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1. Introduction

Let H be a bialgebra and A a right H-comodule algebra. The relationship be-

AcoH

tween A and its coinvariants subalgebra was studied in [3] from the viewpoint

of Morita theory. It was shown that the generalized smash product #(H, A) and
A°H are always connected via a Morita context by using A and a right ideal of A
as the connecting bimodule.

It is well known that quasitriangular Hopf algebras (quantum groups), the def-
inition of which is due to Drinfel’d [4], play a great role in both mathematics and
physics. They are neither commutative nor cocommutative and satisfy the quan-
tum Yang-Baxter equation. The dual notion of quasitriangular Hopf algebras is the
coquasitriangular Hopf algebra which was introduced in [5].

From the time that the definition of weak Hopf algebras was introduced in [1],
quasitriangular weak Hopf algebras were introduced and studied in [7] and [8].
As a generalization of ordinary Hopf algebras, weak Hopf algebras weaken the
comultiplication of unit and the multiplication of couint. They provide a good
framework for studying symmetries of certain quantum field theories. It has turned

out that many results of Hopf algebras can be generalized to weak Hopf algebras.
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11571173), the Natural Science Foundation of Jiangsu Province (BK20140676, BK20141358,
BK20150113) and the Funds of Jinling Institute of Technology (2014-jit-n-08, jit-b-201402).
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In recent years, many scholars have studied the weak Hopf algebra in some dif-
ferent fields, for example, Raposo studied crossed products for weak Hopf algebras
in [10], Zhang and Li researched the separable extension of weak module algebras
in [15], Wang and Zhang have drawn up the structure theorem and duality theorem
for endomorphism algebras of weak Hopf algebras in [13], the authors studied the
Maschke theorem for weak smash products based on quasitriangular weak Hopf al-
gebras in [14], as well as the authors studied total integrals for weak Doi-Koppinen
data in [12].

The main purpose of this paper is to study the connection between the Morita
context for weak Doi-Koppinen smash products and the surjectivity of Morita maps,
and obtain a Morita context for endomorphism algebras for weak Doi-Hopf modules
induced by coquasitriangular weak Hopf algebras.

The main results are given the following.

Let H be a weak bialgebra, A a weak right H-comodule algebra and # . (H, A)

a weak Doi-Koppinen smash product. Then

(#HL (Hv A)’ ACOH’ #yL (HvA)AACOH ) AcoH Q#HL (H’A))

forms a Morita context, where Q@ = {\ € #yr(H, A) | A(h2)@) ® Alh2)1)h1 =
LioyA(h) @ 1(1y, for all h € H}. That gives the main result of Section 2, and the
surjectivity of the Morita map G is also studied. In Section 3, we give a summary of
properties concerning coquasitriangular weak Hopf algebras, and obtain a Morita
context for endomorphism algebras induced by coquasitriangular weak Hopf alge-
bras as an application of the Morita context for weak Doi-Koppinen smash products.

Throughout, we always work over a fixed field k£ and use the Sweedler’s notation
([11]) for terminologies on coalgebras and comodules. For a coalgebra C, we write
its comultiplication A(c) = ¢1 ® ¢, for any ¢ € C; for a right C-comodule M,
we denote its coaction by p(m) = m) ® m(y), for any m € M. Any unexplained

definitions and notations may be found in [6].

Definition 1.1. Let H be both an algebra and a coalgebra. Then H is called a

weak bialgebra if it satisfies the following conditions:

Alzy) = Ax)Aly), (1)

for all x,y € H, and
e(zyz) = elzyr)e(y2z) = e(zy2)e(y12), (2)
A1) = (Alp) @ 1m)(lg @ A(lg)), (3)

1z @ A1w))(AQlw) ® 1h), (4)
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for any x,y,z € H, where A(1y) = 17 ® 13 and A? = (A ®idy) o .
Moreover, if there exists a linear map S : H — H, called antipode, satisfying

the following axioms for all h € H:

hls(hg) = 8(11h)12, (5)
S(hl)hg = €(h11)12 (6)
S(h1)heS(h3) = S(h), (7)

then the weak bialgebra H is called a weak Hopf algebra.

The antipode S of a weak Hopf algebra H is anti-multiplicative and anti-comultip-

licative, and the unit and counit are S-invariants, that is, for any h,g € H,
S(hg) = S(g)S(h), A(S(h)) = S(he) ® S(h1), S(lg) =1, e0S=5. (8

Note that H is an ordinary bialgebra if and only if A(1ly) = 1y ® 1y, and if and
only if € is a multiplication map.

For any weak bialgebra H, it is well known that the maps II* , II® : H — H,

" and T are projections. They are given by II*(h) = 5(11h)12, E(h) =
e(hl)ly, T (g) = e(1oh)1y, T (R) = e(hly)ls. We write H = ImIlb =
ImIT, HR = [mIIR = ImIT".

Hence, by [2], we obtain

Alyg)=1,®1, € H' @ HY, 2y = yz, (9)
and
A(m) =lz® 1s, A(y) =1 ®yla, (10)
e(hTI*(g)) = <(hg),  c(hg) = e(hIT (g)) (11)
e(I1%(h)g) = e(hg),  e(hg) = (" (h)g), (12)
hHL(g) = e(h1g)ha,  gie(hgs) = 11%(h)g, (13)
" (g) = elhag)hs,  gac(hgy) =T0" (h)g, (14)
h1®HL(h2) =1,h®1y, IE(h) @ hy =1, ® hly, (15)
T () ®ho =1, ®1sh, b @I (hy) = hl; @ 1o, (16)

for any h,g € Hyox € H- y € H”.

For a weak Hopf algebra H with antipode S, we have the following assertions:
MroS=MFoll"=8om%  MNFfoS=TFcIll=SoI*, (17)
L (h) @ hy = S(11) @ 1oh,  hy @ ITF(hy) = hl; ® S(15), (18)
hi @I (hy) = S(I)h @1y, T (h) @ hy = 1, ® hS(1y), (19)
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for any h € H.

Definition 1.2. Let H be a weak bialgebra, and A a right H-comodule, which is

also an algebra with a unit, such that

pa(ab) = pa(a)pa(b), (20)

for all a,b € A. Then, by [2], A is called a weak right H-comodule algebra if the

following equivalent statements hold:

pa(la) = Loy ® 111(1) ® 1g, (21)
—R
a) @ (aq)) = al) ® Ly, (22)
ap) @M (aq)) = lga®la, (23)
pa(la) € A@HY, (24)

for all a € A, where p124 = (pa®idg)opa.

Definition 1.3. Let H be a weak bialgebra, and A a weak right H-comodule
algebra. If M is both a left A-module and a right H-comudule such that for all
a€Aand me M,

pla-m) = agy - Mm@y ® anqym), (25)
then M is called a weak left-right Doi-Hopf module.

From now on, 49 will denote the category of weak left-right Doi-Hopf modules.
In a similar way, we can define weak right Doi-Hopf modules.
Let H be a weak bialgebra, and A a weak right H-comodule algebra. The H-
coinvariants subalgebra of A is defined by
A = {z € A| z@) ®z(1) = |r0) @ T (2(1))}-
Then, by [10], A" ={z € A | 2 @ z1) = L)z @ 1(1)}-

2. Morita context for weak Doi-Koppinen smash products

In this section, we mainly concern with the Morita context for weak Doi-Koppinen
smash products. Consequently, the surjectivity of the Morita maps are studied.

Let H be a weak bialgebra, and A a weak right H-comodule algebra. Define a
left action on A by for any a € A and x € H*,

r — a = age(an)T). (26)
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Then, it is not difficult to prove that (A4, —) is a left H-module. Hence, as in
[13], we can form a generalized smash product #pyr(H,A) = Homgr(H, A) as a

space whose multiplication is defined by

(a* B)(h) = a(B(h2)1)h1)B(h2)0), (27)

for any o, 3 € #yr(H,A) and h € H, where Hompyr (H, A) is the set of left H"-
module maps from H to A. Then # g (H, A) is an associative algebra with identity
element, denoted by 1y, (m 4), (1#HL(H,A)(h) =e(1yh)1 (o) for all h € H, but is
not poe in [13]). In the following, we call the algebra a weak Doi-Koppinen smash

product.

Lemma 2.1. Let # 51 (H, A) be a weak Doi-Koppinen smash product. Then A can
be viewed as a subalgebra of #yr (H, A) by identifying a € A with the map

iqt H— A, h — EIH(l(l)h)al(o).
In what follows, we write a for i,.

Proof. Let us check that the map i, € # - (H, A). For any a € A and z € HE,

r—ig(h) = e(lyh)z (al(o)) =e(L(g)h)e (a(l) WZ)a) o)
= elaml 1)H (h)x)agylo) = elayTT (h)z)ag)
© e(azll “(n ))ao) = e(aqyzh)ag)
@ e(ayli)e(lazh)ay = e(amylayli)e(l2zh)ag)l(o)
@ e(ayly)e(Layzrh)apylo) = elamlwyzh)aw) 1o
= elamyzh)a () s(ﬁR(a(l))xh)a(O)
) e(1ywh)al gy = iq(xh). O

Lemma 2.2. Let #xc(H,A) be a weak Doi-Koppinen smash product. Then the

following equations hold:

(1) (axp)(h) =aB(h), so, let us write af for a3,
(2) (a*a)(h) = alanyh)ay, in particular, (a*14)(1g) = a(lg),
foranya€e A o, B8 € #yr(H,A) and h € H.

Proof. Since A is a subalgebra of # 5. (H, A) by Lemma 2.1, we have

(axB)(h) & a(B(h2)1yh1)B(h2)(0) = €(1(1)B(h2)1yh1)al(o)B(h2) o)
(B(h2)1yh1)aB(he) o) = €(B(h2)yl1)e(12h1)aB(h2) )
= &(B(h2))
"

|
o)

21
5(71 m1ayl)e(lz2h1)aB(h2) o)1) @ e(1(yh1)aB(h2)1()
14 —
W 1(1))h) 10y = aB(L1yh) 1oy = a(lay — B(h))1 (o)
(26)

(
=" aB(h)o)LeB(h)1la)) = aB(h).
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That is, (1) holds. Moreover,

(a * a)(h) = a(a(hg)(l)hl)a(hg)(o) = a(s(l(l)hg)(al(o))(1)h1)(a1(0))(0)
= e(lgyhe)alamylayhi)ae o) = alaqylah)awlio)
= a(a(l)h)a(o),

so0, (2) holds.

In particular,

(a * lA)(lH) = 0[(1(1))1(0) = (1(1) — Oz(lH))l(O)
= e(a(lu)mylay)a(la)o)lo
= a(lny). 0

Lemma 2.3. The left reqular A-module A can be extended to a left #yr(H, A)-
module by the following rule

a—a=alan)ap) = (a*xa)(lg), (28)

for all a € A and o € #yr(H, A). Furthermore, A is a (#pyr(H,A), AH )-

AcoH

bimodule, where A is a right -module via the multiplication of A.

Proof. For any a € A and «, 8 € #y1(H, A),

(axf)—=a = (ax*xpB)lan))ap = a(Blan)2)a)am))bam)2) o)
= a(Blaw)mao)m)Baw)) o) o
= a((Bawy)aw)@))(Blawy)aw)o)

= a=(f—a),

and 1y o (ma) = a =1y, ) (@))a) = e(Layam)loae) = a
The second equation of (28) holds by Lemma 2.2. Furthermore, for any a €
A,z € A" and o € # . (H, A), we have

a—(az) = aleg)z))aeo = alemT(@0))ewwo)
3
= alalw)apler = alam)eoe

= (a—a)z.

—
[
=

By the above proof, we know that A is a (#x1(H, A), A°°)-bimodule, which

completes the proof of the lemma. O

Lemma 2.4. Define the set
Q={N € #pur(H,A) | Mh2)©0) ® A(h2)1yh1 = Lio)A(h) ® 11y, for all h € H}.
Then, for any A € Q and o € #xr(H, A),

axX=a(lg)A, (29)
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and Q is a right ideal of #pyr(H, A). Furthermore, Q is a (A 4y (H,A))-

bimodule.
Proof. First, for any h € H, A € Q and « € #p(H, A), by Lemma 2.2, we have

(a * )\)(h) = a(/\(hg)(l)hl))\(hg)(o) = a(l(l))l(o)/\(h)
= a(lg)A(h).

Next, the following calculation shows that @ is a right ideal: for any h € H, A € Q
and a € #x.(H, A),

(A*a)(h2)0) @ (A * @) (h2) @)yl
= (Ma(hz)ayha)a(hs) o)) ) @ (Ala(hs)ayh2)a(hs) o)) )b
Aa(hs)(2)h2) o) (h3) ) @ Aa(hs)@)h2)ayalhs)ayh
= LioyMa(h2)@yhi)a(hz) o) @ 1)
=1(A*a)(h) ®1q).

—~
[~
=)

=

Last, let us check Q to be an (A 4,1 (H, A))-bimodule. In fact, if 2 € A“H
then x\ € Q for any A € Q. That is because

(@A) (h2)(0) ® (@A) (h2)(1)h1 = (zA(h2))(0) ® (xA(R2))(1)l1
= z@)A(h2)(0) ® (1) A(h2) (1)1
= z1(0)A(h2)0) @ LyA(h2) (1)
= .%‘/\(hg)(o) X )\(hg)(l)hl

.Tl(o))\(h) & 1(1) = 1(0)$>\(h) & 1(1)

= 1oy (zA)(h) ® 1(1),

the last second equality holds since for 2 € A we have rly®11) = T (0)@x(1) =
z(0) @ - (1)) 2 Loyz ® 1(1). Hence, we know that Q is a (A“H # . (H, A))-
bimodule since @ is a right ideal of # g (H, A), which completes our proof. O

Corollary 2.5. If H has an antipode S (i.e. H is a weak Hopf algebra), then

Q=ANe#u(H,A) | A(h2)10) ® S(L1))h1 = A(h)(0) ® S(A(h) 1)) for all h € H}.
Proof. Since for any a € A,

a) ® HR(a(l)) = aq) ®e(amla)ly

aq)lo) @ e(a@laylz)h

aylo) ®ela@)lny)e(lay2le) s
= algy @e(loyla)ls

= al® Ie(1,) = aliy ® S(1qy),
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if A € Q, then for all h € H,

(pa @idm)(A(h2) o) ® Ah2)1)yh1) = (pa @ idg)(1oy)A(h) @ 1(1))
A(h2) o) @ A(h2) (1) @ Alh2)(2yh1 = LyA(h)(0) @ L) A(h) 1) ® 1(2)
A(ha)(0) ® S(A(h2) (1)) © A(h2)@yh1 = 1) A(R)(0) @ S(L1)A(h) (1)) © L2y
Alh2)(0) @ S(A(h2) 1)) A(h2)@2)h1 = Loy A(h)(0) ®5(1<1>A(h)<1>)1<2>
A(h2)(0) @ TTF(A(h2) 1)) 1 = Loy A(h) 0y @ S(A(h)(1))TTF(11))
A(h2)10) @ S(11))h1 = Li0)A(h)(0) @ S(A(R)(1))S(1(1))
A(h2)1(0) ® S(L(1))ha = A(h)(0) @ S(A(h)(1))-

Conversely, if A(h2)1(0)@S(1(1))h1 = A(h)0)@S(A(h) 1)) for some A € # 1 (H, A),
then

FEEL el

Alh2)(0)L(0) ® A(h2)(1)L(1) @ S(L(2))h1 = AR o) ® A(R) (1) @ S(A(R)2))
= Ah2)0)10) ® Alh2)(1)1(1)S(L(2))h1 = A(h)(0) @ A(R) (1) S(A(R)(2))
= Aha2) o) © Mh2) 1)k = A(h) o) @ TTH(A(h) (1))
E Ah2)o) © Alh) b = 1o AR) © L),
that is, A € @, which completes the proof of this corollary. O
Lemma 2.6. The following associativity relations hold:

(1) (ad) =b=a(A =),

(2) (a—a)d=a=*(al),
foralla,be A, A€ @ and a € #(H, A).
Proof. The proof is straightforward by Lemma 2.2. O

According to Lemma 2.3, we know that A is a (# gz (H, A), A°°H)-bimodule,
and by Lemma 2.4, Q is a (A°°H # ,(H, A))-bimodule, so, we obtain two tensor
products A ® acon @ and Q ®4 _, (m,4) A. Hence we have the following lemma.

Lemma 2.7. The map
F:A®peorr Q — #HL(H,A), F(a & pcoH )\) = a,

is a #yr(H, A)-bimodule map, where A gcorr Q denotes the relative tensor product
of A and Q on A°H. And the map

G:Q ®#HL(H,A) A— ACOH, G()\ ®#HL(H7A) a) =\ —a,
is an A°°H -pimodule map.

Proof. It is obvious that A® georr Q is aleft # 1 (H, A)-module via a-(a® geon \) =
a = a® geon A, and a right # g (H, A)-module via (@ ® georr A) - = a @ geonr A @1,
forany a € A, A € Q and o € #p.(H, A).
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Fis aleft # 51 (H, A)-module map. Since by Lemma 2.6 we have
Fla-(a®gcom ) = Fla—=a®gcon A) = (a — a)A
= ax(a\) =ax F(a® ecom N).
And F is a right # g (H, A)-module map. This is because
F((a®geom A) - ) = Fa®gcom Ax ) = a(A* )
= (a\)xa=F(a®pcom \) * .
It is obvious that @ Q.1 (H,A) A is a left A°H_module via z - (A @4, 1 (H,A) a) =
TA®y ., (1,4)a by Lemma 2.4, and a right Ac°H_module via (A\®a)-x = A@% .1, (H,A)
ax, for any a € A,z € A7 and \ € Q.
G is well defined:
pa(A —a) = pa(Maq))ae) = Mag))0)a0) @ Mae)@)aa)
= 1(0))\(a(1))a(0) @1y = 1(0)()\ —a)® 1y
G is a left A"-module map: G(z - (A ®x, , (1#,.4) @) = G(TAQx, , (1,.4) a) =
() = a = z(A = a) = 2G(A @4, , (m,4) a). And G is a right A°H_module
map: G((A ®y,, (m,.4)a) ) = GA®y, (a4 ax) =X = (az) = (A = @)z =
G(A®#HL (H,4) @), where the third equation holds since A is a (# -z (H, A), AceH)
bimodule, which completes our proof. O

Thus, by the above lemmas, we obtain the following result.

Theorem 2.8. Let H be a weak bialgebra, A a weak right H-comodule algebra, and
#rr(H, A) a weak Doi-Koppinen smash product. Then

(#pe(H,A), ATy ,a)Ancor s acon Qe (11,4))
forms a Morita context.
Corollary 2.9. Let H be a finite dimensional weak Hopf algebra with bijective an-

tipode S, A a weak right H-comodule algebra, and #r(H, A) a weak Doi-Koppinen

smash product. Then
(A#H* AT 4ype Apeor, peor Qagn)
forms a Morita context.
Proof. Since H is a finite dimensional weak Hopf algebra, the weak right H-
comodule algebra A has a weak left H*-module algebra structure in the natural

way, and #gr(H, A) =2 A#H* as algebras [Remark 3.3, 11], then the conclusion
holds by Theorem 2.8. O

In the following, the Morita maps F' and G are studied.
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Lemma 2.10. For any left #5r(H, A)-module M, define My = {m € M | a-m =
ally)-m, for all « € #yc(H,A)}. Then

MH = #HL(H,A)Hom(A,M),
where #HL(HA)Hom(A, M) denotes the set of left # 1 (H, A)-linear maps from A

to M.

Proof. Define
V:Mp — 4, maHom(A, M), m— (ara-m).
The map v is well defined, that is, ¥(m) € #HL(HA)HOm(A, M) for any m € My.

Since for any a € #x(H, A), Y(m)(a = a) = (o = a) - m s (axa)(lyg)-m =

(axa) - m=«a-(a-m)=a-p(m)(a).
Define
o #HL(HA)Hom(A,M) = My, v v(ly).

The map ¢ is well defined, that is, v(14) € My for any v € 4, (.4 Hom(A, M).
Since for any o € # 1 (H, A), a-v(1a) = v(a = 1a4) = v(a(l)) o)) = v(a(lg)) =
a(lg) - v(1a). Moreover, for any a € A,m € My, and v € #HL(H,A)HOW(A7M)7

oum) = w(m)(1a) = m,
bow)a) = a-o(v)=a-v(la) = v(a).

Hence, 1 is invertible with inverse ¢. ([l

Lemma 2.11. If M € A9, then M can be viewed as a left # o (H, A)-module

via
a-m = a(ma)) - My, (30)

forallm e M and o € #x1(H, A).

Proof. The proof is straightforward. O

According to Lemma 2.2, we get the next.

Remark. Let H be a weak bialgebra, A a weak right H-comodule algebra, and
#pe(H, A) a weak Doi-Koppinen smash product. Define M = {m € M | m)®
mey = Ly -m® 1)}, for any M € AMHE . Then

AcoH - AH7MCOH C MH

Theorem 2.12. In the Morita context (# g1 (H, A), A°H #yr (H,A)Apcot s peort Qp (H,A))s
the following (a)-(c) are equivalent:
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(a) G: Q®%,,ma A — Al G\ @y, (HA) ) = A = a is surjective
(bijective).

(b) There exists an element § € Q such that (1) = 14.

(¢) For any left # g1 (H, A)-module M,

v Q®y, Ay M= My, A®y, (gaym—=XA-m
is a left AT -module isomorphism.
If these conditions hold, then we have
(d) My = MH for all M € sMH.

(e) 0 as in (b) is an idempotent element in #r(H, A), and as algebras
0% #pr(H,A)x 0 = A°Hp = Acol
(f) For any left A" -module N,
By : N = (A@geon N)H nis14@n

is an isomorphism.
(g) AH s q right A" _direct summand of A.

Proof. By Lemma 2.7, we know that the map G is well defined.

(a) = (b) Assume that G is surjective. Then, there exists an element X\ @4, (#,4)
a; € Q®#HL(H7A)A such that ¥\; — a; = 14. Set § = X \;*xa;. Then 0 € @Q since Q
is a right ideal of # = (H, A). Moreover, 0(1g) = (ZA;*xa;)(1g) = XA\ — a; = 14.

(b) = (c) First, Q®%, (.4 M is aleft AH_module via the left multiplication
of #5.(H, A) as defined in Lemma 2.7.

Next, let 8 € @Q with §(1y) = 14. For any left # . (H, A)-module M, define
xm i Mg — Q®y, (m,4) M by xm(m) = 0@y, (1,.4)m, for any m € Mpy. Then,
for any A\ € Q,

Evoxu(m) = 0-m=0(1yg)-m=m,
XmosmA®y, maym) = xuA-m)=0®y (gayA-m
05 Ay, maym = 015N Oy, , 1,4y M
= A ®#HL(H7A) m.
Hence, &)/ is bijective. It is obvious that &y is a left A°°H-module map.
(c) = (a) If taking M = A, we know that G = &4 is bijective with A" = Ay
since A C Ay by Remark.
(d) Tt is easy to see that M C My. Let m € My. Then
m = 1lga-m=01g) - m=60-m

= 0(mq)) - m),
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S0,

pu(m) = pa(0(m)) - m)) = 0(mz)) (o) - m0) ® 0(mz)) 1yma)
= 1) (0(m)) -m)) ® 1)
= 1wy - m® 1y,
that is, m € MH My C MeoH,
(e) Clearly 0 is an idempotent element in # gz (H, A), since for all h € H, by
Lemma 2.2,
0?(h) = (0x0)(h) = (0(1m)0)(h)
= (Lab)(h) = 0(h).
Next, for all & € # 5. (H, A), we have

pa® = a(m) E pa@ain)m)olln)e)
= Oa(la)m) 1o o)) @ 0(alm)a))aya(la) o)
= Oa(lr)w2)oa(lo) o @ 0(a(la)m2)aya(lo)an
= 10(a(lg)ay)a(lu)o) ® 1a) (by Lemma 2.4)

(

= 1(0)(9—\a 1H))®1(1),
so, § — a(ly) € A°H. Hence we have

Oxax*xf (2:9)

(@xa)(1m)0 = 9(&(12)(1)11)a(12)(0)0
= 0((l2 = a(ly))ml)(de = a(ly)) @)l (o€ #yo(H,A))
= ela(lg)ml2)0(aln) oy 1)alln) o)l
= Oa(lm))a(ln) ol = (0 = a(ln))f € A«79,

that is, we know that 0 x # 5. (H, A) x0 C A°H0. In particular, for any z € A%°H
Oxxx0=(0— x)0 =0(x1))r0)0 = 0(11))1(0y28 = 0(15)20 = 20, which shows
AHY C Q% # e (H, A) %0, hence 0 x #1 (H, A) x 0 = A«°Hg.

It is easy to verify that the map w : A°°H — A°HQ x s 26 is an isomorphism

of algebras.
(f) ®n is the composition of the following canonical isomorphisms:

()(

(a) c d
N = Ac°H R peor N = Q®#HL(H7A) A®pcon N =2 (AR pcorr N)u @ (A® pcor N)COH.

(g) Let m: A — A°H g+ § — a. Then, by Lemma 2.7, the map 7 is well defined,
and right A linear since A is a (# . (H, A), A°H)-bimodule by Lemma 2.3.
Moreover, for any z € A“? w(z) = 0 = z = 0(zq1))z0) = 0(11))l0)r = z,

Hence, A%H is a right A°°H-direct summand of A. O

In a similar way, we can study the equivalent condition for the another Morita
map F: A®geon Q = #p1(H, A), F(a ® g0 A) = a) to be surjective when H is

finite dimensional.
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3. Application to endomorphism algebras induced by coquasitriangular

weak Hopf algebras

In this section, we obtain a Morita context for endomorphism algebras for weak

Doi-Hopf modules induced by coquasitriangular weak Hopf algebras.

Definition 3.1. A k-linear map o : H Qgrgr H — k is called a weak invertible

2-cocycle if the following conditions are satisfied:
o(lg,z) = o(z,1g)=c(x), (31)
o(x1,21)0(y, w222) = o(y1,21)0(y22, 2), (32)
and there exists 7 : H @ grgr H — k such that
o(z1,y1)7(22,92) = e(yz), (33)
T(z1,91)0 (22, y2) = £(zy), (34)

for all ¢, y, z € H, where 7 is called a weak inverse of o and denoted by ¢~ !. Here H
is both a right HX H®-module via h-(h¥gf*) = S(hL)hg®t, and a left HX H®-module

via its multiplication.

Definition 3.2. A coquasitriangular weak Hopf algebra is a pair (H, o), consisting

H and a weak invertible 2-cocycle o : H Q gryr H — k such that

o(x1,y1)r2y2 = o(v2,y2)y171, (35)
o(r,yz) = o(x1,2)0(z2,9), (36)
U(‘ryaz) = J(xazl)g(y322)7 (37)

for all z,y,z € H.

Definition 3.3. Let (H,o) be a coquasitriangular weak Hopf algebra, and A a
weak right H-comodule algebra. We say A is quantum commutative with respect to
(H,o) if

ab = U_l(b(1)7a(1))b(o)a(0)7 (38)
for all a,b € A.
Proposition 3.4. Let (H,0) be a coquasitriangular weak Hopf algebra, and A a
weak right H-comodule algebra. Then A is quantum commutative with respect to
(H, o) if and only if

ab = 0’((1(1), b(l))b(o)a(o), (39)

for all a,b € A.
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Proof. For any a,b € A, if A is quantum commutative with respect to (H, o), we

have
o(aq).bu)boyae = olae,be)o (anybu)awbo)
= elabay)a)bo) = ab.
Conversely, if (39) holds, then by (33), we get (38). |

Lemma 3.5. Let (H, o) be a coquasitriangular weak Hopf algebra, and A a quantum
commutative weak right H-comodule algebra with respect to (H,o). For any M €
AMH | define a right action of A on M by

m—a= U(M(l), a(l))a(o) *M(0), (40)

for alla € Aym € M. Then this action makes M into both an A-A-bimodule and
a weak right (A, H)-Hopf module, that is, M € AN,

Proof. For any a,b € A and m € M,

(m+=a)—=0b = o(muy,an))(ap)  mq) —b

= o(me),a@)olagym); ba))be)aco) - o)
S o(may, ay)o(meace.ba)boao - mo)
® a(aqy, bay)o(may, a)be))boyao) - Mo
Z o(may, a@pba)amb) - M =m — (ab),

m—1la = o(ma) L))o - mo
= olmay -1y, 1m)1o) - M)
D (5 (1w)mm)ie) - mo)
@R (1) may) L) - me)
2D (1ayma) ) - m) =

Moreover,

(a-m)~=b = o(ayma),ba)boyao) - M)
e a(ay, bay)o(my, beay)boyac) - mo)
- (m<1>vb<1>)ab(> m) = a- (m —b).

Hence, M is an A-A-bimodule. At the same time, we have

pm—a) = o(ma)y,an))p(ao) - m@o))
= o(m),a@)ao) - m@) ® aqym()
(35)

=" a(mq),a))ag) - m@o) ® m)a(2)

= Q) “— M) @ M(1)a(1)-

Hence, M is a weak right Doi-Hopf module. O
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Proposition 3.6. Let (H,o) be a coquasitriangular weak Hopf algebra, and A
a quantum commutative weak right H-comodule algebra with respect to (H, o).
Then, for all M, N € 49" Homa(M,N) is a left # e (H, A)-module, where
Homa(M,N) denotes the set of right A-linear maps from H to A.

Proof. For any M,N € MY, by Lemma 2.4 M and N can be defined as right
A-modules and made into A-A-bimodules and weak right Doi-Hopf modules. It is
easy to check that the following makes Hom 4 (M, N) into a left #: (H, A)-module
by (W15) in [13]:

(a- f)(m) = a(f(m))a)S(ma))) - f(m))o), (41)
forall « € #yc(H,A), f € Homa(M,N) and m € M. O

The following lemma can be found in [13].

Lemma 3.7. Let M, N € s . Then Hom (M, N) is a right H-comodule with

coaction given by

foy(m) @ fay = f(m)) ) @ f(me))a)S(ma)), (42)

such that Homa (M, N)*°H = Hom! (M, N) (the linear space of weak right Doi-
Hopf module maps from M to N). Consequently, Enda(M) is a weak right H-

comodule algebra.

By Theorem 2.8 and Lemma 3.7, we have a Morita context for endomorphism
algebra for weak Doi-Hopf modules induced by coquasitriangular weak Hopf alge-
bras.

In what follows, we always assume that M € 497,

Theorem 3.8. Let H be a coquasitriangular weak Hopf algebra, A a weak right
H-comodule algebra. Then

(#p1 (H, Ends(M)), End{ (M), #HL(H,EndA(M))EndA(M)Endg(M): EndPAI(M)T#HL(H,EndA(M)))
forms a Morita context, where

T ={XN€#pr(H,Ends(M))| Mhz2)(1@)-m) @ S(1ay)h =

A(h)(m(0))(0) ® S(A(R)(m(0)) 1) S(mq1y)), Yh € Hym € M.

Proof. By the definition of @ in Corollary 2.5, we have
A(h2)(L(0)(m)) @ S(L1y)ha = A(h) o) (m) @ S(A(h)(1))
A(h2)(mo)) @ S(m1)yS(mz)))h1 = A(h)(m())0) @ S(AR)(m0))(1)S(m()))
A

(ha2)(
(h2)(mg)) ® SIT*(m1y))h1 = A(h)(m(0))0) © S(A(h)(m (o)) 1)S(m()))
(h2)(Loy - m) @ S(1(1y)h1 = A(h)(m(0))0) @ S(A(R)(m(0))(1)S(m(1))),

(42

== A
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as needed. So, according to Theorem 2.8, the conclusion holds. ([l

Corollary 3.9. Let H be a coquasitriangular weak Hopf algebra with bijective an-
tipode S, A a weak right H-comodule algebra and B = A . Then

(#e(H, A), B,y (1.0)AB, 8T, (11,4))
forms a Morita context, where
T' = {\ € #ur(H, A) | A(h)0) @ A(h) (1) = Alh2) 1oy ® S™ (h1)1(1)}

Proof. Let A = M. Then, Enda(A) = A. Hence, End%(A) & B by Lemma 2.4
in [13]. Thus, the conclusion holds by Corollary 2.5 and Theorem 3.8. O

Corollary 3.10. Let H be a finite dimensional coquasitriangular weak Hopf alge-
bra, A a weak right H-comodule algebra. Then

(Endp (M), Endﬁ{(M), EndB(M)EndA(M)EndSI(M)v Endg(M)TEndB(M))
forms a Morita context. In particular,
(Endp(A), B, Bnds(4)AB: ATpnay (a))
forms a Morita context.
Proof. Since H is finite dimensional and by Theorem 2.8 in [9], we know that
#rr(H,Enda(M)) = Enda(M)#H* = Endg(M)
as algebras. Then, the conclusion holds by Theorem 3.8. O

Corollary 3.11. Let H be a coquasitriangular Hopf algebra with bijective antipode
S, A a weak right H-comodule algebra and B = A, Then

(#(H, A), B, 4(11,4)AB, BT (11, 2))

forms a Morita context, where T' = {\ € #(H, A) | pa(A(h)) = A(h2) ® S71(h1)},
i.e., the set of all right H-colinear maps from H to A. Here, H is a right H-
comodule via py = (id @ S o7 0 A.

Proof. It is straightforward by Corollary 3.9. (]
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