w + t

)
∈ p3Zp, (u− v + at) ∈ pZp

}
(B : I74 (a))−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; a, ω0, ω1, c3 ∈ F ∗p ; c4, c5 ∈ Fp; c1 = 1 and c2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; a, ω0, ω1 ∈ F ∗p ; c4, c5 ∈ Fp; c1 = c3 = 1 and c2 = 0.

M75 =
{
(u, v, w, t) ∈ Z4

p :
(
p2u− w + t

)
∈ p3Zp, (u− v) ∈ pZp

}
(B : I75)−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; c4, c5 ∈ Fp; c1 = 1 and c2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; c4, c5 ∈ Fp; c1 = c3 = 1 and c2 = 0.

M76 (a) =
{
(u, v, w, t) ∈ Z4

p :
(
pc−1

1 u− v + t
)
∈ p2Zp, (pu− w + t) ∈ p2Zp

}



16 JUAN MANUEL RAMÍREZ-CONTRERAS AND DAVID VILLA-HERNÁNDEZ

(B : I76 (a))−s =
(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c1, c3 ∈ F ∗p ; c2, c4 ∈ Fp and c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1, c1 ∈ F ∗p ; c2, c4 ∈ Fp; c3 = 1 and c5 = 0.

M77 (a) =
{
(u, v, w, t) ∈ Z4

p : (pu− w + t) ∈ p2Zp, (u− v + at) ∈ pZp

}
(B : I77 (a))−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; a, ω0, ω1, c3 ∈ F ∗p ; c4 ∈ Fp; c1 = 1 and c2 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; a, ω0, ω1 ∈ F ∗p ; c4 ∈ Fp; c1 = c3 = 1 and c2 = c5 = 0.

M78 =
{
(u, v, w, t) ∈ Z4

p : (pu− w + t) ∈ p2Zp, (u− v) ∈ pZp

}
(B : I78)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; c4 ∈ Fp; c1 = 1 and c2 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; c4 ∈ Fp; c1 = c3 = 1 and c2 = c5 = 0.

M79 (a) =
{
(u, v, w, t) ∈ Z4

p : (pu− v + t) ∈ p2Zp, (u− w + at) ∈ pZp

}
(B : I79 (a))−s =

(
p−s
)µ+κ+λ+ρ−3

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; a, ω0, ω1, c3 ∈ F ∗p ; c4 ∈ Fp; c1 = 1 and c2 = c5 = 0.

M80 =
{
(u, v, w, t) ∈ Z4

p : (pu− v + t) ∈ p2Zp, (u− w) ∈ pZp

}
(B : I80)−s =

(
p−s
)µ+κ+λ+ρ−3

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; c4 ∈ Fp; c1 = 1 and c2 = c5 = 0.

M81 =
{
(u, v, w, t) ∈ Z4

p : (u− w + t) ∈ pZp, (u− v) ∈ pZp

}
(B : I81)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; c1 = 1 and c2 = c4 = c5 = 0.

M82 =
{
(u, v, w, t) ∈ Z4

p : (u− w) ∈ pZp, (u− v) ∈ pZp

}
(B : I82)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1 ∈ F ∗p ; c1 = c3 = 1 and c2 = c4 = c5 = 0.

M83 (a) =
{
(u, v, w, t) ∈ Z4

p : (u− w + t) ∈ pZp, (u− v + at) ∈ pZp

}
(B : I83 (a))−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; a, ω0, ω1, c3 ∈ F ∗p ; c1 = 1 and c2 = c4 = c5 = 0.

M84 =
{
(u, v, w, t) ∈ Z4

p : (u− w) ∈ pZp, (u− v + t) ∈ pZp

}
(B : I84)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; c1 = 1 and c2 = c4 = c5 = 0.

7). From (I) for J7, we obtain the following ideals of finite index in B :

(α7, p
r)B + (J7, 0)

where:

α7 =
(
pmw0a0, p

k (w1 + pw2) (a1 + pa2) , pl−1 (a3 + pa4 + p2a5
))
∈ Bp

(
Cp2

)
,

for m ≥ 1, k ≥ 2, l ≥ 3, w0, w1 ∈ F ∗p and w2, ai ∈ Fp for i ∈ {0, .., 5} . Furthermore, we

have that:

pl−1 (a3 + pa4 + p2a5
)
≡ prmod

(
p3Zp

)
,

where r ≥ 2, from which we obtain the following list of ideals of finite index in B :

Ij =
(
pµω0, p

κ (ω1 + pω2) , pλ, pρ
(
c1 + pc2 + p2c3

)−1
)
Mj
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for j = 85, . . . , 91 where:

M85 (a) =
{
(u, v, w, t) ∈ Z4

p : (pv − w + t) ∈ p3Zp, (pu− w + t + pat) ∈ p2Zp

}
(B : I85 (a))−s =

(
p−s
)µ+κ+λ+ρ−1

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c1 ∈ F ∗p and a, ω2, c2, c3 ∈ Fp.
ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; a, ω2, c2, c3 ∈ Fp and c1 = 1.

M86 =
{
(u, v, w, t) ∈ Z4

p : (v − w + pt) ∈ p2Zp, (u− w) ∈ pZp

}
(B : I86)−s =

(
p−s
)µ+κ+λ+ρ−3

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c1 ∈ F ∗p ; ω2 ∈ Fp and c2 = c3 = 0.

M87 =
{
(u, v, w, t) ∈ Z4

p : (v − w) ∈ p2Zp, (u− w) ∈ pZp

}
(B : I87)−s =

(
p−s
)µ+κ+λ+ρ−3

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1 ∈ F ∗p ; ω2 ∈ Fp; c1 = 1 and c2 = c3 = 0.

M88 =
{
(u, v, w, t) ∈ Z4

p : (v − w + t) ∈ p2Zp, (u− w) ∈ pZp

}
(B : I88)−s =

(
p−s
)µ+κ+λ+ρ−3

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c1 ∈ F ∗p ; ω2, c2 ∈ Fp and c3 = 0.

M89 =
{
(u, v, w, t) ∈ Z4

p : (v − w) ∈ p2Zp, (u− w + t) ∈ pZp

}
(B : I89)−s =

(
p−s
)µ+κ+λ+ρ−3

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c1 ∈ F ∗p ; ω2 ∈ Fp and c2 = c3 = 0.

M90 (a) =
{
(u, v, w, t) ∈ Z4

p : (v − w + pt) ∈ p2Zp, (u− w + at) ∈ pZp

}
(B : I90 (a))−s =

(
p−s
)µ+κ+λ+ρ−3

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; a, ω0, ω1, c1 ∈ F ∗p ; ω2 ∈ Fp and c2 = c3 = 0.

M91 (a) =
{
(u, v, w, t) ∈ Z4

p : (v − w + t) ∈ p2Zp, (u− w + at) ∈ pZp

}
(B : I91 (a))−s =

(
p−s
)µ+κ+λ+ρ−3

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; a, ω0, ω1, c1 ∈ F ∗p ; ω2, c2 ∈ Fp and c3 = 0.

8). From (I) for J8, we obtain the following ideals of finite index in B :

(α8, p
r)B + (J8, 0)

where:

α8 =
(
pma0, p

k−1w1 (a1 + pa2) , pl−2w2

(
a3 + pa4 + p2a5

))
∈ Bp

(
Cp2

)
,

for m ≥ 1, k ≥ 2, l ≥ 3, w1, w2 ∈ F ∗p and ai ∈ Fp for i ∈ {0, .., 5} . Furthermore, we have

that:

pl−2w2

(
a3 + pa4 + p2a5

)
≡ prmod

(
p3Zp

)
,

where r ≥ 1, from which we obtain the following list of ideals of finite index in B :

Ij =
(
pµ, pκω0 (1 + pc2) , pλω1, p

ρ (c3 + pc4 + p2c5
)−1
)
Mj

for j = 92, . . . , 99 where:

M92 (a) =
{
(u, v, w, t) ∈ Z4

p :
(
pv − w − p2u + t

)
∈ p3Zp, (v − at) ∈ pZp

}
(B : I92 (a))−s =

(
p−s
)µ+κ+λ+ρ−2

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; a, ω0, ω1, c3 ∈ F ∗p ; c4, c5 ∈ Fp and c2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; a, ω0, ω1 ∈ F ∗p ; c4, c5 ∈ Fp; c3 = ω−1
1 and c2 = 0.
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iii). 1 ≤ µ, κ = λ = ρ = 1; ω0, ω1 ∈ F ∗p ; c5 ∈ Fp; a = ω−1
0 ω1, c4 = −ω−1

0 , c3 = ω−1
1 and

c2 = 0.

M93 =
{
(u, v, w, t) ∈ Z4

p :
(
p2v − w − p2u + t

)
∈ p3Zp

}
(B : I93)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; c4, c5 ∈ Fp and c2 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; c4, c5 ∈ Fp; c3 = ω−1
1 and c2 = 0.

M94 (a) =
{
(u, v, w, t) ∈ Z4

p : (v − w − pu + t) ∈ p2Zp, (v − at) ∈ pZp

}
(B : I94 (a))−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; a ∈ {1, . . . , p− 2} ; c4 ∈ Fp and c2 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; a ∈ {1, . . . , p− 2} ; c4 ∈ Fp; c3 =

ω−1
1 (1 + a)−1 and c2 = c5 = 0.

M95 =
{
(u, v, w, t) ∈ Z4

p : (v − w − pu) ∈ p2Zp, (v − t) ∈ pZp

}
(B : I95)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; c2 ∈ Fp and c4 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; c2 ∈ Fp; c3 = ω−1
1 and c4 = c5 = 0.

M96 =
{
(u, v, w, t) ∈ Z4

p : (pv − pu− w + t) ∈ p2Zp

}
(B : I96)−s =

(
p−s
)µ+κ+λ+ρ−4

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; c4 ∈ Fp and c2 = c5 = 0.

ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; c4 ∈ Fp; c3 = ω−1
1 and c2 = c5 = 0.

M97 =
{
(u, v, w, t) ∈ Z4

p : (pu− v + pw + t) ∈ p2Zp

}
(B : I97)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p ; c4 ∈ Fp and c2 = c5 = 0.

M98 =
{
(u, v, w, t) ∈ Z4

p : (v − u− w + t) ∈ pZp

}
(B : I98)−s =

(
p−s
)µ+κ+λ+ρ−5

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c3 ∈ F ∗p and c2 = c4 = c5 = 0.

M99 =
{
(u, v, w, t) ∈ Z4

p : (v − w − u) ∈ pZp

}
(B : I99)−s =

(
p−s
)µ+κ+λ+ρ−5

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1 ∈ F ∗p ; c3 = 1 and c2 = c4 = c5 = 0.

9). From (I) for J9, we obtain the following ideals of finite index in B :

(α9, p
r)B + (J9, 0)

where: α9 =(
pmw0a0, p

k (a1 + pa2) , pl−1w0 (w1 + pw2)−1 (a3 + pa4 + p2a5
))
∈ Bp

(
Cp2

)
,

for m ≥ 1, k ≥ 2, l ≥ 3, w0, w1 ∈ F ∗p and w2, ai ∈ Fp for i ∈ {0, .., 5} . Furthermore, we

have that:

pl−1w0 (w1 + pw2)−1 (a3 + pa4 + p2a5
)
≡ prmod

(
p3Zp

)
,

where r ≥ 2, from which we obtain the following list of ideals of finite index in B :

Ij =
(
pµ (ω1 + pω2) , pκω0 (ω1 + pω2) , pλ, pρ

(
c1 + pc2 + p2c3

)−1
)
Mj
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for j = 100, . . . , 103 where:

M100 =
{
(u, v, w, t) ∈ Z4

p :
(
pv − w − p2u + t

)
∈ p3Zp

}
(B : I100)−s =

(
p−s
)µ+κ+λ+ρ−3

i). 1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c1 ∈ F ∗p and ω2, c2, c3 ∈ Fp;
ii). 1 ≤ µ, 2 ≤ κ, λ = ρ = 2; ω0, ω1 ∈ F ∗p ; ω2, c2, c3 ∈ Fp and c1 = 1.

M101 =
{
(u, v, w, t) ∈ Z4

p : (pu + w − v + t) ∈ p2Zp

}
(B : I101)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c1 ∈ F ∗p ; ω2, c2 ∈ Fp and c3 = 0.

M102 =
{
(u, v, w, t) ∈ Z4

p : (pu + w − v + pt) ∈ p2Zp

}
(B : I102)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1, c1 ∈ F ∗p ; ω2 ∈ Fp and c2 = c3 = 0.

M103 =
{
(u, v, w, t) ∈ Z4

p : (pu + w − v) ∈ p2Zp

}
(B : I103)−s =

(
p−s
)µ+κ+λ+ρ−4

1 ≤ µ, 2 ≤ κ, 3 ≤ λ, ρ; ω0, ω1 ∈ F ∗p ; ω2 ∈ Fp; c1 = 1 and c2 = c3 = 0.

4. The zeta function of the Burnside ring ζBp(Cp3
)(s)

Proposition 4.1. Let p be a rational prime and let B = Bp
(
Cp3

)
be the Burnside ring

for a cyclic group Cp3 of order p3. Therefore, the zeta function will be:

ζ
Bp

(
C

p3

) (s) = f
(
p−s
)
ζZ4

p
(s) ,

where ζZ4
p

(s) = 1

(1−p−s)4
and

f
(
p−s
)

=

a0 + a1p
−s + a2p

−2s + a3p
−3s + a4p

−4s + a5p
−5s + a6p

−6s + a7p
−7s + a8p

−8s + a9p
−9s,

where

a0 = 1

a1 = −3

a2 = 3 + p+ p2 + p3

a3 =
(
−1− 2p+ p2

) (
1 + p+ p2

)
a4 = p

(
3− p3 + p4

)
a5 = p (p− 1) (p+ 1)

(
1− 2p+ 3p2

)
a6 = p2 (p− 1)2 (2p− 1) (2p+ 1)

a7 = p3 (p− 1) (2p− 1)

a8 = p3 (p− 1)
(
1− 2p+ 2p3

)
a9 = p4 (p− 1)2

Proof. Remember that

ζB(s) =
∑

I ≤ B, left ideal

(B : I) <∞

(B : I)−s ,

hence, from the previous section, we have that:
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ζB(s) =

p3 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ

+ p3 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+4

+p2 (p− 1)

∞∑
µ=1

(
p−s
)µ+3

+ 1

+p3 (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−1

+ p3 (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+3

+p2
∞∑
µ=1

(
p−s
)µ+2

+p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−1

+ p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+3

+p (p− 1)

∞∑
µ=1

(
p−s
)µ+2

+p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p

∞∑
µ=1

(
p−s
)µ+1

+p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−1

+ p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+3

+p (p− 1)

∞∑
µ=1

(
p−s
)µ+2

+p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p

∞∑
µ=1

(
p−s
)µ+1

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+ (p− 1)

∞∑
µ=1

(
p−s
)µ+1

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p (p− 1)
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+

∞∑
µ=1

(
p−s
)µ
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+p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p2 (p− 1)

∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 1)

∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ p

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ

+ (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+ (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ

+ (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ

+ (p− 1)

∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−5

+

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ−1

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+p (p− 1)

∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)

∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−5

+ (p− 1)

∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−5

+

∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−6

+p3 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−1

+ p3 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+3

+p2 (p− 1)

∞∑
µ=1

(
p−s
)µ+2
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+p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p (p− 1)

∞∑
µ=1

(
p−s
)µ+1

+p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+ (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ

+ (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−5

+ (p− 1)

∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−5

+p3 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−1

+ p3 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+3

+p2 (p− 1)

∞∑
µ=1

(
p−s
)µ+2

+p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p (p− 1)

∞∑
µ=1

(
p−s
)µ+1

+p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p2 (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2
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+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ p (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−5

+ (p− 1)

∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−5

+p2 (p− 1)4
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−1

+ p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+3

+p (p− 1)2
∞∑
µ=1

(
p−s
)µ+2

+p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p (p− 1)

∞∑
µ=1

(
p−s
)µ+1

+p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p2 (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p (p− 2) (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+p (p− 2) (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 2) (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p (p− 2) (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1
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+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ p (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−5

+ (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)

∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−5

+p3 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p3 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p3 (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p3 (p− 1)

∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+p (p− 1)

∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+p3 (p− 1)4
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−1

+ p3 (p− 1)3
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+3

+p2 (p− 1)2
∞∑
µ=1

(
p−s
)µ+2
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+p2 (p− 1)4
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p2 (p− 1)4
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p (p− 1)4
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p (p− 1)3
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 1)4
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)4
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+p4 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−1

+ p4 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+3

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+p (p− 1)4
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+p2 (p− 1)4
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3
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+p2 (p− 1)4
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−2

+ p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+2

+p (p− 1)2
∞∑
µ=1

(
p−s
)µ+1

+p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p2 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 2) (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+p (p− 2) (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ p (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+ (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−5

+ (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−5

+p3 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−3

+ p3 (p− 1)2
∞∑
µ=1

∞∑
κ=2

(
p−s
)µ+κ+1

+p2 (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+p (p− 1)3
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

+p (p− 1)2
∞∑
µ=1

∞∑
κ=2

∞∑
λ=3

∞∑
ρ=3

(
p−s
)µ+κ+λ+ρ−4

using [6], we obtain the following result:

ζB(s) =
a0 + a1p−s + a2p−2s + a3p−3s + a4p−4s + a5p−5s + a6p−6s + a7p−7s + a8p−8s + a9p−9s

(1 − p−s)4

where

a0 = 1

a1 = −3

a2 = 3 + p+ p2 + p3

a3 =
(
−1− 2p+ p2

) (
1 + p+ p2

)
a4 = p

(
3− p3 + p4

)
a5 = p (p− 1) (p+ 1)

(
1− 2p+ 3p2

)
a6 = p2 (p− 1)2 (2p− 1) (2p+ 1)

a7 = p3 (p− 1) (2p− 1)
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a8 = p3 (p− 1)
(
1− 2p+ 2p3

)
a9 = p4 (p− 1)2 �
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